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APEANCNOBUE LIS YHATENS

YuebHo-meToauueckuit KomnnekT" ana usydenua Kypca anrebpu s
BOCbMOM KNAcCe € MOBLIWEHHLIM YPOBHEM MaTEeMATHHECKON NOArOTOBKM,
BLITYCKAGMbIN M3RATENLCTBOM «MHEMOIWHaR, COOTBETCTBYeT Tpebosaram
DroC 000 (2010 r.). KomnnekT cOCTOMT U3 CNeYIOUMX KHUE:

Mporpammsl. Matematuka. 5—6 knaccnl. AnreGpa. 7—9 Knaccul.
Anre6pa n Hauana matematuveckoro aHanusa. 10—11 knaccsl / asr.-cocr.
U. U. 3ybapesa, A. . Mopaxkosny;

A. . Mopaxosuy, H. M. Huxonaee. Anrebpa. 8 knace. B 2 4. Y. 1.
Yuebuui;

A. . Moparxosuy, J1. . 3sasny, A. P. Pasavoacumsi, J1. A. Anex-
canpposa. Anrebpa. 8 knacc, B 2 u. Y. 2. 3apnaunuk;

A. I. Moparosmy. NMpenopasanne anrebpul 8 8—9 knaccax no yueb-
Hukam A. . Mopaxosuua, H. M. Hukonaesa. Metoguueckoe nocobue
ANA yunTens;

A. . Mopaxosuy. Anrebpa. 7-—9 Knaccol, KoHTponuHbie paboTal;

J1. A. Anexcanpposa. Anrebpa. 8 knace. CamocrosTenshsie pabotsi :
K yuebumy A. I, Mopaxoewda, H. 1. Hukonaesa / nop pea. A. . Mopa-
KoBMua.

Y sac B pyKax y4eGuuk. OH appecoBaH He cnNeuHanu3upoBaHHbIM
MaTEMATHHECKMM LUIKONIBM MM KNACCaM € UX aBTOPCKUMM Nporpamma-
MM, 3 KNACCam € FIOBBILLEHHbIM YPOBHEM MATEMATHUECKON MOAFOTOBKHU B
obueobpazoparensHbix LWKONAX,

10T yuebHUK B 3HAUMTENbHOMN CTeNeHU COOTBETCTBYET Hallemy yueb-
HMKY pnA obweobpasosatenbHbix yypexpeHuin (peqs MAET O KHure:
A. T. Mopaxosny. Anrebpa. 8 knace. B 2 4. Y. 1. Yuebumk. — M. :
Mnremo3suta). [leno 8 Tom, 4ToO 8-H KNacc B ONpegenéHHOM CMbICNE RBMS-
€TCH OPMEHTALMOHHBIM: HaCTO YHaWWHCH BaiGupaeT Knace ¢ yrayOnéntbim
M3YHEHMEM MATEMATHKM, HO HE CTIPAB/IRETCA C NPEATIOMEHHDIMKM HArDY 3Ka-
MM M Ha Byayuwii rog sosspawaetca B oSuieobpasosatentHblit 9-H Knace,
BbisaeT M HaobopoT: 8 8-m KNacce WKONbHUK yuMnica B obuecbpazosa-
TENbHOM KNacce, HO NOYYBCTBOBAN MHTEPEC K MaTemaThke, onpeaenuncs
M pelHn NepeinTH B 9-i4 KNacc ¢ yrnyOnéHHbIM U3yHEHMEeM MATEMATHKM.

* Bones nofpobuyio nihopmane of YMK mOMHO NONYYMTL HA CEATAX Www.mne-
mozina.ru u www.ziimag.narod.ru



Ann obeux rpynn y4alwpmxca TaKoM Nepexon CrepyeT CAenate Kak MOMHO
meHee GonesHeHHbim. JTOrO MOXHO ROBMTLEA NPU COOTBETCTBMU NPO-
rpamsm 1 KoHuenuuu kypca anrebpbt B 06ueobpasoBaTensHom Knacce
 Knacce ¢ yrnybnénHbim nayueHnem maremarukn. EctectsenHo, uro torpa
Honee komopTHO HyBCTBYRT CebA M yunTens, paboTalowmin OAHOBP@MEHHO
B Knaccax oboux yposHen.

YuebHuk cocTouT us cemu rnas. Mepebie nato rnas (anrebpanyeckue
Apobu, KBappaTHbie KOPHM, KBappaTuiHan hbyHKUMS, KBagpaTHbie ypas-
HeHWA, HEPaBeHCTBA) BO mHOroM aybnupyroT waw yuebnuk ana obuie-
obpasosatennHbix yupempenuid. Otnuuue, Bo-nepeuix, B TOM, 4TO M3
OAHOMMENHBIX Naparpachos U3BLATHI MHOTME CAWWKOM NPOCTbIE NPUMEpPSI
U paccyxpenus, nobasneHs Gonee CNOXKHLIE M UHTEPECHBIE NPHMEpPs!;
BO-BTOPLIX, B 3TH rnasbl AobasneHbl YeTbIpe HOBbIX Naparpadha: anropUTM
M3BNEeYeHHUN KBAAPATHOrO KOPHN, APobHO-NMHENHan (yHKUUA, NOCTPOBHKE
rpacgmkos dpymuumii y = |[f(x)] m y = K|x|), aoxasarenscreo Hepasercs.
LLlecTan u cepbman rnassbl (anrebpavveckue ypasHEHUS M ANeMeHTbl TEoPHM
AENMMOCTH) COREPIKAT HOBbHA MmaTepuan.

Keram, obpaluaesm Batle BHUMaHHE HA TO, YTO NO CPABHEHMIO € UBNIHUR-
mu yuebruka no 2012 r. npoMaowwno oaHO M3MeHeHe: paHee rnasa «He-
paseHcTsa» Obina cenpmoN, a crana NATON.

B wexoTopbix naparpadax ectpevaetca marepwan, Habpawwbii ne-
TMTOM, ITO MATEPMAN, HECKONbKO BHIXOAALLMH 33 PAMKM NPOTPAMMbI.
MayuaTo ero unm HeT — onpegenset yyurene.

B yuebHuke npuBEAEHO MHOrO NPUMEPOB ¢ NOAPOGHBIMM PeLIeHUAMM,
Ha oxoHvanne peweHMa npumepa ykassisaeT nubo cnoso «oteeT», nubo
aHavok B, Yuutnisas tpebosaue OrOC o HeobxoaumocTn hopmuposanmnn
Y YYaLWMXCA YHMBEPCANbHbIX yHeSHbIX AeidcTBui, B KOHUE KaXaoro napa-
rpacha (kpome § 4, 15, 27) npuseneHbl BONPOCH! ANA CAMOMPOBEPKM,
a B KOHUE KaXAOH rNasbl — TeMbl MCCNEAORATENALCKMX pabor.

MaparenbctBom «MHemO3WHa» BbINYyUEH aHANOrMUYHLIN KOMANEKT Tex
e aBToPOs ANS 9-ro KNACCA C YrNYBNEHHLIM UBYHEHHMEM MATEMATUKM.

Asropbsi
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. OcHOBHbIE® NONATUS

Cnoxcerue u ssiyuranne anrebpanveckux gpobeii
Ymuomenne u geneHne anrebpanveckux gpobeii.
Boasegenne anrebpanveckoii gpobmu 8 crenens
lpeoBpaizosanune pauuOHANLHBIX BLIP&KOHMN
Mepsuie npegcrasnenns o peweHmn PAUMOHANLHBIX
ypasnenmi

Crenens ¢ OTPMLATENBHLIM Li@/IbIM NOKasaTenem
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§ 1. OCHOBHBIE NMOHATUSA

1. Onpepenanme anreGpamveckoi apobu

Bripaxxenue %, rae P u @ — MHOrOWIeHH, RA3LIBAIOT aarel-
panveckoit apobsio; P — uncanreas Apobu, @ — 3paMeEaTe H XPobl.
IIpumepsr anrebpandeckux apobeii:

x+y 2 +1 a*-4 g 3a+7
x-y x*-x+2 a2+2° 2° 5 °

O6nikHOBEHHHE ApoGH (g’ 1 4, o K.) TAKIKEe MOKHO CUHTATh

8
YaCTHHME caydJaaMu anreGpamyeckux xpoleit.
Haoraa anrebpamyeckoe BHpAaKeHHe JMINbL 1m0 PopMe 3amHCH
AsageTca anrebpaudeckoll Apobrio. Tar ob6CTOUT A0 B MOCACAHHUX

ABYX U3 OSATH MPUBEAERHBIX BhIme npumepos. Jdeitcrburentno, apodn %

MOYKHO 3AHMCATh B BHAE -;-a — 2TO OAHOYZEH; APoGh ﬂsi—?- MO~
HO 3aIACATHL B BAAE %a + %. 370 yKe He anrefpamveckas Apoln, a

MEorowreH (Asyinen). lla m B TpeTheM M3 NPHBEREHHLIX IIPHMEPOB
mocje COKpallleHns noaydaerca ne apobn, a asyuner a® — 2. Ho,
B CYIIHOCTH, 3TO He CTOML BamuHO, TaK OHI0 ¥ ¢ OOHIKEOBeHHBIMM
ApobaMu. CrazkeM, HATYPANBHOE YHCAO 2 MOMKHO 3ALMCATL B BHAe

o0BIKHOBERHAONU Apodn %



1. AJIFEEP AMMECKVE [IPOEM

IIpumep 1, HakiTu sHauenue anrefpanueckoit apobu
a2 + 3ab + b*
(a + bXa - b)’
ecmu: a)a=2,b=1; 06)a=5,b=0; B)a=4,b=4.
Pemenrnwue. a) IIpu a = 2, b = 1 noxyqvaem:
a?+3ab+d? _22+3-2.1+1% _ 11
{a + b}a - b) 2+1)2-1) 3°
6) Ilpn a = 5, b = 0 nonyuaem:

a? + 8ab + H? - 52 +8.5.0+0% -1
(@ + b)a - b) G + 0)5 - 0) y

B) IIpn a = 4, b = 4 BeIpaxenne a — b o6paniaeTCH B HYJb, & BMECTE
C HUM ¥ 3HaMeHaTejab gpofu ofpalaerca B HyJAb. Ho Ha HYJAb AeJHTH
HeJIb3A. 3HAYNT, napa 3HaveHuil ¢ = 4, b = 4 ApaaeTcH Ja4a 3aJaHHON
Apobu Hedonycmumoit — B 3TOM caydae aarebpaudeckas ApoGn He
HMeeT cMEcTa. B

Brinosnnas B paspHeiimeM pasnuuHble npeolpasoBaHna ajareGpau-
yecKHX gpobeii, Bcerga OyaeM nmpeanosaraTh, 4To NepeMeHHEBIE, BXOA-
1I[Me B COCTaB aarebpandecKoit Apobu, IPAHUMAIOT IUIOL JonycmuMmsie
3HAYEHUR, T. €. TAKHE 3HAYEeHHN, IPU KOTOPHIX 3HAMEHATENL APOOH He
ofpamaeTca B HyJb. MHOMXECTBO AONIYCTHMHEX 3HAYEHHH ITepeMeHHBIX
HA3MBARIOT ofracmbio onpedenernusn (KU 002ACMBIO CYULECMBOBAHUR)
anrebpandeckoit Apobu, YoorpeGaaoT Takke TePpMHMH ofaacmb do-
nycmumvix snavenuii (O03).

2. Ocnosnoe ceoicrso areSpanteckon apoby

Bam usBecTHO, YTO 3HAYEHHe OOKIKHOBEHHOH ApoOH He H3MeHHTCH,
eClH €€ YHCJHUTeNb U 3HAMeHaTeNh OXHOBPEMEHHO YMHOMKUTH HNIH
Pa3geauTh HA OZHO M TO JKe YHCJO0, OTJIMYHOe OT HysadA. Hanpmmep,

-g- = % — 34eCh B YMCINTE]h, H JHAMEHATE/D JIDOGH OAHOBPEMEHHO
YMHOMKHJIHN Ha& OJHC M TO JKe YHCJIO 4; %% = % — 30eCh U YHCIHTEJb,

U 3HaMeHaTeab APOOH OJHOBPEMEHHO DASAENMIN HA OZHO M TO Ke
gueao 11.

Anrebpaudeckan apofsr — aT0 B ONpefeIéHHOM cMbIcae 0bobue-
HHe OOLIKHOBeHHON ApoOu; Hax adrefpandyecKUMH APODAMH MOMKHO
OCYIeCTBJAATE IIpeofpasoBaHUA, AHAJOIMYHEIE TeM, KOTOPHle MK
TOABKC YTO YKA3aJAHU AJNA OOBIKHOBeHHEIX Apolbeii. 3T npeobpasosa-
HAA MOKHO OIHCATE TAK:



1. AJWEEPAMMECKME [POBM

1. ! wucnuTensb, H 3HAMEHATENb ANTeGpaHYecKoil Apoda MOMXHO
YMHOMHUTL HA OZHH M TOT Xe MHOTOWJIEH (B YacTHOCTH, HA OAMH
M TOT 3Ke OHOWIeH); 9TO0 — TOMAeCTBEHHOE nNpeobpasoBaHue 3agAHHOM
anreGpanueckoit Apobu (B ofacTu onpeneeHNA NoayIeHHO#H Apobn).

2. A wncanTens, H aHaMeHaTens axreGpaHueckolt Apobu MoMKHO
Pas3feNINTh HA OAUH H TOT K€ MHOTOWIEeH (B YacTHOCTH, HA OZWH M
TOT JKe OAHOWIEH); ?TO — TOXKAECTBeHHOe IpeobpasoBaHue 3agaHHON
anrefpanuecroit ApoSm (B obnacTH onpeAeneHHs 3agaHHONR ApobH),
eT0 HasHBAKT COXpameHHeM aaredbpamdeckolt apobu.

CoopMynupoBanHbIe NPaBHAa NPeAcTaBIs0T coboil ocmoBHOE
cBoiicTBo aarebpamuecroil apo6u.

ITonr3yAck OCHOBHEIM CBOHCTBOM ajirebpaudeckoil Apo0H, MOXKEO
Apobh p- f j 3aMeHHTE (ecsH, KOHEYHO, B 3TOM €CThH HeOGXOTUMOCTD)
ApobBIo CoDx-2 f(:{)(-xz_) 3 (uucamTeNH H 3HAMEHATEh OZHOBPEMEHHO YM-

2
HOXHIN Ha X — 2) nam apobrio 2—x(2f_—1) (YUCAMTENs H 3BHAMEHATEIL

OZHOBPEMEHHO YMHOKHIA Ha 2x). Ilonpayack OCHOBHHIM CEOMCTBOM
2x®

anrebpanvyeckoii Apodu, MOXKEO, HAIPOTHB, 3AMEHATH APO6h e =)

Gonee npocroli apobeio ﬁ (4MCIHTEeN: U 3HAMEHATEeNbL OZHOBpE-

MeHHO pasgenuwiau Ha 2x, T. e. COKpaTHAR ApolE).
B cnyuae Heo6X0aAHMMOCTH caeayeT YKasbiBaTh 06acTh ompezese-

_x _xx=-2) i
mus, Tak, sameHa apobGu 71 Apobb10 @ - 1Nz ~D) €CTh TOMAECT
2¢2  _ x

BeHHOe nmpeolpasoBaHue mpu x # 1, x # 2; — TOX-

2x(x-1)  x-1
gecrsompE x # 1, x # 0.

OcHOBHOe CBOHCTBO ApoOHM MMeeT pasHOOGpasHbe NpUMeHEHMA.
Tar, ecnz cpeax Ko3dxbUIHEHTOB YHCANTENAA U 3HAMEHATENA €CTh
OOHIKHOBEHHEIe ApoOH, TO ANA YHOPOILISHHA 3ANHCH Leaecoobpasso
YMHOKHTh YHCAHTENDL B 3HaAMeHaTeN: Apobm HA HAUMEHbInee obulece
KPaTHOe 3HaMeHaTeNelt BceX aTUX Koa(dpdHUOHEHTOB. ITO YMHOMEHHE
SABJASETCH 3AKOHHLIM B CHJY OCHORHOI'O CBOHCTBA Apobu.

Ipumep 2. YOpocTuTs Zpodh

1 1

Exz—ﬁx+1
1,.,1 .1
4:: +6x+2



1. ANFEGPAMHECKUE [POBU

Pemenue. HauMensinum o6muM KpaTHEIM 3HaMeHaTeJell Beex
KoaPHINEeHTOR B AAHHOM CJy4Yae ABJAASTCA YHCIO 12, YMHOMKHE U
9HCANTEN:, M 3HaMeHaTeNs Apobu Ha 12, moayanm:

lo_1 12[1 21 +1)
3* 2’”’1: 3% " 2" - 4x? -6x +12
1,,1 .1 1 1 1 8x2 +2x+6°
a* tg¥t3 12(Zx2+ax+§

IMosnyunian apofn, B YUCAMTENe U 3HaAMeHaTeNe KoTopoil — MHoO-
TOYJeHEl C IeJIOYHCNeHHBIMU KoshdunmuertTamu. C TAKMMH MHO-
roujieHaMn paboraTh yao6Hee, MO3TOMY MOJAYUYEHHYIO Apolb CUMTAIOT
Gosee nipocToil, 9eM 3agZaHHafg. W

OcHOBHOe CBOHCTBO APOBH NCHOAR3YETCH ANA NEPEMEHE] SHAKOB Y

eé unenor. Eciu aucauTens M 3HaMeHaTeNb Apo6n £ yMHOMKUTL Ha

b

-1, TO mMONYIHM % = %. TaxumM obpazomM, 3Havenue dpodu He usMe-

HUmMCA, ecau 00HOBPEMEHHO USMEHUMb SHAKY I HUCIUMENA U SHAMe-
nameas. Eciy e U3MEHUTH BHAK TOJNBLKO Y YHCIUTENA HJIH TOJNBKO
y 3HaMeHaTeJd, TO ¥ ApoGh HIMEHHUT CBOIl 3HAK:

-2 __8. 8 _ _a

b = b b
Ecau B mocefHHX TOMKAECTBAX H3MEHWTH 3HAKH JleBoil U npaBoi
yacTell, TO MOAYYMM:
a __-—a, a _ _4a

IR )
TakumM o6pasoM, ecTM MEl XOTHM M3MEHHMTE 3HAK TOJBKO YUCIH-
TeJId UM TOJBKO 3HAMEHATe s ApobH, TO HAAC USMEHUTE 3HAK H nepex
camoii gpobeio. Hanmpumep,
3x-2 _ _-Bx-2 _ _2-3x
3x + 4 3x + 4 3x +4°

3. Coxpaujenne anreSpanvecknx apoben

HamoMHUM, 9TO cokpamums 0poby — 3TO 3HAYHUT PA3JENHTEL YHC-
JIUTEJb U 3HAMEeHATeAs Apodu HA uX o0muil MHOKHTEIL, BosMOMHOCTD
TAKOTO COKPAIHEeHNA OGYCI0BJIeHa OCHOBHAIM cEBoOitcTBOM ApoGu.

Jng Toro uToOLI COKPATUTE aNTebpanuecKy0 Apofb, HYKHO UMC-
JUTENb U 3HAMEHATENb Pas3JIoKHTh HA MHO:KHTeaAu. Ecam oxasercs,
YTO YUCJIHTEJE U 3HAMEHATeNbh MMEIOT OfIue MHOMHTENHM, TO MX
MOXKHO COKpPaTHTh. Ecau o6mMKUX MHOMHTENeHd HET, TO YNpOIHcHHe
ApobH MoCpeACTBOM COKpAIlleHHA HeBO3MOMKHO,



1 . lL AJTEBPAUHECKVE OPOBH

2 _ 2
NMpumep 3. Cokparats Apobhb x——g-!%‘—g-;zi

PemeHne. Anga pasmomeHnsas YNCANTENA HA MHOMMUTENH IPH-
MeHHM cnoco FpyINEPOBKH, IPEACTABHB OIPEBAPHTEIbHO OAHOYICH
-bxy B BEAC cYMME —2xy — 3xy:

x% ~ Bxy + 6y® = (x? — 2xy) — (3xy — 6y°) =
= x(x — 2y) — 3y(x - 2y) = (x — 2y)(x - 3y).

Jna pasnoKeHns 3HAMEHATE/A HA MHOKHTE/NH UCHOJab3yeM dop-
MyNy Pa3HOCTH KBAAPATOB

9y? — x? = (8y + x)(3y — x).
TaxkuM obpasom,
x% - bxy + 6y° _ (x - 2yNx - 8y)
9y® — x? By + xX3y — x)’
Janee, H3MeHHB 3HAK B 3HAMeHAaTeJie APo0H, IIOMYUHM:
x-2»(x-3y) _ (x-2y(x-3y) _ x-2y _2y-x
By + x)8y - x) (3y + x)x - 3y) 3y+x 3By+x

3amevanue. BEnosmaeHHOE COKpaleRne aApobu sABAdeTCA
TOMAeCTBEHHLIM NpeobpasoBanueM npn yeaoBum 9y° — x2 = 0, 1. e.
x # 13y. IloguepkHéM eImé pas: B ganmpHeilleM MM Bcerga Gyaem
IpeANnONATATD, YTO TORACCTBEeHHRE peocbpasoBanus anrefpandyecKHX
Apobeil BHIMOAHAIOTCS AUILIE B O0/IACTH MX ONpeAeNeHHd, JaKe ecln
9TO ABHO He OTMEYeHO B mpoLecce pellleHMs TOr0 WJIM WHOTO npH-

Mepa.

4. Npuzepee anrebpaveckux apobei k oGWeMy 3HaAMOHATENO

O6wum 3namenameneM HeCKOAbKHX aarefpamuyeckux Apobeit
HA3LIBAIOT MHOTOUYJIEH, KOTODHIA AECIMTCA HA 3HAMEHATONDb RAMKIOHN
ApobH.

IIpumep 4. IlpeobpazoBaTh 3aganHLie Apobu Tak, YToOOH IOAY-
YUJANCH APO6GH ¢ OXMHAKOBHIMI 3HAMEHATEIAMMU:

2¢ _ 3b, a a? x x
a)?n—{, 6)13""“67:5’ B)x+ynx—y'
Penieune.

3 3:5 15° 5 5-8 15°

JApobu npuBeAeHE K OAMHAKOBOMY 3HAMEHATEMIO {00LIYHO NOBOPAT:
K ofueMmy snaMenamenro). ina sToro IPHIMIOCH YHCAHTENL H 3HAME-
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HATENDb TepBoi Apofn YMHOXKHTL HA JONOAHUTEALHLINA MHOKHUTEID 5,
a YHCJIHTeSb H 3HaMeHaTeJb BTOPol Apo6M — HA AONOJHHTEJBbHEI
MHOYKHTENDb 3; CAENATE ITO MO3BONAET OCHOBHOE CBoiicTBO ApO6H.
a _ a-3b 3ab ,
6) ““T - 2 = i
4b 4b° - 3b 12b

Apo6u npueegeHsl K ofmeMy anaMenartemo 12b° ¢ momomsio mo-
HOJHHTENLHBIX MHOKHTeNel 3b u 2 cooTReTCTBEHHO.
) —%_ = x-y) _ x-axy,
x+y (x+Px-y x2 -2’

x_ _ _xx+y _ 2ty
x-y (x-pox+y) -y

Jpobu npusesens! x ofmeMy 3HaMeHaTeno x> — y* ¢ IOMOMIBIO
AOTOTHUTEILHEX MHOKHTeNel ¥ — ¥ U X + § CoOTBeTcTBeHHO. W

Bonpockl ANA camonpoBepiH

1. Yro taroe anreGpamdeckasn ApoGb?

2. IIpuBeanTe npumep anreSpandeckoii Apobu ¢ oAHON NepeMeH-
HoOM; ¢ ABYMSA IepeMEHHEIMH.

3. ¥YxakuTe BHpajieHHe, KOTOpoe no dopMe fABAAeTcA anrebpau-
9ecKoll Apo6bio, a Mo COAEpKAHHUIO ~— HET.

4. Kaxwe sHaueHus NepeMeHHBIX HA3BIBAIOT AONYCTAMBIMM AJA
anreSpangecroi apobu?

5. ¥YraxuTe foNycTHMbIe 3HAYCHHA NEPEMEHHON B BHPAXKeHHH!

2x% -2 3 . a-3Y
8) T 6)(0-2)(b+3)’ B)(az-—lﬁ]'

6. CocraBsTe anrefpaumueckyio Apo0h ¢ OepPeMEHHRIMH X, ¥, AAA
Koropoit mapa umncen (15; —7) asnaerca gonycTuMoii.

7. CocTraBrTe anrefpaudeckyro ApoOb ¢ nepeMeHHEIMH g, b, AN
KoTopo#t mapa uucen (—4; 10) asngerca HeAONYyCTHMOMN.

8. ChopmynupyiiTe ocHOBHOE ¢BOMCTBO anreGpandeckoit aApobu.
SanuuIuTe OCHOBHOE CBOMCTBO ApolH Ha MATeMATHYECKOM fA3LIKe.

8. Henoarsyda nmepeMeHHBle p M ¢, cocTaBbTe anreGpanueckyio
Apobb, KOTOpaa NpH COKPAIEHNA AAET pesyyabrar —1,

10. Y7o HyxHO caenaTh, YTOGH DOMEHATHh SHAKK B THCANTEJE HIIH

3HaMeHaTeJe Apodu?
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§ 2. CROWEHVE M BbIMMTAHME
ATFEBPAMMECKMX JPOBEH

Anrefpanueckne Apobu ¢ 0JUHAKOBHLMU SHAMECRAMERAMIL
CKJIaABIBAIOT W BBIYUTAIOT OO TOMY :Ke NMPAaBHJAY, YTO H ODRIKHOBEH-

HEle aApobn:

d d d d
T. €. COCTABJAIOT COOTBETCTBYIONIYIO aNTefpanyeckKyd CYMMY YHCAHU-
TeJeil, a 3HAMEHATEND OCTABAAIOT Hez H3MeHEeHHA.
Npumep 1. Bunoaaurs geficreusa:

202 +5 | 20b+b _ b+5
a% - ab a2-ab a?-ab’
Pemeunne. IIpuMeHUB NpABUJIO CAOREHHS W BHUYNTAHHSA
anrebpardeckux Apobeil, moayumm:
2a2 + 5 + 2ab+b _ b+5 (222 + 5) + (2ab + b) - (b + B)
g’ -ab a*-ab at-ab a? - ab '
Teneps MOXHO YIPOCTHTh YHCJHNTEAb, BRINOJIHHB OORYHEIM
0o6pazoM COOTBeTCTBYIOIIHE ONepanMy HAX MHOTOWIeHAMH:
(2a?+5)+2ab+b)-(b+5)=
=2a®+ 5+ 2ab+b-b—5=2a%+ 2ab.
TaxuM ofpasoM, 3ajaaayi0 alrefpaHdecKyIo CyMMy TPEX apobeii

2
HaM VAATIOCHh MpeoSpasoBaTh B APOOL w

a+b_c_a+b-c

. Hanee AMeeM:

2a% + 2ab _ 2a(a + b) _2Aa+b) _ 2a+2
a® - ab a(a - b) a-b a-b"
TIprBeaéM Temeph pellleHUMe pACCMOTPEHHOro npumepa 0es Kom-
MeHTApHeB (KaK 2TO B Oyaere nenaTh y cefA B TeTpajaax):

2az+5+20b+b_ b+5 ‘__(2a2+5)+(2ab+b)—(b+5)=

a® - ab a2-ab a?-ab a — ab
- 202 + 5+ 2ab+b-b-5 = 2a? + 2ab =
a? - ab a - ab
- 2a(a + b) - 2a + b) = 2a + 2b -
a(a - b) a-b a-b "’

Kax BuAmTE, B pesyibTaTe mpeofpasoBammii nosyamiock Gosaee
npocToe anrebpaHuecKoe BHIPAXKEHHe, YeM OHJIO 38j2aHO B YCJIOBUM
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npuMepa. IMenHO B yNpPOIeHHH H COCTOHMT HeaL npeofpasopaHmii,
MO2TOMY YACTO BMECTO CJAOBOCOYETAHHA SWNOXHUMDb Jelicmeus uc-
HOJABL3YIOT CJAOBOCOUETAHUE YNPOCIMUMb 8viPANCHUE.

Cnomxenne u pruuTaARNe axrebpamaeckux apobeil ¢ pasHbviMy 3HAME-
HAMEARMY BHINOAHAIT OO TOMY K€ AJATOPHTMY, 9TO HCIOAL3YETCH
ANA CNOMeHHA N BHIMMTAHMA OOBIKHOBeHHHX Apobe#t ¢ pasHbBIMH
3HAMEHATENAME; CHAUYANA OPHBOAAT ApobfH K Oo0IIeMYy 3HAMEHATENO
€ IOMOIILI0 COOTBETCTBYIOMIHX AOINOJHHTENBHEX MHOKUTeael, a 3a-
TeM CKJIAALIBAIOT UM BEIYHTAIOT NONYYEHHHE APo0OH ¢ OXHHAKOBBIMH
3HaMEeHATeIAMHU.

IIpumep 2. Buno.nnm ,ueﬁc-rnus:

a) £+%; ) ) o

: B .
4b2 Gb’ x+y x-y

Pemenue. qna xaxxgoll napsl 3afaHHEIX 34ech anrebGpanyecKux
Apobell obmuit smameHaTens Grin Halifen panee (cM. npuMep 4 u3
§ 1), Bocnomyeuca a'mm

2a 10a 10a + 9b

a) 5 =15 +15 T
2 2 8ab + 2at

) 66°  120° @ 125 12°
p) - _Z% _x-xy Prxy _ (- -(F+xy) _

x+y x-y x2-pt 22y x2 -y

¥ - xy -2t -xy _ -2y -
xz_yz xZ_y2°

Camoe TpyAHOe B YHOMSHYTOM BHIIIe AJIOPHTME — 3T0, KOHEu-
HO, TIEPBBIH mIar: oThICKAHHEe ofmero 3HaMeHaTeld M [PHEEASHUE
Apobeit k ofimeMy anaMenatenw. B npumepe 2 BhI aTolt TpyaHocTH,
MOkeT ObITh, He OLIYTHIM, TIOCKONBKY MBI BOCIIONB30BANMCE MNOTOBRIMH
pesyJabTaTaMu H3 § 1.

Y1066 BHpaGoTATH, NMPABHJIO OTBICKAHHS O0IIero 3HaMeHATeNs,
npoana.vmsupyem opumep 2.

Ona poGei 22 S % o6muM 3HaMeHaTeJleM CJIYXKHT gucjao 15 —
OHO HeJNTCA U Ha 3, # Ha 5, ApnAerca ux obUIMM KpaTHRIM (Zaxe
HAMMEHBIIHM 00IIUM KPATHRIM),

2
GaTa o0muM 3HAMeHaTeNeM ABIAETCH OX-
nHounen 12b°. Om genurca u Ha 457, u Ha 6b°, T. €. Ha 06a oaHOUNeHA,

Ona ppobeit f;—f H

12
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1

cay)Kamue aHaMeHaTensaMu apodelt. OGpaTwre BEAMaHNE: anucao 12 —
HAWMeHbIIee ofmee KpaTtmoe uucea 4 B 6; mepeMenHas b Bxogmur
B 3HaMeHaTeIh nepeolt Apoba ¢ nokazaTeneM 2, B 3BHAMEHATEb BTOPO#
Apo6u — ¢ moxasaTeneM 3, npuuéM sro Hanboubllee 3HAYEHHE MO~
KazaTens 3 purypuEpyer B oﬁmeu SHAMCHATEJIEe,

.Hnﬂ.npoﬁeﬁx+y pra y

pefenue (x + y)Xx — y) — oHO AeNUTCA K HA 3HAMEHATENh X + I, H Ha
3HAMEEATENAb X — .

oM 3HaMeHATe/IeM CAYKUT IPOu3-

3amevanue. Ha camom geste, obuiux anaMeHaTesed AnA He-
CKOJABKHX airebpamuyeckmnx apobell MOXHO HaHTH CHROJBKO YTOAHO,

Hanpuwmep, ana apobeit %a_ . _35_b of6INUM 3HAMEHATeNeM MOXKeT OuITh

u ancao 30, u amcno 60, i gaxe ogouneH 15a%h. Jeso B TomM, uTO M
30, HGO u 16a% MoxHo pasfennTs Kak Ha 3, Tak u Ha 5. Jna apoBeit
a

ey Bbs
12b%, moxer 6niTh 1 240°, m 48a%* u T. A. OnATL-TAKK AENO B TOM, YTO
24b® peaurea u Ha 4b%, m ma 6b0°; 48a%b* meaurca m ma 452,
u ta 6b%. Yem ke oguounen 12b6° myume, uem 245%, yem 48a%*? Tommxo
TeM, YTO MO SANNMCH BHIVIAAWT NpoIme; B MOAOGHBIX CAy4afX rOBO-
PAT BasKe He 00l ZHaMeHameab, & HauMersuull o0l 3HAMEeHAMERD,

CHoBa BepHEMCA K npuMepy 2 a). ITo6H CNOXRUTE anrebpandecKue

Apobu —“ %, Hano GHINO He TONBKO HaWTH o0Iqmit 3HAMeRAaTEIb
(umeno 15), HO H OTHICKATH AJIA KaXAoi n3 apobeit AomONHHTENBHEIC
MHOKHTENA, KOTOpPEIe no3soauian Gkl opusecTH aApoGu K obimemy

obmuN 3HAMEHATENIEM, KpoMe HAXASHHONO BHIITEe OTHOMIEHA

sHaMeHaTemto. Jlna apobu % TAKEM ARONOJHUTENbHEM MHOMKHUTEIEM

CHYKHT IHCHO 5 (YHCAMTENh M 3HAMEHATENL 2TOH ApoSH YMEOXHIA
JONmoONHUTENRHO Ha §), ang apobu % — uucno 3 (uucAuTeNs N 3HA-

MEHATEIL BTON ApPOOH YMHOMHJE AONOAHUTENLHO HE 3). Homonuu-
TeJbAEMNHA MHOMKHTEIHh eCTh YACTHOE OT AdeJeHus ofINero 3HAMeHATEe/NA
Ha 3HaMeHaTeJb JaHHOH ApobH.
O0BI9HEO HCIOJIBL3YIOT CJEAYIOINYIO 3aIUCh:
2a . 3 _ 2a‘5+3b@ _ 10a + 9
3 b 3 b 15

Ha nmepBHIX ITopax YEOOHO HCOOJB30BATEH CAEAYIOOEe OPABHAIO,
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(" )

IIpasuao npuseneana aarefpandeckux apodeit
K o0meMy 3HAMEHATEIIO
1. PagnoxuTh Bce 3HAMCHATEIH HA MHOMKUTENN.

2. V3 nepeoro sHaMeHaTeJI BBEITHCATDH NMPOH3BeAeHWe BCEX
ero MHOXKUTeJell, H3 OCTAIBHEIX 3HAMeHaTeJell NMpPHIHCATh K
2TOMY NPONIBEeIeHHI0 HeJoCTAIoImue MEOXKUTeTH. IloayduenHOR
npoH3BegeHne N Ovier o0mUMM (HOBBIM) 3HAMeHATeJIeM.

3. HaiiTy aomoaHUTeNbHEIe MHOKHTENN ANA Kaxpoit U3
Apobeit: aT0 Gymer mMpou3BeZileHMe Tex MHOMXKUTeJeii, KOTOpHe
MMEIOTCH B HOBOM 3HAMeHATeJie, HO KOTODHIX HET B CTApPOM
3HaMeHaTele,

4. HaiiTu nna xaxaoit 1pobn HOBRIM uMcauUTeNB: 9TO GVAET
Opou3BeACHHe CTAPOTO YHCJANTENA U JONOJHHUTEJIBHOTO MHO-
AUTEA.,

§. BanucaTe KaKAYI0 Apo0k ¢ HOBRIM YNCJIHTENIEM H HOEHM
(o6miuM) 3HAMEHATENEM, )

.

CHoBa BepHéMca K mpuMepy 2 6). OGmHM 3HaMeHaTeJeM IAA

« a a?

APOGeH 2.7 + 5

KUTeND AAS NepBod Apobu pasen 3b (mockoabry 125° : 45° = 3b), nna

BTOpOl Apo6H oH paseH 2 (mockonbxy 12b% : 6b° = 2), Buauunr, permenue
npumepa 2 6) MOkHO OPOPMHUTH TAK:

a2 g?% _ 3ab + 24d°
@ 6 12b°

aeaserca oanowren 12b°, HomoaunrennHurit MHO-

_ a+l
4a° -1 2% +a

MIpumep 3. YIPoCTHTH BHIpaKeHHe

Pemenne,
Heppriii atan. HaligéM o6mmnil sEaMeHaTedb W AONOJHUTEIbHEIS

MHOMNHTEH,
Hmeem:

d4a’~1=(2a - 1)}2a + 1),
2a® + a = a(2a + 1).
ITepBrlit 3HAMeRATeNE GepéM IeIKOM, 4 U3 BTOpOoro — aobampnsgeM

MHOYKHTeNh ¢, KOTOPOTO HeT B IepBoM sHaMenarese. IloayuumM obmuii
sEaMeHaTens: a(2a — 1X2a + 1).

14
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¥YaobHO DpegcTABHATH 3ANUCH B BHAe TAGIMITHI:

Smamenarenu O6muik 3namenarens AonoxmaTenLuLie
(2";(213(3_"1‘; 1 a(2a - 1)(2a + 1) 201

Bropoif 3Tan. BumonrHaM npeobpasoBaHHA:
8¢ _ a+1 3q'& _a+1@et
4a® -1 22 +a (2a-142a+1) a(2a+1)

- 3¢ - (a+1}26-1) 8a®-(22  —a+2a-1) -
aa-1)2a+1) a(2a - 1X2a + 1)

_8*-2a"+a-2a+1 _ at-a+1

o@a 1022 +1)  o@a-Za+D) O

IIpamep 4. YOPoCcTHTD BHIpAXKEHUE
b B 1 + b
2a* + 4a% + 20%0®  3ab® - 32  6a* - 6a%d

Pemenwue.

Ilepsriit aran. PasnomxnaM Bce 3HAMEHATRIH HA MHOMKUTENH:

1) 2a* + 4a% + 2a®®® = 2a*(a® + 2ab + b*) = 2a%(a + b)%;

2) 3abt — 3a® = 8a(t? — a®) = 3a(b — a)(b + a);

8) 6a* — 6a’ = 6a%a - b).

Ileppmit 3HAMeHATeNE OepéM mEJHKOM, H3 BTOPOIO BO3BMEM He-
RocTaloImmue MHOKRUTENIR 3 B b — a (1 g — b), U3 TpeThero — Hexo-
CTAIOIMUE MHOMXKHUTENb @ (HOCKONBKY TPETHH 3HAMEHATENDL COFEPIKUT
MHOKHTENS a°),

3aaMensTenn O6muik agaMenaTens Honoamurexsuste
2a%(a + b)* 3a(a - b)
3a(d - a)Xb +a) 6a%(a - b)(a + b)’ —2a%(a + b)
6a%(a - b) (a+by

3aMeTHM, 4TO €CAH ¥ AONONHUTEIBHOTO MHOKUTENA NOSBAACTCA
3HAK <«—», TO €r0 O0BIIHO CTABAT Neped Beeit apobrio. B fannoM cnydae
H3MeHEM 3HAK nepep BTopol apobbio.

15
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Bropoii 3Tan, BrimoaHuM npeofpasoBanuid:
b _ 1 . b
2a* + 4a% + 2a%%  3ab® - 3a®  6a' - Ga®b

- pMale-b) 1\2::2!« +5) b'.{a + bf _
= + + =
2a%(a + b)®  3a(a - bYa + b)  6ad(a - b)

- 3abla — b) + 2a%(a + b) + bla® + 2ab + b?) _
6a®(a - b)(a + b)*

_ 3a% — 3ab® + 2a® + 24% + a% + 2ab® + B _ 2a° + 6a%b — ab® + b®
6a’(a — b)a + b)* 8a’(a - b)a + b)?

OrMeTuM, 4TO 3aMeHa BRIpAXKeHHMA, JAHHOTO B IpuMepe 4, Toil
anrebpaudeckoil Apo6bio, KOTOpPaA NOAYYHIACHh B Pe3yJbTaTe, €CTh
TOXKAECTBeHHOe ITpeofpasoBaAHME NpU JOnYcmuMmbix 3HAYEHUAX nepe-
MEHRbiX. B JaHHOM caydae JOMYCTHMEIMM ABIAIOTCA JIOOBIe 3Haue-
HHA NepeMeHHBIX a U b, KpoMe g = 0, a = b, a = —b (B 3THX caydaax
SHAMeHATeJaH 00pAalaloTca B HYJb).

BOnpock! i CamMONPOBePKH

1. ChopmynupyiiTe U sanumIATe HA MATeMATHIECKOM S3hIKE
NPaBHJIO CJICOKeHUA U BHIYMTAHHA aiarefpandeckux apoleii ¢ ogunHa-
KOBBIMH 3HAMEHATeJAMH.

2. ChopMynupyiiTe aJIrOPUTM CIOKeHHA (BEIMHTAHHA) axrebpam-
YeCcKNnX Apobeil ¢ pasHRIMH 3HaMeHATeJAMH,

3. ChopmynupyiiTe ajJropuTM OTHICKAHAA 00IMero 3HaMeHaTeNA
AJIA HOCKOJBKHX aarebpauveckux ApoGei.

4. ChopmynupyiiTe anropuT™M NpuBegeHna aaredfpanyecKkux Apo-
Oeil ¥ o6meMy 3HAMeHATENIO.

5. Karoit TaH, Ha BAIO B3TJIAK, CAMBIHA CJIOYKHELA IPH IPHBEIeHHHN
anrefpandeckux Apobeil ¥ ofmemy 3HaMeHATENIO?

x - bx + 3
4a¥(x - 1)  6ad(x - 1?’
PaccraskuTe, KaKk Bbl COCTABHUTe HaMmeHbIIWIH ofIOHIl 3HaMeHATENH
AnA 3THX apodeii. IIpuBeauTe 3TH Apotin K of6ImeMy sHaAMEHATEIIO U
HallIHTe UX CYMMY.

6. Jann ape ajnre6pautueckue Apolu:

7. Bemmonnure peficreusa: 8x — 4 + 2t J:
x —

15
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§ 3. YMHOWEHVE M RENEHME
ANTEEPAMMECKMX ZPOBEN.
BO3BEZEHME AJITEBPAMYECKOM
APOBM B CTEMEHb

YMHOMeHMe anrebpamyecKkux Apobeit ocymecTrIAeTCA MO
TOMY ke NPaBHAY, YTO U YMHOKeHHe OOBKHOBEeHHHX Apobeii:
a. ec _ ac

—_— - =

b d bad’
Aunanormuno ofcrour geno ¢ genenneM anrefpamdyeckux apobeit,
¢ BogBeAeHMeM anrebpaudeckoil gpodm B HATYPAALHYIO CTENEHb,

Hpamo AeJIeHHA BRITIATHT Tak.
g.¢c_ad
b"d b’

8 OpaBHI0 BO3BEACHHUA B CTENIeHsL — TaK:

(2)"_5_"_
b) b’

IIpesiAe 1eM BRNOJEATL YMHOMKEHHEe H AejieHNe anrefpamdecKknx
Apofeii, mose3Ho UX YNCAUTEN H IHAMEHATEJH PASJIOKHTL HR MHO-
XKuTesqH — 910 00JerynT coxpameHHe TO anrefpamueckoit apobum,
KOTOpas MOJMYINTCH B Pe3yALTATE YMHOXKEHNA HIN AeJieHNs.

IIpuamep 1. Bunoauurs geiicTeum:

Bx +5y xX- 4P, 6) 7a%°  6b® - 12ab + Ba?
x-y 10x °’ 3a - 3b 49a*p°
Pemenne.
a) 5:\:-I-5yr_a:”—y2 - x +y) (x - ydx +y) -
x -y 10x xr—y 10x
_ 5(x + p)x - ydx + ) _ (= + pY
(x - ) -10x 2x

IIpeobpasoBaHuA BEINOJHEHBI IPH CAEAVIOLINX YCJIOBUAX: X # ¥,

x20.

6)

a)

7a%° 60 — 12ab + 6a? _  7a%®  6(b® - 2ab + a?) _
8c - 8b 1925 T ¥Ha-b) 4949 B
_Ta% -6 -a) _ 2Ab - a)?
T B3a-b) 49" (a-b)-Ta’
Bocnoasayemest TeM, uto (b — @) = (@ — b)%. Homyuum:
2b-af _ 2a-b" _ 2Aa-0d)

-b%-7¢ (@-®H-7¢a  Ta .

17
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IIpumep 2. Bunonaurs AeficTBAL:

a):n:3~—1:.1:”'+.1|c+1_ &) a' - bt b-a
8y 162 ab+2b-33~-6" a+2

Pemenmue.

a) x“—lzx2+x+1=(x-1)(x2+x+1):x2+x+1 _
8y 16y° 8y 16y°

_(x—l)(x"'+x+1)-16y2_ _ _ — Oy

- By-(x2+x+1) =(x ~ )2y = 22y - 2y;

6) at - bt b-a _ (a® - b®Na? + b?) Lb-a _
ab+2b-83-6" a+2 (ab+20)-(8a+6) a+2

_(a-b)a +b)a®+b’) b-a _(a-ba+bla®+b)) b-a _
T e +2)-3a+2 “a+2 @+ 2)db-93 ‘a+2

_(a-b)a + bXa® + b¥)a + 2) _ —(a + bXa® + b*)
TS PR T -3

Mz yunm, yTo B pesyJbTaTe AedeHus @ — b Ha b — @ moayuurea

—1. BopoueM, 3HAK «—» B AAHHOM cJydae yaolHee mepeMecTHT: B
3HAMEHATEJIb:

—(a + b)a® + bY) _ (a + b){a® + b%) _ (a + b){a® + b%) -
b-3 B - - 3) - 3-b ’

IIprumMep 3. BUOOAHHATL AeifcTBUA:
[ x+2 Js. 2%+ 4x + 4V
322 -6x) " \x?-4x+4)
PemeHne.
(x+2 T. x2+4x+42_( x+ 2 ]3. (x +22Y _
822 —6x) \x?*-4dx+4 3x(x - 2)) " (x - 20

__ @+ @+ @ +-2 __ x-2
27x%x -2 (- 2)' 27a%x - 2(x + 2)* 2TxP(x + 2)

Bonpoch! ANA CAMONPOREPItH
1. ChopMyaupyiiTe NpAaBUIO YMHOMKeHRA anreSpanueckux aApobeii.
3anunImuTe ero Ha MATEMATHYECKOM SA3BIKE.

2. ChopmyaupyliTe npaBuiao geneHHs aarefpandeckux apobeit.
3anAmnTe ero Ha MATEeMAaTHIeCKOM A3RIKe.

3. Chopmymapyitre npasuao Bosbeleana anrebpanyeckoit gpobu
B CTCNEHb, SAMIINTE €r0 HA MATEeMATHYECKOM A3EBIKE.
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§ 4. NPEOEPA3OBAHME PALMOHANbHbIX
BbIPAYKEHMV

Jl1060e uHMCI0BOEe BHpa’keHHe MOCJe BHIOJHCHHAA BCeX
BXOAANUIHX B ero COCTAB apUdMeTHYECKHX NeHCTBHH NPHHHMAET
KOHKDPeTHOE YHCJIOBOE 3HAUEHME — DaIHOHANBHOE YHCI0 (pasyMeer-
¢S, OHO MOJKeT OKA3ATLCA M HATYPA/IBHLIM YHACJIOM, H LENLIM YHCIOM,
n apobeio — 370 HeBaskHO). Touno Tax ke Mioboe anrebpauueckoe
BEIpA’KeHHe, COCTABJEHHOE M3 YHcesJ H MEePEeMEeHHHX C IIOMOIILIO
apupMeTHIeCKHX onepanui 1 BO3peeHINA B HATYPAJLHYIO CTElleHb —
B/l TAKAX BRIPAXKEHHAH B anrebpe HCHOJALIYIOT TEPMUH PAIHOHAJILHOE
BhIpameHMe, — IOCJe BLINOJHeHHUA NpeobpasoBannii NpuHEUMaeT BHA
anreGpandeckoii apobn (M ONATH-TAKH, B TACTHOCTH, MOKeT IOJIYINTLCA
He Apobb, & MHEOTOYJIEH HIH Aaxe OZHOMMNEH).

I pame p. JokasaTs TOXRIAECTBO

2a 4a? 2a 1 8a®
[2a+b'4a=+4ab+b2]‘[4a=-b=+b—za)+2a+b = 2a.

PemeHne.

JIOKa3aTh TOXAECTBO — STO 3HAUMT YCTAHOBHTH, YTO NIPH BCEX
AOIMYCTHMEIX 3HAYEHUAX NepeMeHHBIX ero JIEBas U MPaBad UACTH PABHEL,
B anrefpe ToxkzecTBa NOKA3LIBAIOT DASHAIMA crmocofamu:

1) BrmonaAlT DpecfpasoBaHus JEBOH JACTH H B UTOre DOJYUAIOT
OPABYIO YACTH;

2) BRImOJHAIOT NPeofpa30BaHMA OPaBoll HACTH M B MTOTe HOJAY-
YAI0T JIeBYIO YaCTE;

3) o oTaeapHOCTH HpeoBpasyioT HPABYIO H JIEBYI0 YACTH H HOAY-
Yal0T U B [IePBOM B BO BTODOM CAy4YaaX ONHO H TO JKe¢ BEIpAYKeHUe;

4) coCTABAAIOT PASHOCTH JeBOl H NPABOH YacTeld W B pesyjapTaTe
eé npeobpasopaHuil MOJIYIAIOT HYJIb.

Kaxoit cmocob BHGpaTh — 3ABHCHT OT KOHKDETHOI'O BHA TOMXAE-
CTBA, KOTOPOE BaM IpefIaraeTcA AOKasaTh. B JaHHOM mpHMepe meje-
coofpasao BHOPaTE NepBHii cnocof.

Ji1a npeofpa3oBaHBRA PAIlHOHAJLHBIX BHIPAYKEHHWH NPHHAT TOT
e MOPAAOK AeACTBHI, YTO K AAA NpeodpasoBaHUS IACIOBHIX BEIpA-
JMeHHH. IT0 3HAYMT, YTO CHAYAJA BHIOONHAIOT AeiicTBHA B cKoOKax,
3aTeM JeHCTBHA BTOPO# cTYNeHH (YMHOMXEHME, JeJieHUe, BO3BeJcHHS B
CTEeImCHb), 3aTeM felicTBHA mepBoll cTynenH (CA0oXKeHUe, BRYATAHAE),
Brmonaaum npeoSpaloBaHHA [0 JeiicTBRAM:
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1. ANTEEPAMHECKUE [POBM

1) 22 4a? _ 20\%8r8 44
20 +b 40 +4ab+ b  2a+b (20 + )
_ 20(2a +b) - 4a® _ 4a® + 20b - da® _  2ab
(2a + b)? (2a + b)? (2a + b)%’
2) 2a 1 _ %2a _ 1Gaxd
402 - b-22 (2a-52a+b 2a-b
_ 2a-(2+b) _ 2a-2-b _ ~b .
2a-b2a+b) (@a-b2a+b (22 - b)2a +bd)
) 2ab | -b _ _2ab(2a - b)(2a +b) _
(2a + b " (2a - b)2a + b) (2a + b)® - b
_ _2a(2a -b) _ -(4d® - 2ab) _ 2ab - 44®,
2a + b 2a + b T 2a+b °
9 2ab - 44’ + 8a® _ 2ab - 4a® + 8a% _ 2ab + 4a® _
2a + b 22 +b 2a + b T T 2a+b
_ 2a(b + 2a) _
= e ih -2

Kax suzure, HaAM yaanock npecOpasoBaTE JIEBYI0 YACTh IDpOBE-
PAEMOTO TOXAECCTEA X BUAY OPABOH YACTH. 3TO 3HAYMUT, UTO TOKAECTBO
Joxazano. OfHAKO HAIIOMHHM, YTO TOXKAECTBO CIPABEAIUBO JIHINE AJIS
JOMYCTHMBLIX 3HaYeHHH nepeMeHHBX, TaKkoBHIME B AAHHOM DpHMepe
ABJAIOTCSA JI00bIe 3HAYEHMSA @ M b, KpoMe TeX, KOTOphle o6paInaioT
3HaMeHaTeaH Apobeit B Hyab. 3HAUUT, JOONYCTHMBIMH SIBJIAIOTCS JI0-
fuie mapw ancein (@; b), KpoMe TeX, IPH KOTOPRIX BLINOJHAECTCH XOTH
61 OAHO 13 PABEHCTB:

2a-b=0, 2a+b=0, b=0, ®

§ 5. NEPBLIE NPEACTABREHMS! O PELLIEHMM
PALMOHAJIbHBIX YPABHEHMH

Besu p(x) — panuoHaabHOe BhIpAXXeHme, TO ypaBHeHHe
P(x) = 0 HASHWBAIOT PAYUOHGALHBM Ypaenenuem. IlonpobHee moro-
BOPHM O HHX DIO3ZAHee, B riaBe 6, Ho yXe Temepb MH pPacmoJaraem
HeKOTOPEIMM HaKTAMH TEOPHH, MOZBOAAIOIIHMHE PEIIATH HECI0XKHbIE
PALMOHANKHEIE YPABHEHUS.
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1. ANTEEPAMHECKUE APOBM

—— e e —

2 _
+1=x 10

IIpamMep 1. Peinuth ypaBHeHHe ~+3 Z 9

Pemenne. Parencrsa A = B u A — B = 0 BEIpAXRAIOT OAHY H TY
JKe 3aBACHMOCTh MEKAY A u B. VunTeiBAA 3TO, NepeluiieM RaHHOe
YDaBHEHHE B BAAE

2 _ x*-10 -0
x+3 x2 -9 i
BrinonauM npeolpaloBaHusa JeBod YaACTH YpaBHEHHA:
2 + 1 _ x’ -10 - 2\L3 + 11!:-8!:4»8! _ x’ - 10 =
%+ 3 2-9 x+3 (x - 3Xx + 8)
=2(x-—3)+(x—3)(x+3)-(x3—10)= 2¢x - &
(x - 8Yx + 3) (x - 8(x + 3
HTak, DOAYINIM YpaBHeHHe
2x -5 =0
(x-34x + 3) )

JIpobs obpawaemen 8 nyas mozda u moabko mozda, xozda eé wucau-
meRs PAGEK RYAID, 8 SHAMEHAMEAD OMAUYER om HyAs. H3 ypaBHeERA
2x — b = 0 maxoaum x = 2,5. IIpu aroM 3HAMEHAH 3HAMeHATENb APOGH
He ofpamaercs B HYJb.

OreBerT: 2,5.
K ofoum ycaoBHSM paBeHCTBA JApobH % HYJIO HAJO OTHOCHTHCS

OAHHAKOBO YBAMHTEIBHO, T. €. CHAYAJA BOCHOOJBIOBATECA YCNOBHEM
a =0, a 3aTeM He 3a0LITL NPOBepuTh YesoBue b # 0. Pemnm, Hanpumep,
x4+ 2
YPaBHCHHE m
x+2=0,71.e. x=-2, NogcTapue 3HAYCHHEe —2 BMECTO X B 3HAMe-
HATEJb, HONYYHM HYMb, & HA HYJbL ACJIUTH HENb3A. JTO 3HAYUT, YTO
X = —2 He ABNACTCH KOPHEeM YPABHEHHH, T. €. 3aJJaAHHOe YPABHeHHe
BooOmle He MMeeT KOPHei.

Beprémca emé pas k npuMepy 1. leno B ToM, uTo MAaTEMATHKH,
SBJAAACH NIOABMH NPAKTUYHREIMH, He JIOOAT JeiaTh JHINHHE 3aIIMCH,
Onn npeanounTalor, Haliga o6mwii 3HAMEHATENb, He IPUBOAUTD JpOSH
K 9TOMY SHAMEHATENI0, & 0C8000xJambes OT Hero NMyTEM YMHOMKEHUA
obepx uwacTeil ypaBHeHHA He 00muil smamenateasb. IIpu aToM aBa
VCJIOBMS PABCHCTBA NpoGH HYJIO OHM, €CTECTBEHHO, AEDIKAT B rojobpe

= (. IIpupaBHAB YHCJHTEAb HYAK, TOAYIHM
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1. AJTEGPAMMECKME [IPOBM

H He 3a0HKIBRAIOT CAEeJATH COOTBeTCTBYIONIYIO NpOoBepKy. IIpHBeaém
(P HeCKONEBKO COKDAIMEHHOM BHAE) SAIIACH PEINEHHUS YPABHEHHA U3
npuMepa 1 ¢ UCMOJAB3OBAHUEM CROCODE 0¢8000XIeHUA OM FHAMEHA-
meaeii,

2 —
YMEOKAM ofe 4aCTH ypaBHEeHUS 2 +1= xz_lo Ha ofuymit
x+3 x -0
spaMeHaTeNs x — 9; momyumM:
2 _ 2 _ z _ . xz - 10.
(x 9)(x+3+1 =(x*-9) g’

2x-83)+x%-9=x%-10;
x=2,5b.

BHaveHme x = 2,5 ynoBaerBopsAer yeaosuo x! — 9 # 0, a moaromy
x = 2,6 — KOpeHBb 3aJAHHOT0 YPABHEHHA.

Iipumep 2. Jlogka npomna 10 kM no TeueHHMIO pekn u 6 KM
IOpPOTHE Te'ueHHs, SaTPATHB Ha Bech OyTh 2 4. Uemy paBHa coGCTBEE-
HAA CKOPOCTDb JIOKKH, €CJIH CKOPOCThL TeueHUA pern 2 Km/4?

Pemenne,

IlepBriii aran. Cocmasaenue mamemamuyiecxoii modeau.

IIycTe X KM/4 — cOGCTBEHHAA CKOPOCTD JOAKH, TOTAA IO TEYEHUIO
PeKn oHa IJIHIBET CO CKOPOCTEIO (X + 2) KM /4, & IPOTUB Te4YeHNI — CO
cKopocThio (x — 2) KM/4.

[Io Teuenuio pexu, T. €. €O CKOPOCTHIO (x + 2) KM/4, JoAKA NIpo-
mnaa nyts 10 kM. 3HAYUT, BpeMs, SATPAaYeHHOE HA 3TOT NYTH, BHIPA-

10
x+2

IIpOoTHB Te4eHHA PEKH, T. €. CO CKOpOCThIO (x¥ — 2) KM/4, JoAKa
npoutra oyThk 6 kM. CregoBaTesLHO, BpeMsd, 3aTpadeHHOE HA ITOT

xaerca dopmyaoik

q.

nyTh, BHpaxkaerca dopMysoit q,

x -2

Ilo ycnoBHio Ha Bech OyTh (T. €. Ha 10 KM no TeveHnio n 6 KM
IPOTHE Te4eHHN) CYMMAapHO 3aTPAYEHO 2 9. SHAYUT,

10 L]
+ =2,
x+2 x-2

ST0 ypaBHEHMe — MATEMATHYECKAS MOJAENEL 3azauu,

Bropoit gran. Patoma ¢ cocmaénennoii modennio.

BocnoapsyeMcs YKa3aHHBIM BhIlIE NPUEMOM OCBOGOKAEHUS OT
sHaMeHaTeaeil. 3aech HAUMEHBLIINM OGITUM 3HAMEHATEJeM CIAYXUT
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1. AJSTEEPAMHYECKVE OPOBM

(x + 2)}x — 2). YMHOXKHAB Ha 3T0 BEIpaxeRHe ofe YaCTH YypaBHEHHA,
TONYIHM:

e+ e - (225 4 225) =20 + 2 - 2
10(x — 2) + 6(x + 2) = 2(x* — 4);
16x — 2x* = 0;
2x(8 —x)=0;

x1=0,xz=80

Ocranocs moouepéaHO NOACTABUTE HaicHHEIe 3HAYeAAA B 001mMiA
sHaMeHaTeNb, IIOCKOABEKY HM npu x = 0, HE npu x = 8 BHIpaxkeHHe
(x + 2x — 2) re ofpaimaerca B Hy/b, 008 SHAEHHS ABIAIOTCH KOD-
HAMH YPaBHeHHA.

Tperait aTan. Omsem na eonpoc 3adaxu.
HyXEO BHACHNATS, YeMY PABHA COOCTBeHHAN CKOPOCTE: JOAKH. OTY

cKkopocTs ofozEaunnk 6yksoit x. Ilomyumam, aro anbo x = 0, anbo
x = 8. IlepBoe 3HaYeHHe HAC ABHO He YCTpaHBaeT: cOOCTBeHHAdA
CKOPOCTD JIOAKH He MoxeT GuiTh pasHa 0. Bropoe aHauyeHHe MIOAXOAMUT,

O rBeT: cofcTBeNHAA CKOPOCTDh JORKHM paBHa 8 KM /4,

Jamevanue. 3a x MH OPURAIN cOGCTBEHHYIO CKOPOCTD JIOAKH.
ScHO, 9TO JOMKHO BLINONHATLCHA HEPABEHCTBO X > 2, T, €. Co0CT-
BEHHAS CKOPOCTS JIOAKH KO/IKHA ObITE GoNbIle CKOPOCTH TeYCHNA PEKNA
(MHave MPOTHE TeYeHHH JIOZKA NAMTE He cMOXKeT). MoxHo 6rin0 Onl
Z0GABHATE 2TO YCIOBHE K COCTABJICHHOMY HA IIePBOM 2Talle YPABHOHUIO,
T, €, MATEMATHYECKAA MOZEJb 38JAa9H COCTOANA OLl U3 ypaBHEHUA U
HepapeHCTBa. Ecan 6 910 6pino chenaHo, 1o HaligeHHOe 3HAUECHAE
x = 0 MBI 6K cpasy orfpocuan, Aa B 3HAYeHHe X = 8 B aHAMEeHATENH
NOACTABIATH HE CTAMH (IIPH X > 2 3HAMEHATENU OTAUYHEI OT HYAA).

Bonpocs! AN8 CAMoNpPOBepiM

1. ChopmymmpyiiTe onpeseneHue PAOMOHAILHOI'O BHIPAMKEHHS.

2. ChopmyaupyiiTe onpeaenecHne pallMOBANBHOTO YPABRHeHNH.

3. 3akonqauTe npegao:xenne: «{pofes paBHA HYJIIO TOTAa H TOJABKO
TOrA8, KOTAA €& YACIHTEND ...».

4. YUto Hy:;KHO O6A3ATENBHO CAENATDH IIOCJAe HAXOKACHUA KopHeit
NPH DellleEUH PAIMOHANBHOTO YypaBHEeHNA?

5. Pemrure ypaBHeHue:
8x - 1)(x+2) _

x-5 _ 3+2x . { -
a):c+1_0; ®) x—-l—z’ B) 2x% + 5x + 2 0.
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1 . AJWTEBPAMHECKME LOPOBEU

§ 6. CTENEHL C OTPMUATENBHBIM
UENLIM MOKA3SATENEM

Bbl ymMeeTe BHIYHCAATH 3HAYEHHE CTEINEHHM ¢ A00LIM Ha-
TYpanbHEIM NokasateaeM. Haopumep,

0,2'=0,2:3°=3-3=9;4=4.4-4=64; 1*=1.1-1-1=1;
(-2’ =(-2) - (-2) - (-2) - (-2) - (-2) = -32;
0=0-0-0.0-0-0=0mr. 2.

Ho MaTeMaTHKH HA 3TOM HE OCTAHOBHAMCE,

Tak, emé B Kypce anrefpnl 7-ro Kaacca MH HO3HAKOMUJIHCEH C
NOHATHEM CTENeHH ¢ HYJeBRIM mOKasaTenem: ecau g # 0, o @’ = 1.
Hanpumep, 5,7°=1;(-3)’=1urT. A.

IlocTenenno mpoARHrasachk B H3YICHAN MATEMATHUECKOrO A3RIKA,

1
MBl ¢ BAMH MOMMEM, UTO 03HAYAIOT B MATEMATHKEe CHMBOJHI 277, 32
M T. A. HacTHUHO 9TO MBI CHe/JaeM y<e B HACTOAINeM maparpacde,
a YACTHYHO — B Kypce axrebpul 11-ro xKaacea.
3afe MM BONPOC: €CJIM YK BBOTHTH CHMBOJ 23, TO KAKMM MaTe-
MATHIeCKHM coZepXaHUeM ero HanoaHuTh? Xopomo 6ul, paccy:xaann
MaTeMaTHKH, 4To6Ll COXPaHANMCh NMPHUBLIYHLIE CBOMCTBA CTemeHel,
HanpuMep, 4Tolr IPpH YMHOMKEHHH CTeleHel ¢ OJHHAKOBKMH OCHORA-
HHAMHA TTOKA3ATEH CRJISALIBAINCH; B YACTHOCTH, YTOOK BHINIOJHANOCH
caenyiomee paBeHCTBO:

23 . 28 = 2° (moppobree: 272 . 28 = 2°3+3 5 20y,

Ho 2° = 1, a rorna us paBeHcTBa 22 - 2% = 1 noayuaem, uto
273= % 3HAYNT, MOABMIACH OCHOBAHMAA OMpeNeanuTh 27 kaK 2—13 Io-
BoGHBIE paccyKAeHHUA U MO3BOJNIH BBECTH CJeAyIOliee OnpeeeHne.

Onpedenenue. Ecnu n — HaTypanbsroe uncio u a # (), To mox a™

nonmmm——l;-:
a
a"‘=-—1;,a¢0.
a
e_ 1 1 .5 1 _1
Hanpumep, 3 --3—2-—5,7‘—7—1-?1“-.11
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1. ANFEEPAMHECKME OPOBM

EcTecTsedHO, YTO 3aNBCAHHYIO Bbiille GOpMyny NpH HeoOXOoZHMO-
CTH MCIONBLAYIOT CHPABA HAJNEBO, HAPHMED:
L_ga 1 _1 _g.
5-5, 81-34_3'

OrMeTHM OHO BAYKHOE TOMKAECTBO, KOTOPOE YACTO HCNONB3YeTCH
HA NPAKTHKE:
aY™" by
6 -

B uacTHOCTH,

[l)-n=a",a¢0.
a
2 -3
Mpumep. Buuncants 272 + (5) - 167,
PemeHne.
_ 1 1
1)22= —2"5' = Z;
2Y® (3¢ _ 27
n(3) -3 -5
a1
3)167'= 6
1,27 1 _ 57
Y3+t T " B~16
9
Orper 3E'

Te cpolicTBa crenmeHell, K KOTOPHMM BN IOPHBRIKNH, HMesd JAEJ0 C
HATYPATbLHBIMU IIOKA3ATENAMH, COXPAHAIOTCA M AJS OTPHUATEABHEX
nenex moxasareneil (Mul cuntaem, uro a # 0, b # 0, s u + — npons-
BOJBHBIE IIeJIble TUCIa):

1. a*-a" =a"*".

2.a°:a' =a""".

3. (@) = a*.

4. (aby = a*-b'.
a) _a
5. [‘S'J —-— 3?-
Baue'mm, 9TO TellePr MBI HMEEM IIDABO HE HNeJIATE B cBoiicTee 2
OrpaHH4YeHHA 8 > it (R&K aTo 6HJ10, Korjga MB OIEPHPOBAJH TOJBKO
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1. AJTEBPAUHECKUE APOBU

HATYpaJbHEIMH IIOKa3aTeJAMH creneHn). Hanpumep, BepHO KAK pa-
BEHCTBO @' : a’ = @’ ~ %, Tax u paBeHcTso a’: a’ = a® ",

Hdoxrasxkem csoiicTea 1 u 4, a ocTanepHEle cBOlicTBA nonpobyifre xo-
Ka3aTh CAMOCTOATEIBHO.

Horasareabcrso cBoficTrea 1. IloxkasaTenn s u ¢ MOryr
6HITL 002 HATYPAJNBHEIMH YHCJIAMH, 008 HEeJBIMH OTPHOATEABHBIMH
YHCJAMH, OAYH — HATYDANBHEIM, & APYIOif — LEJBIM OTPHUIIATEALHEIM,
M, HAKOHell, XoTA OB OOUH M3 HHX MOXKeT GLITH HyJaéM. Paccmorpum
KaXXABIH M3 3THX CJHYYAeB.

Ecnn s u t — HaTypanbHEIE YUCAA, TO

a’-a*t=(a-a-a-....a)(ea-a-a-...-a) =
8 MHEOKHTONI&H  MBOXRATEI&H
=g @ .. @ A-C*...a =a’t,

8 + ¢t NnHOXHTeneH

Ecnu s M ¢ — oTpunaTeAbHHIe LIeJble UHCAA, TO -8, —! — Ha-
TYPANLHEIE THCHAA, AJA KOTOPHIX ysKe XOKA3aHO, 4yTo ¢ *-a* = a™ ',
Torga paccy:xaaeM Tak:

' 1

wate L 1 1 1 _ e
a—t

Y — — an =

1
a—t a®. a—t a-®- [] a—(a+t}

-

ITycTs Teneps 8 — HATYpAALHOE YHCHO, a ! — Iejioe OTPUIlATENb-
HOe YHCJI0, T. €. —f — HATYpaNbHOe uucao. Ilyers, AN onpegends-
HOCTH, 8 < -, T. e, —{ — 8 — HaTypaJbHOe¢ uncjo, Toraa creneHn
¢ HATYPaNbHLIM MOKA3ATEIEM @& MOYKHO NPEACTABUTL B BUAS NPON3-
BeAEHHUA CTeNeHell ¢ HATYPAALHLIMH HOKA3ATENAMH: &' = a*-a7' °.
HJanee paccy)xjaeM Tak:

1 a® 1 1

- . - - gttt
- - a*-t a

¥enu, HakoHel, OAUH U3 NOKA3aTeNelf, HanmpuMep ¢, paBeH HYJIIO, TO

&40 s+

a'-a=a-a’=a’-1=a"=a"*"=a"".

JdoxkasaTeancTBo cBoiicTBa 4. Ecam 8 — HaTypajJbHOe
4HCIO0, TO
(ab)® = (ab)-(ab) - (ab) - ... (ab) =

# MEOMKETRAEH

={(a-a-a-..-a)b-b-b-....-b) =a’b’

& NHOEHTERCH 8 MEOKHTe el



1. AJWEEPAMMECKUE [IPOBM

Ecam 8 - oTpHUIATeNLHOE IleJioe YHCAQ, TO —8 — HATYpPaJAbHOe
9uCca0, ANA KOTOPOTO YiKe AoKasaHo, uro (ab)™ = a™*b™, Toraa pac-
CYKJAEM TaK:

e 1 _ 1 1
(ab)' = @)>  a* a* b*

Ecun, nakomet, s =0, To (ab)’ = (ab)’ =1=1-1=a"" = a'b".

= a'd’.

Bonpochl AN CAMOMPOBEPKM

1. BcnoMHETE B3 Kypea aareSphl 7-ro Kiacca olpefesieHHe cTeneHH
¢ HATYPAJBHEIM NOKA3aTEeNeM,

2. BenomunTe B3 Kypca anrefphl 7-ro Kjacca cBoMCTBa CTeNeHH
¢ HATYPAABHBIM DOKaszaTedeM. IIporoBopHTe HX M 3aOMIINTE HA Ma-
TEeMATHYECKOM H3BIKE,

3. BemoMHuUTe U3 Kypea aareGpH 7-ro Kiacca onpegeseEHe CTeleHH
¢ HYJIeBLIM IOKa3aTeneM.

4, ChopmyanpyiiTe onpefeneHne CTENeHH ¢ OTPHIATEILHHIM Ile-
JBIM TIOKA3aTeJIEM.

5. ChopmyaupyiiTe cBOCTBA CTENEHH ¢ OTPULATENLHBIM IlEJILIM
NOKA3ATeNeM. 3aNHIINTe HX HA MATEMATUYECKOM A3LIKE.

6. BepHO N yTBEp:KAEHHAE: CBOMCTBA CTEMEHA ¢ HATYPAJLHEIM IO~
KaszaTeneM aHANOTHYHH CBOMCTRAM CTEMEHH ¢ OTPHIATENBHEIM IeJIBIM
noxasareseM?

7. HssecTHO, yTO € 2 0, b = 0, n, m — uenwsle yucaa. Kaknme ua
OpUBeAEHHHX HU)Ke COOTHOIeHuil nmpeacraBadior coboii BepHEEe pa-
BeHCTBA, a KaKHe — HeT:

aja"-a"=a"*™; e) a" - b™ = (ab)"™;
6)a”: a™ = a™™; x)a"t+a"=a""";
B) 2" : a™ = am; a) a" - b* = (ab)";
B, ot aR—M, £ﬂ=a_s.
Mma*:a"=a""" ") (b) o

mar-tm=@ytn 0= (3

TEMA MCCNEAOBATENLCKONM PABOTHI

CrolicTEa cTeneneii ¢ LeJOYNCAeHEHME IIOKA3ATeITMH,



FTNABA

2 DOYHKUMA vy = Jx.
CBOMCTBA KBAAPATHOIO KOPHSA

e

§ 7. PaywoHansHbie uucna

§ 8. [Tonarne KBaApParHOro KOpPHA H3 HEOTPMUATERBHOFO
Yucna

§ 9. MHppaumonansHbie uncna

§ 10. MuoMecTBO ReriCTBUTEAbHBIX YHucen
§ 11. CBosicTBa YHCNIOBBIX HEPABEHCTS

§12. @ynkunay= Jx, eé csosictea u rpagmx
§ 13. CsosicTea HBAAPATHOrO KOPHA

§ 14. [peobBpasosatme BbipaxeHmii, COACPMALLMX
onepauMio H3BNeYeHHA KBAAPATHOro KOpHA
§ 15. Anropurm nzsnevenus KBaAPATHOrO HOPHA

§ 16. Mogyns pesicrsurensroro wucna. Pyuxums y = |x|

§ 7. PAUMOHANBHBIE YHUCAIA

1. HexXOoTOP®I® CHMBONLI MATEMATHMECKOTO A3bINA

Bam x0pomio H3BeCTHRI HATYDAJAbHEIC YHACIA:
1,2,38,4,....

MHosecTBO BeeX HATYDAJBHBIX 4YHCEN OOBIYHO 0603HAUAIOT GYK-
Boit N,

Ecan K HATYDAJIBHBIM YHCJIAM NPHCOSAHHHTD YHCH0 0 M Bece mestie
OTpHIIaTeNbHBIE 9HcaAa; —1, -2, -8, -4, ..., — TO TOIYYNTCH MHOMKE-
CTBO IEJBHX THCEJH. ITO MHOMXKeCTBO 00bITHO 0603HA9aI0T GyKBOH Z.

Ecau K MHOMXeCTBY LejBIX YUCeJl NPHCOeAWHUTH Bee OOBIKHO-

BeHHEIe Apobn: -z-, %, —gg H T. I., — TO NOJAYYHATCA MHOZKECTBO
PaNHOHANBHBIX YHCeN. IT0 MHOKecTBO 00b19R0 0fosHauaoT Syksoii Q.

JIioboe mesroe uMesI0 7 MOMCHO 3alMCAThL B BUJe Apobu E:—, IQATOMY
COPARSAJINBO YTBEPKACHNE O TOM, ITO MHONECTME0 Q PAULONAALHHLX

m m
YUCEA — MO MHONECME0, COCMOAWee U3 vucenr suda —, —— (z0e
n n

m, n — Hamypaavibie vucaa) u wucaa 0.
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2. || ovHKuMA y = Vx. CBOWCTBA KBALPATHOTO KOPHS

Hcnonsaya sBeséHHBe 0003Rauenna N, Z, Q, ycioBHMCA O cJe-
AYIOIIeM.

1. BMecTo thpasbl +72 — HaTypaJbHOE YHCIO0» MOMKHO IHCATh nt € N
(YUTAETCA: ¢DIEMEHT N NPUHANIEKUT MHOKecTRY N»). MaTeMaTnue-
CKHll CHMBOJI € HASLIBAIOT SHAKOM NPUHAORENHOCIIL.

2. BMecTo dpasu «m — mesoe YMCAO» MOMKHO NHCATE M € Z.

3. BmecTo dpaskul «7 — PAIIMOHANBHOE YACAO0» MOXKHO IMACATE " € Q.

Ilorarao, yro N ~ 4acTh MHOKecTBA Z, 8 Z — 4acTh MHOMKECTRA Q.
Jia onucannsg 3To#l CUTyalMu B MATEMATHKE TAKJKEe MMEeTCHA CIemH-
anpHOe 0bo3HANIEHHNE:!

NcZ, ZcqQ.

MaremarmaecKuit CMMBOJI C HASBRIBAIOT SHAKOM S8KAIONEHUR (OBHOI'O
MHOMKECTEA B ApPYyroe).

Boobme B MaTeMaTHKe 3anuck X € X O3HAYAET, YTO ¥ — OAUH U3
3jIeMeHTOB MHOXecTBa X, 3anuck A C B o3HAuAaeT, UTO MHOKECTRO A
npeacTasnseT coboit yacTe MEOxKecTBa B. MaTeMaTHKH Yalne roBopAT
TaK: A — nodmuoxnecmeo mnoxncecmeaa B.

Ofparnre BHEMAaHNE, MHOMKECTBA B MATeMaTHKe 0OnIuHO 0603HA-
9aI10T NPONMACHHMH OYKBAMY, & 3/IEMEHTH MHOMECTBA — CTPOYHBIMH
SyKBaMH.

H emé HA OAHE MOMEHT OOGpATHTE BHMMaHMe: 3HAKHM IPUEAA-
JIeKRHOCTH (3/IeMeHT MPUHANNEKUT MHOMKECTBY) H BKIIOYeHUA (0AHO
MHOJKECTBO COAZEPXHUTCA B APYroM) — Da3JAAYHBIEe, COOTBETCTBEHHO
€EHRC,

A KarK 3anmucaTh, 9TO JIeMEHT X He NPAHANISIKAT MHOMECTBY X
HJIH 4YTO MHOMKECTBO A He SABAAeTCA J4CTHIO {IIOAMHOKECTBOM) MHO-
secrBa B? HcnoassyloT Te e CHMBOJL, HO NEPeUYéPKHYTHE KOCo#
yeproil: x ¢ X, A ¢ B.

2. Payonansible yicna Kax GecnoHeunsie
RECATHYHMIE NepHOriackHe apobu
Jnd Bcex PAIMOHANBHEIX YHCEJ MOYKHO HMCINOJB30OBATH OAMH M TOT

e enocol 2ammcH, KOTOPHIM MEI celiuac o6cyanM,
PaccmorpuM, HanpuMep, Hesoe uHcao 5, o0bIKHOBeHHYI0 Apobb

é H ZecATHIHYI0O Apobb 8,377. Ilenoe uncao 5 MOXNEHO 3anmCaTh B

BHJe GecKOHeYHOHA AecaTuyHolM apobu: §,0000... . HecaTuanyio Apobn
8,377 TaxiKe MOMHO 3amHMCaTh B BUAe GecKoHewHOR AecATHYRON
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2. || ovHkums y = Vx. CBOCTBA KBABPATHOTO KOPHS

npodn 8,377000... . na uncna 27—2 BOCHIOJIb3YEMCS METOAOM AeNeHHS

_7,000000... | 22
66 | 0,31818

_40
22
_180
176
40
22
180

YIOJIKOM:

Kax BuauTe, HauMHag co BTOpoi mu@pHI mociae 3anAToi nmponc-
XOAUT NOBTOPeHHe OAHON H TOH e rpynnm oudp: 18, 18, 18, ....

TaxuM ob6pazom, % = (,3181818.... Kopoue 3T0 3aIHCHIBAIOT TAK:

0,3(18). IorTopawulyoca rpynmy urdp nocae sanaTodl HazwIBalOT
OePHOAOM, & CAMY NECATHYHYI0 ApPo6s — OeCKOHeUHOH XeCATHIHON
OepHoaMYeckoit axpolsio.

Mexay npouHM, M YHCIO 5 MOXHO NPEACTABATL B BHAe 6eCKo-
HETHOH AeCATHYHON nepHoauyecKol ApodH. Iad 3TOTO HAKO B mMepHOAe
sanucars quciao 0:

5 = 5,00000... = 5,(0).
Tax xe obcTouT Aeno U ¢ uuciaom 8,377:
8,377 = 8,377000... = 8,377(0).

Yrobsl Beé GBI0 AKKYpPaTHO, roBopATr Tak: 8,377 — KoHeyHasd
JecATUYHAN ApobE, a 8,377000... — GeckoHeuyHAA feCATHUYHAA APOOL.

Boofie a11060e payuoranbHoe YUCRO MONHO 3anucambv 6 sude
KOHeuHol Becamuunoii dpobu uau e eude Oecxoneunoil decamuyunoli
nepuoduveckoii dpodu,

Jokaskem aTo yrBepkAeHne. Ho cHawala MOACHHM HAEIO AOKA3A-

TeNLCTBA HA KOHKDETHOM npuMepe. Pacecmorprm apobn % HaunuéM

Aenuthb 5 Ha 28 yroaxom:

_5,000...] 28
28 [o1
22



2 " DYHKLMS y = Jx. CBOACTBA KBALPATHOIO KOPHS

22 — 3T0 NepBHA OCTATOK. IIpOAOKUM AeNeHUE;

_5,000... 28
28 [0,17
_220
196
"2

24 — 210 BrOpoOii ocTaToK. Towno Tak ke OyAyT DOMYUATHCA TpeTuit,
qeTBEPTHIH A T. K. OCTATKH:

_5,0000000000...] 28
28 [0,178571428
220
196
240
224
"160
140
T200
196
_ 40
28
120
112
80
56
240

Bununrem nocaezoBATeNbLHO MOAYIABIIHNECT OCTATKH!
22, 24, 16, 20, 4, 12, 8, 24, ... .

Bee onu MeRRIIe eauTena 28, 3HAUMT, PAHO HJIM IO3THO (VoK BO BCAKOM
cay4ae He fanee ueM Ha 28-M miare) Kaxoif-To OCTATOK NOBTOPHTCA
H HAYUHAA ¢ 9TOTO MECTa B 4acTHOM OyJeT MOBTOPATECA OZHA H TA JXKe
rpynna tndp. B HEanreM npaMepe 5THM OCTATKOM ABJACSTCA Uuciao 24, a

TOBTOPAIOMAACA IPYTINA COCTOMT U3 MeCTH THdP: % =0,17(857142).

Tenepb HeTPYAHO MIPOBECTH AOKAZATEAECTBO B o0meM Buge. [Iycre
Aana apofn %. Jena m Ba n, GyaeM O0CJIeIOBATEILHO OOJYIATE OCTAT-
KM, KA 13 KOTODMX MeHbIIe YHCIA /1. 3HAYMT, ¢ KAKONO-TO MeCTa



2. DYHKUMA y = Vx. CBOMCTBA KBALPATHOIO KOPHS

BCTPETHTCHA OCTATOK, KOTOPHI yike 6min pagee. Ilocsae aToro ocTaTKH
6yAyT NOBRTOPATHLCA, COOTBETCTBEHHO B YACTHOM OVAeT HNOBTOPATHLCS
OJHA H TA Ke rpynna nudp.

Brimte MBI morasanu, Kak OOEIKHOBeHHYIO ApoGb NpeacTaBRJISAIOT
B BHAe OecKoHeuHOlH nepmoaudeckoil zecaruyHoil apo6u. Bepro n
obpaTHoe: a6yl Oecxoneurnyw decamuvnyio nepuoduveckylo dpobv
MONCHO npedemasumb 8 sude 06vikHo8en O dpobu.

IIpaMep. Banucars B BHge OORIKHOBEHHOH Apobn GecKOHEYHYIO
DEeCATUYHYI0 DEPHOAHYECKYIO Apolh:

a) 1,(23); 6) 1,5(23).

Pemenue, a) Illonosxxum x =1,(23), T. e, x = 1,232323.... ¥YMHO-
UM X HA TAKOE YNUCIO, YTOOE! 3anATad NepeABHHYIACE BIIPARO POBHO
Ha oAuH mepHol. IIoCKOALKY B Nepuoe COnepHaTed ABe DH(PEI, HANO,
yTo0bl 3aIATAS DepPeABHHYJIACH BIPARO HA ABE IU(pPLI, & ANA aTOro
YUCHO ¥ HYKHO YMHOKUTH Ha 100. Iomyumm:

100x = 123,232323....

CnenoBaTennsno,

100x = 123,232328...

x = 1,232323...
100x - x = 128,232323... - 1,232323..

- 122 122 23
T.e.99x =122, x = 99 Hrakr, 1,(23) = Ty —1

ComeryeM chesaTh mpoBepKy: pasaeaute 122 Ha 99 yroakom n
y Bac monyunrca 1,(23).

6) Ilomoxum x = 1,5(23) = 1,5232323.... CHavuana yMHOXHM X
Ha 10, uTo6Ll B IOJIVUIEHHOM NIPOHM3BEAeHHN IepHoj HAUHHAJICA cpa-
3y nocxe sanAaroii: 10x = 15,232323.... Tenepe uncno 10x yMEOXEM
Ha 100 — rTorga samATad CMEeCTHTCHA POBHO Ha OAMH NEPHOA BIPABO:
1000x = 1523,23232323.... Hmeem:

1000x = 1523,232323...
~ 10x = 15,232323...
990x = 1508;

1508 _ 754 _ ;259
990 ~ 495 ~ 495"

Hrak, 1,5(23) = zg‘; 1232

xXx=

6) 1,5(23) = 1239,

Oreer: a) 1,(23) = 123 495

99’
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2. || ®YHKUMA y = Jx. CBOMCTBA KBADPATHOIO KOPHS

Teneps MH chOpMyJHpPYEM OCHOBHOU peaymsTaTr sToro maparpa-
da: MHONecmE0 @ PAUUOKAABHLLX YUCEA MOXHO PACCMAMPUBRMb

KaK MHOXECMmeo ducea auda %, 20e m — yenoe yucro, n — Hamy-

PARLHOL HUCRO, UAL KAK MHONCECME0 DECKOHEUNBX JeCAMUNHNX ne-
puoduveckux dpobeii.

BasepmINM naparpad AOMOJHUTENLHBIME CBeAeHUAMH O OE€PHO-
AHYEeCKHUX Apolax.

1. Ec;im nepuoa apofn HaumHaeTCA cpasy mocne sanaroi, To Apobh
HA3BIBAIOT RUCMO nepuoduvecKkoil, ecnu He cpasy mocje 3andToi, —
cMewanno nepuoduieckoli. Hanpumep, 1,(23) — umero mepuoau-
yeckaa Apobs, a 1,5(23) — cMemanBo nepuogmaeckaa Apodn,

2. Ecam HecoKpaTHMAasa Apolb % TAKOB&, YTO B DA3JIOKEHHHU €&
3HAMeHATeNsA Ha DPOCThIe MHOYKATENN COAEPMATCA JHOIb Yicka 2 u 5,
TO 3aMUCH YHCAA % B BHAe AecATHUHON Apofu mpeacrasiasger coboif

KOHEYHYIO AeCATHUHYIO Zpo6b; eC/iH B YKA3aHHOM Da3JIOMEeHHH eCTh
ApYrue IpoCThieé MHOKHTENH, TO HOJYUHTCA OeCKOHeYHAA AeCATHY-

BaA Apobb.
m

8. Ecnu HecoxpaTHMana Apobn 7 TAKOBA, UTO B Da3lOKEHHH eé

SHAMEHATeJIA Ha NPOCTHE MHOMHTEIHN He CofepIKaTcsa yucyia 2 u 5,

TO 3AaOHCh THCIA % B BHAe AecATHUHOM Apofm mpeacrtaBaser coboi

THCTO TePHOAMYECKYIO AeCATHIHYIO APO0E; eCH B YHABAHHOM PAasJjio-
IKEHHH HAPHAAY ¢ APYTHMHA NPOCTHIMH MHOKATEAAMH €CTh 2 miau 5, TO
TOJYUIUTCA CMEIIAaHHO NePHOAMYEcKasa JeCATHIHAA APOGH.

4. Y nepuoguueckoit aecaTuuHoii ApoSm mepuoa Moxer OHITH
mioBolt AnMHLL, T. €. MOMET COHEp:KaTh yioboe KoaHuecTBO mudp.

Hanpumep, % = 0,(7) — B nepuope oxma mmudpa; 83 _ 0,(63) —

99
B mepHoge aBe uudpe; %;;—;g =0,(14772) — B nepuoae 5 madp. Bo-

ofme COpaBeJ HBO YTBEPKACHHE: NPABHALHAS Apo6b BHAA ﬁ,

rge B 3HAMEHATeNEe COAEPKHATCA N AEBATOK, NPEACTABAAETCH B BHAE
THCTO ePHOZHIECKOR ApofH

0,(00...0m).
n oudp



2. || oYHKUMS y = Vx. CBOVICTBA KBAOPATHOTO KOPHS

1 _ 254
Hanpnwmep, 595 0,(001), —999 = 0,(017), 999 = 0,(254).
- 25 13
O6parno, 0,(25) = 99’ 2,(013) =2 995"
5. Ecnu cMemanno nepuoguveckas npobe mMeeT BRA
0’%-000(%00.0’”)’
h—v——i \ﬁ_'
kaynet n ombp
BOEHORE
TO €€ npeAcrasnenne B Bufe oGHKHOBEHHOH APOGH TAKOBO:
—
9900.900‘0.0.

7 NeBATOK, R Hymel
Hanpuwmep, 0,0(23) = 23, 2,000013) = 2513 .

6. NepuogudecKyio ,upoﬁb € AeBATKOH B IEpHOJE MOJKHO 3aMEeHHTDH
KOHEYHOH AecaTHIHOMN ApP0OLIO (MHEIMH ciopaMH, GecCKOHeYHOH ApolEio
¢ HYJ6éM B TIepHOZe). Hanpnuep,

0,(9) = — =1; 0,00(9) = W = Joo = 0,01
0,72(9) = 0,72 + 0,00(9) =0,72 + 0,01 = 0,73; 1,274(9) = 1,275.

K apoGaM ¢ aeBaATKON B epHoJe MEI BepHEMCA emié pas B § 10.

7. Ucnoapsya yKasanHEe GaKTH, MOKHO NPEAJoXHUTL Apyroit
cnocob ofpamenusa Geckoxeunoil AecaTuuHoil nepuoauyveckolt apobu
B OORIKHOBEHHY10 ApPO6h. PacCMOTPHUM ero Ha IpHMepe, KOTOphIRt OuLT
paHee peméH:

259

1,5(23) = 1,5 + 0,0(23) = 11 + 92930 1258,

Bonpoce! AN CaMONPOBePKM

1. CohopMmyampyiiTe onpesesieEHe MHOXECTBA PALHOHAJABLHARIX
THCeJ.

2. Kaknme HOBLIe MATEeMATHYeCKHMEe CHMBOJK BB M3YYHAH B 9TOM
naparpade? IIporopopuTe HX HASBAHAS H 3AIIHIINTE COOTRETCTRYIONIUE
0003HAYCHAA HA MATEMATHYECKOM S3bIKe.

3. Kax Ha3hIBaOT B MATEeMATHKE 3HAK C7 3HAK €?

4. BepHa nu 3anucek N € Z? sanuce N c Z?

5. BepHa an sanuck 1 € N7 1 € N?

6. Kaxue u3s nmpeacTaBIeHAHIX HIKe COOTHOMEHWH ABAAIOTCA MC-
THHHBIMY BLICKA3LIBAHUAMH, 8 KAKME — JIOSKHLIMH;

X 1]



Z.J ®YHKLMS y = Jx. CBOMCTBA KBABPATHOIO KOPHS

a) 8,5 € @; e)0e Z; a) (2; 5] ¢ [2; 5);
6)3.5¢ Z; x)0e Q; M) (2; 5] c [2; 5];
B)QcC Z; 3) (-2; 0) € [-2; O]; H) (2; 5) ¢ [2; 5]?
rNZcqQ; n) (-2; 0) c [-2; 0);

) 0e N; k) (2; 5] < 12; 5);

7. Uto Taxoe DeCKoOHeYHAS AecATHYHAS HmepHOAMIEcKas Apobn?
8. YTo HasHBaIOT NnepHoZoM Apobu?
9. [IpuBeauTe IpIMep YUCTO NepHOANYECKOM GecKOHewHoOI Aeca-
THYHOH Apobu ¢ AByMa uudpaMHu B mepuoae.
10. I[IpneeauTe NpEAMep CMeIIaEHC NepHOoAHYeckol GeckomEeunoik
AECATHYHOK Apodu ¢ TpeMa nudpaMH B [IepHOZe.
11. Kaxoe MAKCHMANBLHOE KONUYECTRBO NUdp MoxkeT GLITE B neprofe
Apobu co sEaMeHaTeneM 37 co agaMeHaTeneM 77
12. BepHO a1 yrBep:xaeHEue: «JI106yi0 OGeCKOHEUHYIO TEPHOANYECKYIO
Apobb MOMHO NPEACTABUTD B Buje oOnKHOBeHHOH ApoGus 7
13. 3anumure B BHAe ofmruHoBeHHON ApOGH: a) 0,(15); 6) 0,1(5);
B) 0,24(9).

§ 8. NOHATUE KBAAPATHOFO KOPHS
U3 HEOTPMLIATENBHOIO YMCIA

PaccMoTpuM ypasuenue x° = 4. PemmunM ero rpaduuecku.
Jns 5TOr0 B ORHOM CHCTEMe KOODAMHAT HocTpouM mapabony y = x* m
npaMylo y = 4 (puc. 1). OHn nepecexawTca B ABYX Tourax A(-2; 4)
n B(2; 4). AGcuncenl Touerk A u B as-
IAOTCA KOPHAMH YDABHEHUS x2 = 4. 7 |
Hrak, x, = -2, x, = 2. 9 y=9
Paccy:®IaA TOYHO TAK 3Ke, HAXOXHM
KOpHH ypaBHeHuA x° = 9 (cM. pume. 1):
Xy = _3, Xy = 3. \ I
A reneps nonpobyeM pemuT: ypas-
‘k

HeHue x’ = 5; TreoMeTpHUeCKas MLIIO-
CTpanuA NpeACTABRICHA HA PHUCYHKe 2.
flcHO, UTO 3TO YpaBHEHWe HMeeT IBA
KODHA X, B X;, IPAYEM HTH YHCHA, KAK \ I
H B ABYX NPEALAVINHUX CAYYAAX, - y=x
npoTuBonoNoKBENe. Ho B oTAHYHe OT
NpeALIAYIAX CAyYACS, Iie KOPHM Yypas- -2 -2 | 0] 2 8
HEHNs ObUA Haligesn! 6e3 Tpyga (mpuuéM
HMX MOYKHO GELNIO HANTH ¥ He NCIBIYACH Pue. 1

ped 4
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2. OYHKUMSA y = Jx. CBOMCTBA KBAOPATHOTO KOPHS

i !@ I | rpadpuxamm), ¢ ypaBHeEHEM x*=5
q :  Aeno oDCTOMT He TAK: IO YePTeHY Mbl
— \ 9 i f He MOKeM YKa3aTh 3HauYeHus Kop-

Heil, MOKeM TOMLKO YCTAHOBATD, UTO
OAMH KOpeHb paclioJaraercd 9yTh
\y JeBeée TOYKH —2, & BTOpPOH — UYTH
\ 5 y=5 | TbaBee TOURH 2.

N r Yro ke 2TO 3a uyHCAO (TOUKA),
' ) KOTOpOE PACIIONAraeTcs 9yThH NpaBee
.\ TOYKH 2 ¥ KOTOpOEe B KBaApATe Na-
1A ér 57 fcHo, 4TO 3TO He 3, TAK KakK
!
i

=x2

-

—

'_ e e s e —
'!:I +

32 = 9, 7. e. moayuaerca Gonsmre,
yeM BRy’KHO (9 > 5). 3nauur, unTe-
pecyomee Hac YHCAC PACHONOKEHO
x O
2 Mesxay aacaamu 2 1 3. Ho Mexay
Pac. 2 yucJaaMH 2 1 3 HaxoAuTcA OecKo-

HeUHOe MHOMKECTBO PAIHOHAJILHBEIX 9HCe]I, HAIIpHMeD _l_é'[’ %, _fggg

"

2
H T. i. Moxer GuITE, cpennmmﬁnémarmgpoﬁs%—,m(%) =5?
Torza HUKaKuX npobieM ¢ ypaBEEHMeM x° = § y Hac He OyxeT, MBI

CMOYeM HALHCATB, YTO X, = %, X, = —%‘-.

Ho TyT Hac xaéT HenpuaTH ciopnpus. OKkaselBaeTca, Hem ma-

2
roit dpobu %, IR KOMOPOi BBLNONHACMCR DABEHCMBO [%J = §.
Hoxaxem 3To.
IIpeanonoxmM, UTO HMeETCA TAKAS HecOKpaTuMas Apoln %"-, Ins

2 2
KOTOPO#l BEIIIOJHAETCA PABEHCTBO (%] = 5. Torga % =5, T.e. m’=

= 5n®. Iloc/lenHee pABEHCTEBO 03HAYAET, 9TO HATYDAJILHOE YHCIO M Je-

aurcs Ges ocratka Ha 5 (B uacTHOM noayuutca n’). CireaorarTensHo,
yucno m? okaHumBaeTcea xubo nudpoit 5, mbo nudpoit 0. Ho Toraa n
HaTypAaJNBHOE YACKO m OKaBEuuBaeTca qubo mudpoi 5, mbo oudpoi 0,
T. €. YUCa0 m Aeantca HA 5 Ges ocraTka. HHriMu ciaoBaMn, ecan
YHCIO M pASAENHMTh HE 5, TO B YACTHOM OOJYUHTCA KAKOe-TO HATY-
paJbHOE YHCHO k. DTO BHAYHAT, 4UTO M = Hk.

A Temeph CMOTpDHTE:

m? = Bn%;, m = 5k.



2. DYHKLAA y = Jx. CBOMCTBA KBAOPATHOTO KOPHS

HoacrasrM Ok BMeCTO m B mepBOe PABEHCTBO:
(5k)? = 5n?%, 1. e. 25k% = 5n%, mum n? = 5K,

HocaegHee paBeHCTBO 03HAYAET, YTO UHCIO 7% AeiuTcA Ha 5 Oes
OCTATKA. PACCYXJaA KAK ¥ BHIOE, NIPHXOANM K BEIBOAY O TOM, UTO U
YUCAC 1 ASJHTCA Ha H 6Ge3 o0CTATKA.

Hrax, m aemurcs Ha b, n genxures Ha 5, sHaUMUT, Apobs % MOMKHO
coxpaTiTh (Ha 5). Ho Begs MEI mpeanonaramu, uro gpobn % — HECOoKpa-

TnMan, B uénm sxe aeno? IloueMy, IPaBHIBLHO PACCYARAAA, MBI IIPHIIIR
K abeypay, Wam, KaK darnie NrOBOPAT MATEMATHKH, NOAYLLAL NPOMuso-
peuuel JIa moToMy, YTO HeBepHOil 6ELIA MCXONHAHA MOCHLIKA, OyATO OBl

CYHIeCTBYET TaKaA HeCOKpPATAMAas Apolh %, BAA KOTOPO# BRINOJAHSAET-
2
CH DABEHCTBO (%] = 5. OTrcioga aesaeM BHIBOA: TAKo0il Apobm Her.

MeTtoa poxasaTeancTBa, KOTOPHIA MBI NPUMEHHIN TOJABKC 4TO,
HA3LIBAIOT B MATEMATHKE METOJAOM AOKAZATEeNLCTHA OT NMPOTHBHOrO.
CyTs MeTOZa COCTOMT B caefyiomeM. HaM Hy:»HO AOKA3ATL HEKOTO-
poe yTBepAeHUuEe, a Mh NPEANONaraeM, UT0 OHO He BLINOJHAETCH
(MaTeMATUKH IOBOPAT: <OPEANONOKHM IPOTHBHOE — HE B CMBLICJIE
sHENMPHUATHOE», & B CMBICJE «IIPOTABOIIOJIOXHOE TOMY, 94T0 Tpebyercs
BOKA3ATHs ). ECIM B Pe3yAbTATE NPABUIBHLIX PACCYIKACHEE NIPHXOAHM
K NIPOTUBOPEYHIO ¢ YCAOBHEM, TO AeJIa€M BbIBOA: HAIIIe IPeANOOMEeHHe
HeBEepHO, 3HAMHUT, BEPHO TO, YTO TPeGOBAIOCH AOKASATD.

Hrak, pacmojaras TOJAbBKO paluo-
HANBHBIMN YHCIAMM (& APYrHX UHCeN 7Y
MBI ¢ BAMHM IIOKA He 3HAEM), YPARHCHUE
2% = 5 MM pemnTHL He CMOMeM,

BerpeTHBIIMCE BIIepBhIe ¢ oaoSHOH y=x2
CHTyaIeil, MATEeMATHKH MOHSAIHA, ITO 1 a y=a
HAJO OPHAYMATE Cliocob eé omucanus X =
HA MATEMATHYECKOM A3biKke. OHM BBe- N
1

JIH B PACCMOTpPeHHE HOBHIH CHMEBOJ v "
M ¢ ero NoOMOmLI0 KOPDHM YDABHEHHS t
22 = 5 sammcans TaK: X, = V6, X,= —b :
(uYMTAIOT: «KOpPEHbh KBAAPATHHIN H3 mA- I

TH»). Tenepr Ais MOGOr0 ypaBHEHHH t 7] ”
BUAA X2 = a, rae a > 0, MOXKHO 3a1IMCaTh a l a
KODHH: X; = Ja, x,= —Ja (pmc. 3). Puc. 8
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2. ®YHKUMS y = x. CBOMCTBA KBAQPATHOrO KOPHSI

Emé pas noguepkHEM, 9TO 9HCA0 VD He menoe M He Apobb, T. e.

J5 — me PaIHOHAJIBLHOE THCJIO, 9TO YUCRO HOB0IL nPpupodni, 0 TAKHX
YHUCJAaX MbI OTOBODMM mo3gHee, B § 9.

TIoxa AMIL OTMETHM, 9TC HOBOE YHMCJIC 5 HAXOAHUTCH MEXAY
aucjaamu 2 u 3, nockoanky 2% = 4, a 9T0 MeHnIne, 3eM 5; 32 =9, a
ar0 Boneure, weM 5. MOKHO YTOYHHTE:

2.2 < 5 <2,3.

B camom geue, 2,22 = 4,84 < 5, a 2,32 = 5,29 > 5, MoxHO emé yTOq-
HUTL:

2,23 < 5 < 2,24;

AelicTBHuTeABHO, 2,282 = 4,9729 < 5, a 2,24 = 5,0176 > 5.

Ha opakTHke o6LIYHO MoOMaraioT, YTO YUCIO JS paBEO 2,23
HAKX OHO paBHO 2,24, TOJBKO 5TO He OOBIUHOE PABEHCTBO, & NPu-
OSaunénnoe paseHcmeo, AnA o003HAYEHUS KOTOPOre HCNOAbL3YIOT
CHMBOJ =.

Hraxk,

J5 = 2,28 wam V5 = 2,24,

Ob6cyacias pemeHHe YpaBHeHHS X2 = @, MBI CTOJNKHYJHChL C JO-
BOJBHO THIHYHEIM AJS MATEMATHKH mOodoxeHnueMm jed. Ilomaxas B
HeCTAHJAPTHYIO, HEIITaTHYI0 (Kak AI00AT BHIpa)XaThcsa KOCMOHAB-
THI) CHTYAIIMIO U HE HAXOAs BHIXOAA M3 Heé ¢ NOMOIIBI0 M3BECTHBIX
CpefCTB, MATEMATHKM IDPHAVMBIBAIOT JAJIA BHEPBHE BCTPeTHBIICHCA
HM MaTeMaTHYecKOR MOAenu noeuiili mepmuin H HOG0e 0003HAYUEHUe
(HoBRIi1 CHMEBOA); HHEIMH CJOBAMHE, OHH BBOJAT HOBOE IIOHATHE, A 3a-
TeM H3YV9IaI0T ceolicmaa SToro MOHEATHA. TeM caMBIM HOBOEe IOHATHE
# ero 0603HAYEHUE CTAHOBATCA AOCTOSHHEM MATEMATHYECKOTO A3BI-
Ka, MEl ZeiCTBOBAIH TAK Ke: BBeJIN TEPMHH «KOPeHb KBANPATHHIA U3

uHMCTa a», BBEJM CHMBOX Va ANS ero o6osHaueHHA, a YyTEL Mo3AHEee
(B § 12) nsyunM cBoiicTBa HOBOro MOHATHA. IloKA MEI 3HaeM JWIIL
OZHO: ecaH a > 0, T0 \/& — TOTOKHTETLHOe THCTO, VAOBJETBOPAIOIIEe
ypaBHenMIO x% = g, VHEIMHE C/IOBAMH, @ — 9TO TaKoe MOJOIKMU-
TEIbHOE YNCJIO, IPM BO3BEAEHUH KOTODOrO B KBaApaT MOJYYaeTCHA
YHCAO 4.

ITockoabKky ypasHeHHe x° = 0 uMeeT KOpeHb X = 0, YCIOBUIIHCH
CIHTATh, 9TO J6 =0.

Teneps MBI FOTOBLI JATH CTPOrOe OrpefefeHue.



2. DYHKUMS y = x. CBOMCTBA KBAJPATHOTO KOPHS

Onpedenenuye. KBanpaTHEIM KOPHEM H3 HOOTPHIIATENLHOTO YMCAA 4
HASLIBAIOT TAKOS HEOTPUOATEABHOE YUCITIO, KBAADAT KOTOPOro paBeH 4&.

910 uncao ofosHauaT JE, YHUCAO & IPHU 3TOM HA3LIBAIOT MOZKOPeH-
HBIM YHCIOM.
Hrak, ecain ¢ — HEOTPHIUATEABHOE YUCIO, TO!

Hvaso 2(Ha) =a

Ecau @ < 0, To ypaBHeHMe X = @ He MMeeT KopHell, roBOPUTHL
B STOM Cly4ae 0 KBAJPATHOM KODHe H3 YHCJIA ¢ He MMeeT CMhICHA,

Taxum obpasoM, sspawenue Ja umeem cuvicn auws rpu a > 0,

I'oBopAT, YTO Jc_& =bub®=a — ofna u ma Jce MameMamuNecKas
Mxo0erv (OfHA ¥ Ta Me 3ABHCHAMOCTE MEHAY HEOTPHUATENLHRIMY YHC-
JaM# @ B b), HO TOJIBKO BTOpAA 3anMCcaHA Ha 6ojiee MPOCTOM A3LIKE,
qeM nepBas (HCIOMB30BAHN GoJlee MPOCTHIE CUMBOJMBI).

Omnepanmo HAXOKICHHA KBAAPATHOTO KOPHA H3 HEOTPHIATEILHOIO
YHCIA HASKBAIT HIBIGICHHEM KBAAPATHOTO KOPHH, JTa omepanus
ABngeTca obparHolf Mo OTHOmMEHUIO K BO3BeACHHIO B KBaapar. Cpas-
HHTE:

BoaBeneHNe B KEAZPAT Hapaevenue KBAIPATHOTO KOPER
52=25 J25 =5
10%2=100 J100 =10
0,3%=0,09 J0,09 =0,3

Emgé pas ofparaTe suuManue: B Tabauue Gurypupyior TOALKO
MOJOXUTEONbHEE dUCIA, MOCKOJIBKY PTO OrOBOPEHO B ONpeleIcHHHA
KBaapaTHoro Kopasa. U xors, Hanpumep, (—5)° = 25 — sepHoe paBen-
CTBO, TIEPEHATH OT HETO K SANNCH ¢ HCOOAL30BAHNEM KBAXPATHOIO KOPHA
(T, e. HanucaTe, 910 V25 = —5) Henpaa. Ilo onpeaeneHHIO V25 — noao-
MUTETHHOE YNCT0, FJHAYMT, J2_5 = § (a me —H).

HBoraa ropopAT He «KBAAPATHHIA KOpeHb+, a «apuHdMeTHIeCcKHAt
KBAZPATHLIN KopeHRb». Tepuun <apudmMeTHIecKHii» MEL ONYCKAOM
AJIA KPATKOCTH.

NDpamep 1. BerancanTe:
a) V49; 8) J0; x V-4; %) 5625,
6) J0,25; r) Jl_‘?; e) \/961;
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2. || ©YHKUMA y = Jx. CBOMCTBA KBAAPATHOIO KOPHS

Pemenyue,

a) Va9 = 7, mockoapky 7 > 0 m 72 = 49,

6) /0,25 = 0,5, Tak xax 0,5 > 0 n 0,52 = 0,25,
B) Vo =o0.

r)} B oTyiHune OT NpeARAYINUX OIPHMEPOB MBI He MOXKEM YKas3aTb

TO4YHOE sHaveHne yucaa V17. SlcHo AMmBL, 4To OHO Gonbire, yeM 4, HO
MeHbINe, YeM 5, mockonpKy 4% = 16 (aro meusiue, yeM 17), a 52 = 25
{oT0 GonnIme, uem 17).

BopoueM, npubamxénHoe 3HAYeHHe YHUCIAA Ji—'T MOXXHO HAHTH C
NOMOMIbi0 MHKPOKAJNBKYJAATOPA, KOTODHI COREPKHT ONEpPALHI0 H3-
BJIeYeHUA KBaJApPaTHOr0 KOPHA; 9TO 3HAYeHHe paBHO 4,123,

Yueno Y17, xax n paccMOTpeHHOE BhIIIE YHCIO V5, He aBnserca
PallHOHAJbLHBIM.

Z) Briuncaute +-4 HeAb3sA, MOCKONLKY KBAZDATHBIH KODEHb H3

OTPHIIATEILHOTO YMCJIa He CIIecTBYeT; 3amich -4 JMINeHa CMEICA.
IIpernoikeHHOe 3a8AHNE HEKOPPEKMHO,

e) v961 =31, rak rak 31 > 0 m 31% = 961. B nogo6HEIX cayuaax

ONPAXOAHTCHA HCHONB30OBATH 'raﬁ.nnuy KBAaaApaTOB HATYPAJIBHHX YHCE]
HJIIA MAKPOKAJIBKYJIAATOD.

x) V5625 = 75, mockonbky 75 > 0 m 75% = 5625, B
B nmpocTefiIuX cayuasx s3HaueHHe KBafpPATHOTO KOPHA BHIYHC-

JSAEeTCA Cpasy: J1=1,V4 =2, /16 =4, J0,01 =0,1 ur. x. B Gonee
CJIOMKHEBIX CAYUYAAX NPHXOAHTCHA HCIOAbL30BATH TAaGAUIy KBagpaToB
YHCesl HIH NPOROAATE BHIYHCISHHUA ¢ IOMOINBIO MUKPOKAIBKYAATOPA.
A Kak OmITH, ecJH HOX pYKOil HeT HM TabaMibl, HU KaNbKyaaropa?
OTBeTHM HA 3TOT BONDPOC, PelNuB CaeAywouiuil npumep.

IMpumep 2. Burancants +2809.
Pemenne,

Ileperiii aT7an. HeTpyaHO f0ragaThes, YTO B OTBeTe noayunTea 50
€ ¢XBOCTHKOMs. B camomM nese, 50° = 2500, a 60° = 3600, unciao xe
2809 maxoauTca Mexay uucaamu 2500 n 3600.

Bropoii aran, HaligéMm «XBOCTHKS, T. €. DOCHeRHIOW LUudpy He-
KoMoro umciaa. JToka Mel 3HaeM, YTO eCIH KOPeHb H3BAEKAeTCH, TO
B OTBeTe MOXKeT moayunteeda 51, 52, 53, 54, 55, 56, 57, 58 unu 59,
IIpoBepuTH HAZO TOJBKO ABA UMCaa, 53 U 57, DOCKOABKY TOJLKO OHU
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2. || ®YHKUMA y = Jx. CBOMCTBA KBABPATHOTO KOPHS

npu BO3BefleHHH B KBaJpaT AAAYT B PeayabTaTe HeTHIPEX3HAUHOE
YHCI0, OKAHIUBAIOIeeca nudpolt 9, T. e. Toi ke Mudpoi, Koropoit
OKaHYHBaeTCA YHcao 2809,

HMmeen 53 = 2809 — aro To, 9TO HAM HY)XKHO (HaM [IOBE3JO, MBI

cpasy nonaau B a6mouko). 3HAYMUT, J2809 =53,
Orser: V2809 = 53.

Ipumep 3. KaTeTn DpAMOYrolbHOTO TPEYrOJbHHKA PABHE! 1 cM
u 2 cM. YeMy paBHA rHIOTEHY3a TpeyroJbHUKa (puc.4)?

Pemenue. CopceM cKOpO Ha YPOKAX reoOMeTPHM BH YaHaeTe O
anaMenuroii Teopeme Ilmdaropa, KoTOpas 3aKIHOTAETCA B TOM, UTO
CyMMa KBA/PATOB JJIMH KATETOB NPAMOYroJIbHOTC TPEYTOALHUKA PABHA
KBRAPATY AJIUHEI €ro FMIOTeHy3H, T. e. a’ + b = ¢, rae a, b — xarTerTw,
¢ — THIOTeHY3a IPAMOYTIOJLHOTO TPEYyTOAbHNKA. SHauMT,

c=Ja?+b%, Te.c= 12 +22 = JE
OTrpeT: JE cM.

9TOT NpuMep NOKA3LIBAET, UTO BREACHHAE KBAIPATHHX KOpHeH — He
OPHXOTh MATEMATHKOB, a 00beKTHEBHEAS HeOOXOAMMOCTL: B PeabHOR
SKH3HH BCTPEdAal0TCHA CHTYAIIMM, MATeMATHYECKHE MOJEJH KOTOPHIX
coflepsKaT OmepalLHio U3BJAeUeHHA KBAJpPaTHoro xopH#a. Iloxanyik,
CAMAA BAYKHAA M3 TAKHMX CATYAOHMd CBASAHA ¢ pPelnleHUEeM KBaJApaT-
HBEIX ypaBHeHHi, Jlo cux nop, BeTpevasnch ¢ KBAAPATHEIN YPABHEHHEM
ax® + bx + ¢ = 0, MBI 160 PACKIANLIBANH AEBYIO YACTH KA MHOMKUTE-
au (UTo DOJAYUANOCh JAaNeKo He Beeraa), aubo ucnoanzopasu rpadu-
YyecKHe MeTOAH (UTO To:Ke He OYeHb HAAEXKHO, XOTHA M KpacHso). Ha
CaAMOM JeJjie ANA OTHICKAHMA KOPHEH X, U X, KBAAPATHOTO YPABHEHHA
ax? + bx + ¢ = 0 B MaTEeNaATUKe HCOOABL3YIOTCA HOPMYIIH

—b+:fb2-4ac -b-Jb? - 4ac

x; = , X5 = ———— (HX MHI BbBIBE€AEM 103 Hee),
2a 2a

cofiepiraliue, KaKk BUAHO, BHAK KBAAPATHOrO KOPHA. 9TH GOpMy ALl NpH-

MEHAIOTCS Ha NpaKTHKe caexyoinuM obpasoM, Ilyere, HampuMep, Hago

pemuTs ypasHenne 2x° + 5x ~ T=0. 8gecb a = 2, b= 5, ¢ = -7. Cae-

noBarenasHo, b ~dac=52-4.2.(-7) =

= 81; ,fb’ - 4ac¢ = Jgi = 9. 3naumur, c

x, = g.q.zg =1; x,= 2.29 = —3,5,
IToao6HO TOMY, KAXK BRIIOE MEI OIpe-

HeJHAY NOHATHE KBAADATHOI'O KOPHA, 2

MOKHO ONpeReauTh U HORATHe Kylu- Puc. 4




2. DYHKLMA y = x. CBOMCTBA KBAIPATHOTO KOPHS

JeCKOT'0 KOpHA: KYGII‘IOORHM KOPHEM H3 HeOTDHLATEILHOIO YHCIA @
HA3BIBAKT TAKOEe HEOTPHIATEJBHOE UHCIO, Ry0 KOoTOpOro paBseH a4,

HamMA c10BaMH, DABEHCTBO 3\/_ = b osHauaeT, uto b® = g.
Hanpumep, 3/27 = 3, rax kak 3% = 27; 3,/64 = 4, Tax Kak 4° = 64;

/0,001 = 0,1, rak kax 0,1° = 0,001.

Bonee Toro, B MaTeMaTHKe BREJCHO MOHATHE KOPNA N-ii cmenenu
(n=2, 3, 4, ...) uz HeompuyamearKozo wucaa: ecau g » 0, To samuces

d_ = b o3mauaer, uro b > 0 n b" = a. Hampumep, %/81 = 3, rax kax

3>0m8=81; {32 =2, rak kax 2 > 0 u 2° = 32, Bcé aro Mul GyAem
H3y4aTh B Kypce aaredpsl 11-ro kaacca.

Bonpochl ANa CAMONPOBEPKN

1. YTo HaA3BIBAIOT KBAZPATHRIM KODHEM M3 HEOTPULOATENLHOIO
qucaa?

2. IIpu RaKNX 3HAYEHUAX @ BHIpAXKEeHHE JVa umeer cmuca?

3. HasecTHO, 9TO 7° = 49, Osnauaer Jm 310, uTo V49 = 77

4, WispecTHo, ato (—11)% = 121. Osnavaer am a10, uTo V121 = -117?
_15

17

6. Kak Br moHMMaeTe, B 4éM 3aKJI0UYAETCA CYTh METONa JNOKAa3a-

TEALCTBA OT MPOTHBHOrO?

7. ChopmynupyiiTe onpeaeseHne KyGHYecKOro KOpHA M3 HEOT-
PHIIATEIBLHOTO YHCA.

5. O6bAcHUTE, IOYEMY BEPHO PABEHCTBO 1’%

§9. MPPALMOHANBHBIE YCHA

Mrl yiKe HEOAHOKPATHO OTMedaldd, YTO He BCe 4YMCJIa,
¢ KOTODHRIMM OPHXOAHMTCA BCTPEUATHCA B PeAnbHON JKU3HM, ABIA-
IOTCA PANUOHANBHBIMA. TaK, He ABJSETCH PAIMOHANLHBIM THCJIOM
AJNHA PMUMOTEHY3bl OPRMOYTOABHOrO TPEYIOJbHUKA ¢ KATETAMH
1 cm u 2 cm. Kak Mul Buaenu B § 8 (cM. nmpumep 3), oHa paBHa

Jg cM, 8 Jg — He pamMoHaJbHOe uncio. KopHm ypapHeHua x2 = 7
TAKXXe He ABJAITCA PAIMOHAJILHEIMU YMCJAMH — 3TO UHCHA /7 H

-y 7. YTO Ke 3TO 3a YHCI4, KOTOPHE He ABJIAITCS PAlHOHAJIBHEIMH?

IIpexae Bcero 3aaMeTHM, 9TO B MaTeMaTHKe HE NIPDAHATO r'OBOPUTH
«HEPAIIMOHANBHOS UMCI0s, OORIYHO HCHOJBL3YIOT TEPMHUH UPPAYLO-
HARbHOE Hucho, TEpMUHE « DALHOHANBHOE YHCIO , «HPPALHMOHAIBHOE
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2. || ®YHKUMS y = Jx. CBOMCTBA KBALPATHOrO KOPHS

YHCIA0» HIPOUCXOAAT OT JATHUHCKOIO CJIOBA ratio — <pasyM» (6yxBann-
HH# nepepoA: «pallMOHAJLHOR YUCH0 — PA3YMHOE YHCIO», «HPPamuo-
HANBHOE HUCHO — HEePA3ZYMHOE YHACJH0O»; BIOpPOYEM, TaK MOBOPAT H B
PeANbHON JKHM3HM: «0OH DOCTYNHMJ PANHOHAJNBHO» — 370 3HAYHUT, UTO
OH NOCTYIHJ PA3YMHO; «TAK ZeliCTBOBATE HEPAIIMOHAJLHO®» — 3TO
3HAYHMT, YTO TAK JeiiCTBOBATH HEPA3YMHO).

PaccmMoTpuM y)Ke HM3BeCTHOS HAM HPPANHOHANLHOE YHCIO Jg
B § 8 MM oTMeuann, UTO OHO 3AKAIOUEHO MeXKAY umciaaMm 2 u 3;
ecIu TOYHee, TO MexAy uncaamMu 2,2 u 2,3; ecam emé Tounee,
TO MexXAy uucaamu 2,23 u 2,24, MoxkHO ODpPOROMKHATE YTOYHEHHUA

OLIeHOK YMCAA JE H ONpeJeJUTh 'PAHAEH! A TPEThEero AECATHYHOTO
3HaKa nocJje sanaroif. Mmeem 2,236° = 4,999696, uro Menpme 5;

2,287% = 5,0041867, garo Gosweme 5. Urax, 2,236 < /5 < 2,237.
TouHO Tak Ke MOKHO OIpeAeJHTH 'PAHHIIM AJIA YeTBEPTOTO 3HAKA
nocJae 3amATol, ANA NATOTO 3HAKA H T. . ICHO, YTO BHIOJIHRAETCA

OpuGausKEHHOe PABEHCTBO JE = 2,236, Ecan e cuuTATH, UTO ANA
aMea /5 BRITMCAHEI Bee OCAeAYIOMMUe AeCATHIHLIC SHAKH, TO MOXM-

HO BOCIIOJIB30BATHCA 3ANHACHIO J'5_ = 2,286... . 3T0 — OecrOHeuHAHA
AecaTnuHaa Apobb, B npegrmiaymeM naparpade MH yiKe BCTpeda-
JUCh ¢ OeCKOHEYHEIMH ACCATHYHEIMA JpobGaAMH, HO Bee OHH ObuIn ne-
PUOAMYSCKUMH U BEIPAXKAJIH PARAOHANLHEIE Ynciaa. HppanuoHaabHoe
YHCHO JE BRIDAXKAETCA OECKOHeuHOl decamuynoii nenepuoduveckois
dpobvio.

Boofime MppanHoRaNLEEIM YACAOM HASHBAIOT OeCKOHeUHYIO neca-
THYHYIO HeOepRoAHYecKyIo Apobs. Hanpumep, MOXHO JOKA3ATH, YTO
ecAH HATYPAJABHOE YHCJIO 71 He ABRJACTCHA TOYHHIM KBaADATOM, T. €.

n+k’,riekeN, 1o J; — HPPAamNOHAJNLHOE YHCIIO.

HppanroHaNbHEIE 9UCHA BCTPEYAIOTCA He TOJNBKO OPU H3BJICYECHEH
KBAIPATHOTO KODHSI, HO M BO MHOTHX JPYTHX CAVYafX, B 98M BhHI He
pag ybeauTech B CTAPIIHUX KJaccax.

Iloka npuBezém TonAbKO OZMH NpuMep. Ecam gaumy JoGoil
OKPYXHOCTH DA3ACJHNTh HA eé AHAMETD, TO B YACTHOM NOJYIHTCH
UppanMoHAJILROe Yucao 3,141592... . 1A 3TOro uBcia B MATeMATHKE
BBeZeHO cnenuaabHoe obozHauenue nt (6yxkBa rpegeckoro aadaemra
«IIN»; BePCHA NIPONCXOMKAeHUA aTOro of03HAYEHNA TAKOBA: ¢ OYKBHI 1t
HAYHHAETCA IPeYeCKoe CA0BO nepugepus — OKPYxHOCTh). ppainuo-
HANBHOCTH unchaa 7 Oblya Jokasana B 1766 r, HeMeIKNM MaTeMaTHKOM
H. JTamGeproM.
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2. ®OYHKLMA y = Jx. CBOMCTBA KBAOPATHOTO KOPHS

Jobas apadMeTHUECKAA ONEPanUs HAJ PAIlHOHATBHBIMU YACHAAMH
HNPHBOAHMT B PE3YJLTATE K PAOWOHAJILHOMY YHCJIY. JTO H NOHATHO,
BeAb cyMMa (pPasHOCTh, IPOH3BeJeHHE, YACTHOE) OOBIKHOBEHHBIX
Apobeit ecTs oObIKHOBeHHaA Apobdn (BCé JIOPHMYHO, Belb PAUMOHAIL-
HhHle YHCJA — <«DPasyMHBIe» UHCAa). A KaxK o6CTONT JeJo ¢ Hppa-
NHOHANBHLIMHY yHchaaMu? OxasmHBaeTcd, HAYEro ONpeAeIéHHOro
CKa3aTh HeMb3d (UTO TOXKe JIOPHYHO, BeAb HPPALMOHANbHEIE YHCIa —

¢HepasyMHbIe» uuciaa). Cmorpure: Jg — HppPANHOHAJNLHOE YUCIO,

8 Jg . JE = 5 — pamHOHAJNBHOE YHUCJO, T. €. MPOH3BeJeHHne ABYX
HPPAIMOHAJBHBIX 4YHMCeJ OKA3AJOCh PANMOHAJBHEIM YHCIOM; JE

u /3 — uppanmoHaNBHEe UMCNA, M MX UPOM3BEAEHNE, T. €. /15

(B §138 MH foxaxeM, UTO Jg 3= \/1_5), — TOME HPPALHOHAJIBHOS
gueao, To e OTHOCHTCA K CJIOMKEHHI0, BBITATAHNIO, AeJIeHHK Hppa-
IHOHAABLHBIX YHCEN: B OTBeTe MOJXEeT HOJYYATHCH KaK PallHoHaIRHOe,
TAaK H HPPALHOHANLHOE YHCJIO,

A YTO IONYYHUTCSH, €CAU B OlePAIUH YIACTBYIOT OAHO PANHOHAND-
HOe YHCJIO0 ¥ OAHO UPPAIHOHANBHOE MHUCIO, KaKoe enepecuauTs? Oka-
SEIBAETCA, «[IePeCHIHT» MPPAIHOHAILHOE UMCI0. PACCMOTPHM TAKOR

OpHMeD: JAHO PAIMOHANBLHOE YHC/0 3 M HPPAIMOHAJBHOE YHCJIO JE;
COCTABMM X CyMMy 3 + JE . IIpeanonokumM, UTO 9TO — PAIUOHANLHOE
YHCJO 7, T. €. 3 + JE =r. Torna JE =r—3,ar— 3 — pauHOHAJbHOE
YHCJIO (KaK PasHOCTDL ABYX pallMOHAJNbLHEIX uucea). Iloaygaercda, uTo
JE — pALMOHAJBLHOE YHUCJIO, & 9TO HeBEPHO, BEAbL ML 3HAEM, UTO BTO
YHCI0 — MppanAoRaabHoe, IIoay9nia opoTuBopeune, 3HAYHUT, CREJIAH-
HOE HaM¥ IpPeAIoAoKeHre HeBePHO, T, €, 3 + JE — HppanuoHANLHOE

YHCIO0, AHAJOTHYHO MOKHO JOKA3ATh, UTO 3 — JE — UPPANMOHAILHOE

YHUCJIO. A BOT CyMMAa UDPAIMOHANLHEIX yucen 3 + JE u3- JE pasHa 6,
T.€. ABAACTCA PANVMOHAJILHEIM YHCJIOM.
HTak, MOXXHO cAesaaTh CaegylolIne 8b.80dbi.

» Jliofas apudMeTHICCKAA OHepanud Hajl PAMOHAILBELIMA IUCAaMH
(xpome Jenenus Ha 0) NpUBOAUT B Pe3yJbTATE K PAIIHOHAJILHOMY
YHUCAY.

¢ ApndMernyeckas omepanud HAA HPPALHOHAJIBHBIMH YHCIAMH
MOKeT HPHUBECTH B PeayjhTaTe KAK K PADHOHAJBHOMY, TaK H K
MPPAOVOHAJILHOMY 4YMCITY.

44



2. || oyHKus y = Jx. CBOMCTBA KBALPATHOO KOPHS

e Ecim B apudMeTHUeCKOHM ollepanun YYACTBYIT DAIHOHANBHOE
H AppAnMOHANBHOE YHMCHA, TO B Pe3yJbTaTe NMOJAYUHTCA Hppa-
UOHANLHOE YUCJI0 (KpoMe YMHEOMeHUS Ha 0).

IIocKOJBRY OmEPADAA H3IBJICUEHHA KBaAPATHOrC KOPHA W3 IIO-
JIO}KHMTEJbRONO THCJAA YACTO NPHBOAHT K MPPAHOHAIBHBIM 9HUCJIAM,
yeaoBuaAuck anrebpavueckoe BHIPasKeHHe, B KOTOPOM IPHCYTCTBYeT
omepanus UsBAeYeHHA KBAADATHOTC KOPHA H3 lepeMEeHHON, HA3LIBATE
UPPAUUONGALHOIN GLIDANEHUCH.

Bonpochl AN CAMONPOBEPKM

1. Kakne yncja Ha3hIBAIOT PAMOHAMBHEIMHE?

2. Kakue uncsa HASHBAIOT HPPATHOHANLHEIMH?

3. IlpnBeanTe TPU NpHMEpPA PAITHOHANBHLIX YHCEJ H TPH NMPHMepa
MPPALNOHAJBHBIX YHCE.

4. CKXOJBKO PADUOHANHHEIX YHCEJI MOMHO DACIHOIOHKUTD MENAY
yncaamu 1,2 u 1,32

5. IlpuBeanTe OPHMED HPPAIMOHANLHOTO YHCAA, PACIIOIOMECHHOTO
Mexay uncaamu 1,2 m 1,3.

6. IlycTe umcsio @ # 0 — panuMoHANbHOE, & YHcao B — mppanuo-
#anpHoe, Karkoe uncI0 — panmoHANBRHEOE WM UPPALMOHANBEHOE — IIO-
JYYHRTCH, €CAY HafX AAHHBIMHA YHCAAMH BHITOJHHTE APHPMeTHIECKYIO
onepauHio (CroxeEne, BHYUTAHNE, YMHOKEHNE, AesieHHe)?

7. IIyeTh O 1 B — HppanuHoHANBHEeE uucaa. Moxer A X cyMMa
6rTh panuoHANBHBIM YHcIOM? Ecau Aa, TO NpUBEAHTE NpUMeED.

8. Ilyete & M § — mppanuonanbsHMe anciaa. MoxeT nu UX pas-
HOCTh GLITE panyoHANEHEIM YHcaoM? Ecan fa, To nNpUBeAUTE NPUMED.

9. IIycTs O M f — HppanmoHANBHEE YNCaa, MosKeT I UX MPON3Be-
AeHne GBITH panuoHAARHRIM YHcIOM? Eciu Aa, TO npuBeAnTe NPHMED.

10. ITycTs o 1 f — EppanuoHanbHBe yHeaa. MosKeT M MX YaCTHOE
6GhITH PADMOHANBHEIM unciaoM? Ecau ga, To IpEBEeanATE NMpUMep.

§10. MHOMECTEO ABACTBMTENLHLIX YMCEN

Ecnu MEO)XeCTBO PAIMOBANBHBIX YHCEJI ZOIOJIHHTE MEOMKE-

CTBOM HDPANHOHAABHLIX YHCEN, TO BMECTe OHH COCTARAT MHOMECTBO

AeHCTBHTeNBEMX IHucex. MuoeCTRO ZeficTBATENLHEX YHCe ] 00RO

ofosHauaoT GyKBoM R; HCIONLAYIOT TaKKe CHMBOJNHIECKYIO 3AIMCh
(~o0; +00) mm (—o0; o).

MEOKeCTBO ACHCTBHTRIBHBIX THCEN MOMKHO OIIHCATE TAK: T0 MHO-

JHecmao KOHEXHbX U OecKOHe bty decamuinbix dpoleil; KOHeYHHe ae-
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2. ®YHKUMA y = x. CBOMCTBA KBAIPATHOrO KOPHSI

CATHYHEIE APOOK 1 6eCHOHeYHLIe AeCATHYHEIC IePHOANYECKHe ApoS —
panuoHaNbHbIe YHCIa, 4 becKoHeuHBle AecATHYHLIe HelleDHoAHYeCK e
ApobH — MppamHOHAJLHEIC YHCA.

Kaxpoe gelicreuTenbHOe UNCA0 MOMKHO H306pPASHTL TOYKOH Ha
KOOpANHATHON npamoii. Bepro 1 ofpaTHOe: KaXKJAasa TOYKA KOOPAH-
HATHOH npaAMoOil HMeeT JAelicTBUTENBHYIO KoOpDAMHATY. IIoKaxeM
(cxeMaTHYeCKH), KAK ONPEAENsA0OT KOOPANHATY TOUYKH.

IIyctes Ha orpeske [0; 1] KOOPAMHATHON NPAMOR HAXOAMTCH
HHTepecywInaa Hac Touxka M(x). Pasgeaum orpesor Ha 10 paBHBEIX
JacTedl, Ha30BEM HX cezMenmamu nepeozo paxza (puc. 5). [Iepecuér
9THX CerMeHTOB CJIeBa HANIPABO HAUMHAEM € HYJIA: Ay, A,, ..., Ay (A —
nponucHag Oykea rpeueckoro andaeura Jeavma). IlIpeanmosmoxum,
yro M € A,. 9ro 3Hauur, uro x = 0,4.... Paznenum oTpesok A,
Ha 10 paBHRIX WacTed — 3TO cezMeHmbi 8MOpPozZo panza, 0603HA-
UM HX Ay, Ay, ooy Ay [IpeamonoskuM, aro M € A,,. 310 BHAYHT,
uro X = 0,40.... Tar nocreneHEHO HAXOLATCA NOCHeAOBATEALHBIE
sHaKm OeckoHeuHoll Jecarnunoil ApodSH, cAYXRalTed KOOPAMHATOM
Toaxn M.

A xar Oyaer o6CTOATE eSO ¢ KOOPAMHATOR TOUKH, Cay:xalue
KoHooM Kakoro-nubo cermenta? Ilyers x = 0,73. 310 — KoopAuHA-
Ta o0Iero KoHIA CETMEHTOB BTODOTO paHra A,, u A, (cMm. puc. 5),
CETMCHTOB TPETHEro PaHTa Aq;y M Az, CETMEHTOB HeTBEPTOTO PaHra
Azage ¥ Aggeo M T. A. CunegoBaTensro, 0,72(9) = 0,73(0), 9T0o MEl yxke
YCTaHOBHIH APYrEM cnocoboM B Komme § 7.

MartemaTuku 06BINHO POBOPAT TAK: MEXAY MHOKecTBOM R aeficTEH-
TENBHBIX IHCEJ H MHOXKECTBOM TOYEK KOOPAUHATHOMN NpsaMod ycTaHOB-
JIeHO 83aUMHO 00HO3HAYLHOE coomeememaue, KoopaunaTHaa npaMas
€CTh MeOMeTPHYECKAA MOAEIE MHOMKECTBA AeHCTEUTENBHEIX YHCe; 10
3TOH IPpUYMHE 115 KOOPAUHATHON mpsiMoit YacTo HCIONB3YIOT TePMHH
YHCAOBAH NpAMAad.

BayMmaiiTecr B 3TOT TepMHH: HE KaKeTCdA JM OH BAM OPOTHBO-
ecTecTBeHHEIM? Beab yucio — of0BeKT anre6pel, a npamas — oOBEKT
reomeTpun. Her au TyT ¢«cMemenus xanpos»? Her, Bcé sjornuHoO, BCcé
OPOAYMAHO. 3TOT TEPMHH B OUEpPeaHOH pa3 NMOoAYEPKUBAET eAUHCTBO
pasnHUYHLIX 0bsacTell MATEMATHKH, AAET BOSMOHOCTE OTOXMACCTRIIE-

4, Ay 4, Ay A, A Ay A, Ay 4

L H L Libibilaty 1 'l I FRERRUFIRT |
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2. || ovHKumMs y = Jx. CBOICTBA KBADPATHOrO KOPHS

HHA TOHATHH «AeliCTBHTENBHOE THCIO» B
H «TOYKA Ha KOODAMHATHON (UHCJI0BOIL) )
npamoits . 2

OfpaTuTe BHMMaHNe: KOOpAWHATHON \
npaMol BH NTOIL30BATHCH HAYWHAA ¢ H5-TO 3
kaacca. Ho, okasmBaeTca, B BAIIMX 3Ha- 0 1 b
HHAAX GBI BIOJIHE ONPABJAHHKIH npobe: Prc. 6
He ajaa mobofl Touxu KoopawHaTHON HNpaMol BEI cyMean 6ul HaiiTH
KOODAMHATY — HPOCTO YuMTends ofeperasl Bac oT TaKOil Henmpuart-
HOCTH,

PaccMorpuM npuMep. Jatia KOOpAHHATHAA NPAMAS, HA €€ eAHHUY-
HOM OTpesKe, KAK HA KaTeTe, IOCTPOSH NPAMOYTONLHEH TPEYTONBHUK,
BTOpPO# KaTeT KoTOpOro paser 2 (pue. 6). I'unorenysa OB TpeyrolbEAKA
OT/I0KeHA HA KOOPAMBATHON NpAMOR OT Toukn O BOPABO, IONYYHIACE
Toyka D. Yemy paBHa koopAuEATA TOUKH D? OHa paBHa ANWHE T'HIO-

TeHY3hl TPEYrOJNLHEHKA, T. €. JE 2T0 YHCI0, KAK MBI TeIlePh 3HAEM,
He mHeJoe n He Apofs. 3EAYHT, HA B 5-M, HA B 6-M, Hu B T-M Knacce
KOOPAHHATY TO4UKHM D BH 6n Halithn Be cmorym. IloTroMy MBI 70 cHX
HOP H INOBOPHJH ¢«KOODAMHATHAA HNPAMAA», & He «YHCJIOB&A NpA-
Masf».

3aMeTHM, UTO OLLI eIlé OAUH ONpPaBA&HHHIT npofen B BAIAX 3HA-
HUAX 0o anarebpe. PaccMaTpHBad BHIPAMKEHUSA C NEPEMEHHBEIMH, MEI
BCeraa MOApPasyMeBaH, UTO MepeMeHHBIE MOTYT NPUHMMATEL NI0ObIe
BOINYCTHMBEIE 3HAYEHHHA, HO TOJALKO PanMOHAJBHEE, Belb APYTUX-TO
ge Gutno. Ha camMoM Aene nmepeMeHHBIe MOTYT NPHHAMATL J100b1e
JomycTaMbie feflicmeumeavubie snauesna. Hanpumep, B ToXAECTBE

(@+d)a-b)y=a -

B POJIM @ ¥ b MOPYT BEICTYHATE JI00ble YHCIa, He 06A3aTEIEHO PAITHO-
HAJLHEIE,

JAna gelicTBHTENLHHX YHMCeA &, b, ¢ BHINONHAIOTCA IPHBHIYHEE
BAKOHH:

\
A
A

ot
x

a+b=b+a;
ab = ba;
a+b+c)y=(a+b)+c;
a(be) = (ab)e;
(@a+b)c=ac+bcur a.
BRITOJHAIOTCA B NPABLIYHEIE MPABRMIIA:
npousBeenne (YACTHOR) ABYX NOJOKHTEALHKIX YHCEN — MIOJIO-
SKUTEIBHOE YHCIIO)
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2. OYHKUMSA y = +x. CBOMCTBA KBAZIPATHOIO KOPHS

Opou3BeAeHre (JACTHOE) ABYX OTPULATEABHEIX YHUCe] — TIOJIOMKH-
TeJILHOe YUCJIO;

ApOon3BefeHNe (YACTHOE) MOJOXMKHUTEJIbHOr0 M OTPHILATENBHOTO
YHACJIA — OTPUOATENLHOe UHCJIO.

JeficTBATENPHEE YACAA MOJKHO CPABHHBATE APYT ¢ APYIOM, HCIOJb-
3yd cJefyloliiee onpefiesieHne,

Onpedenenue. I'oBopaT, uTo JelicTBHTENbHOE HHCIO a Goabmie
(MenRIIe) AEHCTBHTEALHOTO INCAA b, €Cn UX PASHOCTE 2 — b — HoJo-
KUTENbHOE (OTPHIATENbHOE) Jucao, [Tnmyr a > & (@ < b).

H3 3TOTO OTIpEneNieANs CIeAYeT, UTO GCRK0E NOROHKUMEALHOE YUCRD
a Oonvie HYAs (MOCKOJMBKY PasHOCTh @ — 0 = 2 — mONOKHUTENbHOE
YHCIIO), 8 6CAK0E OMPUUAMEAbHOE RUCA0 b Merbiue HYAs (MOCKOABKY
passOocTE b — 0 = b — oTpMULATEABHOE YACAQ).

HATtax, g > 0 osHaYaeT, UTO @ — MOJOKHTEJbLHOE UHCIO;

a < {) o3EauaeT, YTO @ — OTPHUIATENLHOE YHCJIO;

a > b 03HAYAET, UTO & — b — HmOJOXKHUTEJBHOe YHCIO,
T.e.a—b> 0

a < b osHauger, 4TO a — b — oTpHUUATENBHOE YHCIO,
T.e.a—-b<0.

Hapaay co saakaMu cmpozux Hepasencms (<, >) UCOOAbIYIOT
SHAKH HeCMpOZUX HepaseHCma:

a # 0 o3navaeT, 4TO a Ooaviie uau pasno 0, T. e. & — Heompu-
yamenvroe Yucao (DONOKUTeAbHOe WK (), HAH 4YTO a He Mexbdbute 0;

a < 0 osHauaeT, 4TO g MeHbWe uau pasHo 0, T. €. @ — Henoro-
Aumervroe wucao (orpunarenbhoe uian 0), Hiau uro a He Gonbiue O;

a 2 b ozHauaeT, uTO a Gonmpumie nym paBHO b, T. . @ — b — Heor-
pHUIaTeABHOE YHCIO, HIIH YTO @ He MeHblle b; a — b > 0;

a < b osHauaeT, YTO @ MeHLllIe UJAH PaBHO b, T. €. @ — b — Henmo-
JIOKHTENbHOE IHCAO, HIIH 4YTO & He Goubslre b; g — b < 0,

Hanpnwmep, ana moboro aucia ¢ BepHO HepaBeHcTeo a® = Q5 ana
mobux uncesa a u b pepuo nepasencrro (a — ) 2 0.

BnpouewM, nas cpaBHeHHA ReHCTBUTEABHEIX 9Hce] Heo0A3ATENEHO
KAl Pas3 COCTABJIATH UX PASHOCTb H BBLIACHATH, MOJOKHTEAbLHA
OHA WIM OTpUUATENBHA. MOMHO CAeNaTh COOTBETCTBYIOINUI BHBOX,
CPABHMBAA IANHNCH YHCRJ B BHAE ASCATHUHEIX Apobei.

Tl'eoMeTpHUecKaa MOAeSh MHOMKECTBA AeiiCTBHTENBHHX UHCes Ae-
JlaeT 0COOEHHO HATNIAAHON omepalyio CPAaBHeHMA YHCeJ: W3 ABYX YH-
cel @, b Gonpme TO, KOTOPOE PACHOIAraeTCHA HA YHCAOBOH mpsaMoOl
npagee,
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2 DYHKLMS y = Jx. CBOMCTBA KBAAPATHOTO KOPHS

TaxnuM 006pa3soM, K CDABHEHHIO AeHCTBHTEABHEIX UHCEe/ MOXKHO
OOAXOAMUTL AOCTATOYHO I'H0K0, 9TO MH H HCHNOJL3YEM B CAEAVIOUWIEM
puMepe.

Hpramep 1, CpaBHUTL uncia:

a) % " 4; B) -3,TH JE;
6)2 + 5 u5; r) -5 n V7.
Pemenue. a) UMeem 352 -4 = % > (; agauMT, 25—2 > 4,

6) Uneem 2 + VB = 2 + 2,236... = 4,236... < 5; TakuM 06pasoM,
2+ Jg < 5.

B) —3,7 — orpulIaTesILHOE YHCIO, V2 — nonommrensHoe umcio.
JI:060e OTpHIIATEIbHOE THCIO MeHbIIe JI0G0T0 MONMOKHTEIbHOTO YUCa,

clefoBaTeNbHO, —3,7 < V2.

r) -5 = -2,28...; -7 = -2,64.... Touka -2,64... pacoo-
BaraeTca Ha KOODAWHATHOR npamoit sesee Touku —2,23..., 3HAUMT,

~5>-J1. B

IIpumep 2. PacmonoxkuTh B IOPAAKE BOSPACTAHHHA HYHCNA:

V2, -3, -2, &, 17, n.

’ '2"
Pemerne. BocoonssyeMca TeM, 910 v2 = 1,41, V8 = 1,78,
=314, 2 =1,57, a A7 = 4,12. Teuepr sicHO, YTO IaAAHHHE YHC-
Jia PacOoOIOXATCH B DOpAAKe BO3PACTAHHUA caeayolIaM ofpazom: —2,

-‘J§) JE, "125, n, Jﬁ. .

Bonpochl ARR CAMONPOBEPKM

1. Y10 Tarkoe MHOMecTBO AeitcTBHTeabHBIX uncea? Kax oo 060-
3HAYAeTCH?

2. Y10 aBngeTca reoMeTpHUECKOR MOJENBLIC MHEOXKECTBA AeiicTBH-
TeJbHNX Yncen?

3. Yro Takoe UMCIOBaA mpAMan?

4. B xaxoM ciyuae I'OBODHAT, YTO MEXKAY MHOMecTBaMH A m B
YCTAHORJICHO B3aWMHO OXHOSHAYHOE COOTBETCTBHE?
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2. OYHKUMS y = x. CBOMCTBA KBALIPATHOMO KOPHS

5. Kaxne 3aKOHB! BRINOJHAIOTCA AJAA AeHCTBHUTENBLHBIX YHCe] &,
b u ¢? ChopmynupyiiTe 3TH 3aKOHBI H 3ANUINNATE NX HA MATEMATHYE-
CKOM fI3HIKe,

6. Kaxoe A3 AByXx yHcen 1,4 1 J2 PAcIIOJIOIKEeHO JIeBee HA YHCJIO-
Bolf npaMO?

§ 11. CBOWCTBA YMCNOBLIX HEPABEHCTB

B npeasiayimeM maparpage MBI OTMEYAJH, YTO Haj Acl-
CTBHTEABHLEIMM YHCJIAMH IPOM3BOLATCA pA3Hhie apudpMeTHYeCKHE
onepanyy, NpH 3TOM HCIIOAB3YIOTCA CBOMCTBaA onepanuil. 3HAHNE 3THX
CcBOMCTE MOMOTAIO0 HAM BRIIOJIHATH NpeofpasoBaHnd ajarebpandyecRHX
BRIpA)KeHNH, pemaTh ypapHeHHA. YHCA0BLIe HEPDABSHCTRA TaKKe 006-
AJAIOT PAKOM CBOMCTB. 3HAHHE 3THX CBOMCTB MOMOJYET HAM B JaJb-
HefinmieM pelnaTh HepaBeHCTBa, OyAeT MOJNE3HO W AN HCCIeAOBAHMA
tbyaknnit, Hanpumep, ¢ HepaBeHCTBAMY GR1TH CBA3AHLI TAKUE H3BECT-
HEIe BaM cBoficTBa GYHKINH, Kak HanGoapniee ¥ HAUMeHbIIee 3HAYE-
HHA GYHKOHH Ha HEKOTOPOM NMpOMEXYTKe, OrPAHIYeHHOCTh QPYHKITHHE
CHH3Y MJIM CBEDXY, BO3pacTaHHe HaH yObisanne. Tak uTo, KAk BHAMTE,
6e3 3HAHHA CBOMCTB YHCJOBLIX HepDABEHCTB HaM He oboiiTuch. Jla BH
M CAMH yKe MOPAM yY0eAHThCHA B HeOOXOAMMOCTH YMeHHnd pafoTaTh ¢
HepaBeHcTBaMH., Tak, B § 9 Mi NOJB30BANHCh ONECHKAMH A YHUCIA

Jg (2< \/{_) <8 2,2< \/g < 2,3 H T. 4.), rfAe GAKTHUECKHN OTHPAJNCH
(x0T ¥ MHTYMTHBHO) HA CBOMCTBA YHCJAOBLIX HEPABEHCTE.
HayuenneM cBOHCTE YHCIOBLIX HeDABEHCTB MH 3afiIMEMCHA B ZaH-

HOM naparpade.
Ceoiicmeo I, BEcoma>bub>c¢, Toaq > c.

JoxrasaTteawscTno. Ilo ycnopuro @ > b, T. €, @ -~ b — mojo-
JKHATENbHOE YHCHO0. AHAJOMHYHO, TAK Kak b > ¢, genaeM BHIBOA, MTO
b — ¢ — DONOERNTEILHOE THUCHAD.

CnoxuB IONoKHTEILHEIe YUCHIA @ — b U b — ¢, MOAYUHM HOJOKHTEb"
Hoe ynucno, HmeeM (a — b) + (b — ¢) = a — ¢. CaegoraTensHo, @ — ¢ —
OONOMKNTENBHOE YACIO, T. €. @ > ¢, 4T0 M TpeGOBaNOCh NOKA3ATD.

CroiicTtBo 1 MOXXHO 060CHOBATE, HCIIOJL3YA FeOMETPHIECKYIO MO-
AeJb MHOXKeCTBa JeHCTBHTeNBHBIX YHCEJ — YHCAOBYIO mpaMyc. He-

PaBEeHCTBO @ > b 03HAUAET, YTO Ha THCJI0BOH

— * * »  TpAMOM TOUKA @ PACHOJIOMEHA NPaBee TOU-
¢ @ Ku b, 8 HepaseHCTBO b > ¢ 03HAYAET, UTO TOU-
Puc. 7 Ka b pacnosioxkeHna npaBee TOYKHA ¢ (PUC. 7).



2. (| oYHKuMS y = Jx. CBOCTBA KBALPATHOTO KOPHS

Ho Torfa TOUKa ¢ pacmoNoKeHa Ha MPAMO mpapee TOUKH C, T. €.
a>ec.

CeoiicTBO 1 O0EIYHO HA3HBAIOT CEOUCMEOM MPEHIUMUSHOCTU
(o6pa3nHo rosopa, OT IYHKTA ¢ ME Jo0HpaeMca 0 OYHKTA ¢ KAk OBl
TPAHBHTOM, ¢ IPOMEAKYTOUYHOI 0CTAHOBKOR B MyHKTE ).

Caolicmso 2. Ecina > b, Toa +c> b + c.

Ceouicmao 3. Ecau a > bu m > 0, To am > mb;
eca ¢ > bum <0, T0 am < bm.
CMpica cBOMCTBA 3 3aKJAIOUAETCA B CAEAYIOMIEM:
ecau obe vacmi Repasencmen YMRHONUMS HE OTRO U MO Hce no-
ROIKUMEALHROE HUCARO, MO INAK HePABEHCMEa credyem coXpanume;
ecau olle vacmu nepaseRcmea YMHONKUMD HEG 0RO U Mo Xe
OMPUYAMENRLHOE HUCRO, MO IHAK KEPABEKCTEA CRedyem UIMERUMD
(< na >, > na <).
To ae oTHOCHTCH K AeaeHHI0 odeHx uacTeli HepaBeHCTBA HA OJHO
H TO JKe DONOKHTENbHOe HAM OTPHIATEAbHOE TUCJIO M, TAK KaK ge-

NeHMe HA M MOXKHO 3AMEHHTH YMHOXeHHEM Ha ’—}l-.

M3 croiicTa 3, B 4ACTHOCTH, CJACAYET, UTO, YMHOMHE obe UacTH
HepaBeHCTBa & > b Ha —1, monyaum —a < —b. IT0 3RAYHUT, UTO ecAl
uamenums snaxu y obeux wacmel nepasencmed, mo Hado UIMeRUMD
U 3xax Hepasencmaed.

Ceaoficmeo 4. Besmma>buc>d, roa+ce>b+4d.

JoxasarTeanscTBo. Tak Kak ¢ > b, TO COrMACHO CBOHCTBY 2
a+c>b+ c. Auasornyso, Tak kKak ¢ > d, Toc + b >d + b,

Hrax, a +c> b+ ¢, b+ ¢ >0+ d. Torga B cuay croiicTea
TPaH3UTHBHOCTH HOJyuaeM, uto g +¢ > b + d.

Cesolicmao 5. Ecan a, b, ¢, d — noloxXureNlbHRe Yucaa 1 a > b,
¢>d, 1o ac > bd.

JorkasarearscTBo. Tak Kak ¢ > b u ¢ > 0, 10 ac > bc. Ana-
JOTHYHO, TaK Kar ¢ > d n b > 0, To ¢b > db.

Hrak, ac > be, be > bd. Torga coraacHO ¢BoNcTBY TPAHIHTHBHOCTH
moJyuaeM, 9to ac > bd.

ObniuHO HepaBeHCTBA Buga @ > b, ¢ > d (unu a < b, ¢ < d)
HASHIBAIOT HEPABEHCTBAMM OJHHAKOBOT'O CMbIC/A, & HepaBeHCTBA 6 > b
H ¢ < d — HePABEHCTBAMM NPOTHBONOJOXKHOTO cMuicaa, CeolicTBo 5
O3HAYALT, UTO RPU YMHOKEKUL HePpABENCME 0JURAK06020 CNCAT,



2. || ©oYHKUMA y = Vx. CBOMCTBA KBALPATHOIO KOPHS

Y ROmopux neevie U npachvie wacmy - ROAOWUMEADHHIE YUCAA,
ROAYHUMCR HEPAGENCIE0 MOZO0 He CMBLCAG,

Ceoliemeéo 6. Ecoim @ 4 b — HeorpunaTesLHEle uucaa U a > b, To
a" > b*, roe n — moboe BATYDAJTBLHOE YHUCIO.

Cumeica cBoiicTBa 6 saxmouaerca B ciaeayomeM: ecru obe wacmu
Hepagencmsa — REOMPURAMERLHBLE YUCAL, TRO UX MONHO 8036eC-
mu é odny u my e HAMYPANRLRYIO CMEREHd, COXPANUG 3KAK He-
pasencmaa.

Hononuenue y caolicmay 6. Eciu n — HeyéTHOe umcao, TO ANA
mobeix yucen a v b U3 HepaseHCTBA @ > b ¢cleAyeT HepaBeHCTBO TOTO
e cMBHICHA @ > b".

Bru1 oSpaThin BHIMAHHE HA TO, YTO B NIPUBEAEHHLIX AOKA3ATENb-
CTBAX MBI, II0 CYTH AeNa, NOJb3OBANMUCH BCero AByMA naesmu? Ilep-
Basg Mfed — COCTABHTH PASHOCTH JeBOH M mpasoil uacrelt mepasen-
CTBA M BLIACHHTB, KAKOe UHMC/O0 MOMYYHTCH — MOJOXKHUTEIBLHOE MM
oTpHuaTearHOe. Bropas uaes — AJXA AOKA3ATEJABCTEBA HOBOTO CBOUCTRA
HCOONLIOBATEL YXKe UIBCCTHHIE ¢BOMCTBA. Tak MOCTYNAlOT M B Apyrux
CAYUaAX AOKA3ATENBLCTB YHCIOBRX HEPABEHCTB; HANPHUMED, TAK MOIKHO
JOKAa3aTh Teé M3 MepeuMCJeHHBLIX BhIIle CBOHCTB, KOTODhIE MEI 3[eCh
npueenn 6e3 AOKa3aTEALCTBA (COBETYEM BAM B Ka4eCTBe YIDAKHEHHASA
nonpoGoOBATH BOCOOJHHTE 2TOT Npoben).

PaccMOTpPHM HECKOJLKO IIPHMEpPOB.

IIpumep 1. Ilyers @ ¥ b — monoXkHTeNbHBIE YHCHA U 4 > b,

1 1
OKa3aTh, UTO - < 3
H k3 a b

Pemenue. PaceMOTpUM Pa3sHOCTB % - % Hmeem

1 _1_b%-a
a b ab *

IIo yenosuio a, b, a — b — nonoxknrensHble yucaa. CleforaTennb-
HO, -b—a%E — OTPHIATEJLHOE YMCAOo, T. €. -CI; - % < 0, OTKy/Ja CIeayer,
9T0 1 <1 ]

a b

CBoiicTBa YACJOBHIX HEPABEHCTB IO3BOJAIOT CPABHUBATE AeH-
CTBHTENBHEIC YHCJA 00 BeJIMYNHE, OLeHUBATEL Pe3yJILTAT.

Mpumep 2. CpaBHUTL uncnaa:

a)n+J1_0n4+\/1_l; 6)J§+Jf_in2+\/g.
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Pemenne, a) IIpuMeHuM X ABYM HEDABEHCTBAM OAHHAKOBOTO
cMbicna t < 4 m V10 < 11 ceoiicTro 4 0 mowWIeHHOM CAOMCHEH;

OOJIYYUM
n+ J10 <4 + V11,

6) Baeck V3 < 2, a V6 > /5, Tak uTo BocmoMLAOBaTHCA CBOMCT-
BoM 4 He yaacrea. IlocTynuM Tax: BBeféM 0D03HAYEHHNH g = \/5 + JE,
b=2+6 H HPeATONOXRHM (HAyran), 910 a > b, T. e. uTO J3 + V6 >

>2+ 5, Uncnaau b [IOJIOKATENbLHE], IOITOMY 11O CROMCTRY 6 ua
a > b cneayer a® > b2, 1. e.

(V8 + J8) > (2+48);
3+2J/18 +6>4+4J5 +5;

9 + 218 > 9 + 45.

ITo cpoficTBy 2 K ofleM YACTAM MOCAETHETO HEPABEHCTBA MOXMK-
HO npubaBuTE YHcao —9, saTeM no crolicTBy 3 paszennTs obe yacTu
HepPABEeHCTBA HA OJHO H TO XKe MOJOKHTENbHOe YHCN0 2 M, HAKOHeEl,
CHOBA BO3BECTH B KBAAPAT 06e 4ACTH HePABEHCTBA:

2J18 > 4+/5;
J1_8 po% 2\/5:

18 > 20,

Ho Ha camom flesre 18 < 20, BrInoJAERAA ciejlaHHERe npeolGpasopa-
HHA B 06PDATHOM IOpPAZKe, IOJyUYaeM:
18 < 20;

J18 < 245;
9 + 2J18 < 9 + 4+/5;
(V8 +V8) < {2+5);
B +V6<2+5. m

HMpuamep 3. HasecTro, uro 2,1 < a < 2,2; 3,7 < b < 3,8, Quennre
SHAa4YCHUE BRIPAKCHHI:
a) 2a; 8) a + b; ) a®;

6) —-3b; rya-—b; e) :‘1—.

Pemenue, a) YMHOXHB BCe YaCTH ABOMHOr0 HepaBeHCTBA
2,1 <a < 2,2 Ha OfHO ¥ TO XKe MOJOMHUTEIbHOE THCAO 2, MOJYUHM;

2-2,1 <2a<«2.2,2, 1.¢. 4,2 <23 < 4,4.
53



2. || ®YHKUMS y = Jx. CBOCTBA KBAAPATHOTO KOPHS

6) YMHO)KHB Bce 9acTH ABoiiHOro HepaseHcTBa 3,7 < b < 3,8 Ha
OIHO M TO K€ OTPHLATEJbHOe YHCJIO —3, MOJYUYNM HepaBeHCTBO IpO-
THBOMOJMOMHOTO CMBICA:

-3-3,7>-3b>-3-3,8, 7. e. -11,4 < -3b < -11,1
(BMecTO 3anMcH BUAA a > b > ¢ MEI epenan K Gonee ymorpefHTenbHOM
samucn ¢ < b < a).

B) CIO'KHE TIOYICHHO 38JAHHEIS ABOIIHEIE HEPaBeHCTBA OAUHAKO-
BOT'0 CMBICJHIA, TOJAYIHM:

+2,1 <a <22
3,7<b <38
58 <a+ b < 6,0.
r) CHauana yMHOKMM Bee YACTH ABOHHOrO HepareHerea 3,7 < b < 3,8

HAa OAHO H TO e OTPHOaTeJAbHOE YHCAO —-1; moayuYuM HepaBEHCTBO
OPOTHBOMONOMKHOTO CMBICTIAL

-8,7>-b>-8,8, r. e. -8,8 <-b<-3,7.
Hanee umeem:

21 <a <22
-3,8 < -b < -38,7
-1,7 <a-b < -1,5.

a)} ITockonbky BCce uwacTm asoitHoro Hepapencrsa 2,1 < a < 2,2
NOJICYKHUTEJBHEl, BO3BeJd MX B KBAJpAaT, HOJAYIHM:
2,12 < g% < 2,22,
4,41 < a® < 4,84.

e) B npnmepe 1 MBI YCTAHOBHJIH, UYTO €CJIM @ H b — DOAOXKHATENDb-
HBble YACJAA, TO H3 HEPABEHCTBA 4 < b clieAyeT HepaBeHCTRO MPOTHUBO-

HOJQMKHOTO CMEICAA % > % IToaToMy M3 ABOHHOIO HEpABEHCTBA
2,1 <a < 2,2 cregyer, 94T0

1 .1, 1 3 .1 10

20 7 g 723211 s <21 ®

Bonpockl ANA CAMONPOBREPKH

1. CoopmymupyiiTe CBORCTBA YMCJIOBBIX HePABEHCTE M 3ANMOINTE
HX HA MATEeMATHYECKOM A3bIKe.

2. Ecmm a > b u b > ¢, To KaKoe U3 yTBepxkAeHuit BepHO:

aja<c¢; 6)a>e¢; B)a=c?
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8. Ecanm a > b, To KaKoe U3 YTBEeD:KACHHI BEpPHO:

a)at+te<b+t+e; 6a+ec>b+c; Bat+tce=b+c?

4. Eciu a > bu m > Q, 170 KaKoe H3 yTBepXJeHull BepHO:

a)am <bm; 6)am>bm; B)am=>bm?

5. Ecau a > b u m < 0, T0 Karoe U3 yTBePKACHHUN BepHRO:

a)am <bm; 6)am>bm; B)am=>bm?

6. Ectu @ > b u ¢ > d, TO KaKoe U3 yTBepXAeHut BEpHO:

a)a+c<b+d; O6la+c>b+d; B at+e=b+d?

7. Ecau a, b, ¢, d — nonoxureasHbie yHCAa H a > b u ¢ > d, TO
KAaKOe B3 YTEBePXACHUH BepHO:

a)ac <bd; 6)ac>bd; B)ac=0>bd?

8.Ecimma »0,b20,ne N, a>b, To Kakoe U3 yTBep:KACHHEH
BEPHO;

a)a"<b* 6)a*>b"; sB)a"=b"?

9. Ecny n — He4éTHOR YHCIO0, TO BEPHO JIH, YTO AA4 JIOOBIX qHCceNn
a, b u3 HepaBeHcTBa @ > b caexyer HepaBeHCTBO a" > b°?

§12. oyHKUMS y = Jx, EE CBOMCTBA
M TPADMK

B 7-m xaacce Mu usyvaau dyeExounm y = C, y = kx,
y=kx +m, y=2x% y=—x* H OpUILIH B HTOTE K BLIBOAY O TOM,
YTO YpaBHeHHe C JByMdA NepeMeHHEIMH BHAA ¥ = f(x) ecTh mpa-
BHJIO, YROOHOE ANa TOro, 94rofhi, 3aJaF KOHKPETHOE 3HAUYeHHEe HE3a-
BHCHMOI IepeMeHHOM X (apryMeHTa), BRIMUCAUTE COOTEETCTRYIOMiEe
3HaYeHHe 3asucHMoOli nepemenno#t y. Hanpumep, ecan aaaa GpyHk-
nua y = x%, 7. e, f(x) = 2%, o npu x = 1 nonyuaem y = 12 = 1; xopoue
aro 3anmucriBalor Tak: f(1) = 1. Ilpm x = 2 noxyqaem: f(2) = 22 = 4,
T, e, y = 4; npu x = -8 noaydaem f(-8) = (-8’ =9, r. e. y = 9,
HT X

Ve B 7T-M KJAcce MBI C BAMH HAYAJIHA [TIOHHMATH, 9TO B 3AIHCH
¥y = f(x) npaBaa vacTsF He HMCUEPNHBAETCA NepPedYHCIeHHHIMH BHIIIe
nareio cayuaamu (C, kx, kx + m, x?, —x?). Tax, BanpuMep, BaM y3ke
BCTPETIANUCh KYCOUNbLE QYRKYUY, T, €, QYHKIUH, 38JaHEHE Pa3HHIMHI
dbopMynaMu Ha pa3HHX NPOMEKYTKaX. BoT oaHa M3 Takux QpyEKnmi:
¥ = f(x), rae

x%, ecnu x < O
2x, ecia x > 0.

f(x) = {
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!’v R (T
- Ly
9 y
\ ]
J i
\ L%
\ [
4 1
f |
\ 7
p ) -
1 , N
| i -8-2-1 10 x
Puec. 8

7 Y
ﬁ?
/4

2 o

9 y e

|. X|
y
7
4
L/
v
L/
Pue. 9

Kax crpourhk rpadurm takux $ymkomid? Crauaia HAZO TOCTPOHTH
napabony y = x? 1 B3ATE €& uacTe npH x < 0 (1eBan BeTBH NApabOILI,
puc. 8), 3aTeM HafO NOCTPOUTHL OPAMYIO ¥ = 2X 1 B3ATH e€ YacTh OPH
x > 0 (puc. 9). H nakoHen, Haxo obe BhIJeAeHHbBIe YACTH OOBEANHATD
Ha OJHOM pHUCYHKe, T. €. IOCTPOHUTH HA OAHOH KOOPAUHATHOH IJIOCKO-
cth (puc. 10).

Tenephb Hala 3ajaua COCTOUT B CAEAYIOMEM: [TOTIOJIHUTD 3A16C U3Y-

vyeHHBIX QyHEKIHHA. B peanbHoit :KM3HN BCTPEYAIOTCS MPOMECCHI, ONTUCHI-
RaEMBIe PDA3THYHLIMM MATEMATHUYECKMMH MOJeNAMH BUAa ¥ = f(x),
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HE TONMBKO TEMH, YTO MBI OEPeYHC-
Jaunu seime. B sToM maparpage Mu

paccMoTpHM GYHKIMIO I = J;
Jna mocTpoeHua rpadpuka Pynk-
IAH Y = J; O8IUM, KaK o0BIYHO, HE-
3aBHCHMON NMepeMeHHoOH X HECKOMB-
KO KOHKPeTHHIX 3HaAYeHM (HeoTpH-
WATeNbHBIX, HOCKOABKY OpH x < 0

BBIDAJKEHHE /X HE HMEeT CMBICJA)
¥ BBIMUCNHMM COOTBETCTBYIOMIME 3HA-
YeHUA 3ABHMCHMOH NepeMeHHOH V.
PazyMeerca, Mmm SypeM gaBaTh X
TaKHe 3HaYeHWdA, AAA KOTOPHIX H3-
BECTHO TOYHOe 3HAUEHHE KBaApaT-
HOTro KOpHA:



2. | ®YHKUMS y = Jx. CBOMCTBA KBAIIPATHOO KOPHS

ecin x =0, -roy=\/6=0;

ecim x =1, myﬂﬁ=1;

ecau x = 4, TOY = 4 =2;

ecau x = 6,26, To ¥ = /6,25 = 2,5;

ecanx =19, Toy=,J9 =3.

Hrax, Mu cocraBHan Tabauny ssadeHnlt dyRrmmun:
x 0 1 4 6,25 9
y 0 1 2 2,5 3

IMocTpoun Balifenurte Touku (0; 0), (1; 1), (4; 2), (6,25; 2,5), (9; 3)
HA KOOPAMHATHOM NNocKocTH (puc. 11, a). OHM pacmonarawrIca HA
HEKOTOpo#l JNMENH, HadepTuM eé (puc, 11, 6). Iloayuymnn rpadux
JYEROEHN i = J; OfpatuTe BHUMaEHE: TPabHR KACGEMCR OCU ¥ B
rouxre (0; 0). 3ameTum, uro, Mes mabion napaBons y = x*, MoxHO
Ge3 TpPyAa ¢ ero NOMOIUbIO OCTPOUTSH rpadrK QYyHKOUK y = J;, BeAbL
5TO — BeTBb TOH sKe mapaGonel, TOMLKO OPUEHTAPOBAHHAH He BBEDX,
a BapaBo (x = y¥).

Croiicrsa Qymamu y = [x

1. O6racme onpederernun Qynicyuu — aye [0; +00), O6eraa0 06-
nacTh onpeaenennd Gyaxrmun y = f(x) obosHauaior D(f) (BepoaTHo, 210
obo3HaYeHHe MPOUCXORUT OT JaTHHCKOro definitia — onpenenenue).

K E)
L. *— -3 _;J/:G —_——
—2- 2’5 'y _2 u#
1 1
o .
ol 1 4 6"25 9 ¥ of 4 9%
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Ecan obnacre onpeaenenna byHkuun y = f(x), rae f(x) — aare6-
pauyecKoe BHpa:KeHHME, B YCJOBUM He YKasaHa, TO IIOpA3YMEBAIOT
ecTmecmeerny0 0baacmsy onpedeacrus, T. €. MEOIKECTBO BCeX 3HAUe-
Hu#t x, IpH KOTOPHIX BrIpakeHUe f(x) nmMeeT cMuica. HMeHHO TAK 1
obcTouT meno B paccMaTpuBaeMoM cayuae: D(f) = [0; +00).

2.y=0npux=0; y > 0 npu x > 0,

3. Pynryun eospacmaem xa ayue [0; +o0), HamoMHuM, yTO B KypCe
aareOpsl 7-Tro Kaacca MBI XOrOBOPHJIHCH HA3KIBATE GYHKIHIO, rpadur
KOTOpOH Ha pacCMATPHBAEMOM IIPOMEXKYTKe HAST CJIeBa HAMPABO KaK
6L «B TOPKY», go3pacmaioweil, a Gynxknuio, rpadux KoTOopod Ha
paccMATPUBAEMOM NMPOMEKYTKe HAET CJeBa HANPABRO Kak Om <nmof
ropry», yOvisaoueii. Bojee TOYHO MOKHO CKAa3aTh Tak: GYHKIOHIO
¥ = [(x) HaspIBalOT @03pacmaiowelt Ha npomexcymxe X, ecliu Ha ITOM
NpoMexRyTKe 60Nb1IeMy 3HAYEHUIO APTYMEHTA COOTBETCTBYET OoMbillee
sHadyeHMe QyHKOWH; OYHKUIHIO ¥ = f(x) HASHBAKWT yOueaued Ha
npomexcymxe X, ecjM HA 3TOM OPOMEKYTKe GoablleMy 3HAYEHMIO
ApPryMEHTA COOTBETCTBYET MeHbINee 3HaUeHHe PyHKIIHU,

To, 4TO CKA3aHO BHIINE, 3TO, YCJIOBHO IOBOPH, HAIJIAZHO-HHTY-
HTHBHOEe H palouee HpeACTABJICHHE O BOSPACTAHHH HJIM YOBIBAHWH
byurnun. Jagum Tounoe onpeaenenue.

Onpedenenue. PyHKOHIO ¥ = f(x) Ha3pIBAIOT Bo3pacTarome (yOoi-
Balomeit) Ha npomexyTke X C D(f), eciu H3 HepaBEeHCTBA X; < X,
rme xy, X; — JA0bne TOYKH H3 NPOMeKYTKA X, CNeAyeT HePaBeHCTRO
fxy) < f(x2) (f(x)) > f(x2)).

BoapacTramomiue 1 yObBaionue yHKNHH o0BefuAAIT O0LIHM
TepMHHOM MOHOTOHHBbIe (DYHKIHH.

Hoxaxem, uto GyHKINA I = J; BO3pacTaeT Ha ayue [0; +0c0).
Iyers 0 < x, < x,. JoxameM, 4To \/x_, < ,}xz. IMpeanonoxum

2 2

OPOTUBHOE, 4TO ,}xl 2 \/x_z Toraa (,}xl) 2 (\/x_g) » T €. X2 X3,
YTO NPOTUBOPEUHT YCHOBHIO. 3HAUNAT, HANIE IPE/MON0KEeHue HEBEPHO,
a BeDHO HEPABEHCTBO ,/xl < Jx_z .

Hrak, n3 0 < x;, < X, caegyer, 4TO Jxl < ,}xz. 510 3HAYHT, UTO
y= J; — Bo3pacraomasn GyHKIma.

4. Yeume = 0 (ROCTUTAETCH NPU X = 0), Y,.0¢ HE cymecTBYeT. Hanom-
HHM, 4TO Y,,,, — 9TO HaMMeHblIee 3HAUeHHe QYHKIHH, & Y, . — HAN-
Gosbimee 3HadYeHMe PYHKIMHM HA 3aAaHHOM IIPOMEKYTKe; eCJIH IPO-

MEKYTOK He YKA38H, TO Vyuny M Vauwys — COOTBETCTBEHHO HaMMeHBINIEE
H HauGosblIee sHAYCHNA QYHKUMH B 00IacTH ONpefieIeHUA.
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TTO9eMY Yy HE CYIIECTBYET? 7 I
IIpeanonockBM, 9TO €CTh Yyuus» T €. ' S
BCe 3HAYeHHA PYHKIHHA He NpeBoc- ﬁ
XOAAT e€é 3HAYCHUSA B HEeKOTOpPOH }3-
TouKe x,. Ho 3T0 HeBepHO, MOCKONL-

KY HOCTATOYHO B3ATH X; = X; H B

/
CHJIY BO3pacTAHHA QYHKOHH 3aMe- I

B, aT0 \JXz > 2. 1

5.y = Jx — uenpepwenas ol i %
@ynwyus, HanoMAEHM, ¥TO BTOT

TePMHAH MEI pacCMATPHBAEM IOKAa
KAK CHHOHHM IPelJOXeHHA «Tpa- Pre. 12

brKk PYHKOHA €CTh CILIOIIHAA JIHU-

HHASA, KOTOPYIO MOXXHO HAYEPTHTH, He OTPEIBAA KapaHAama oT GyMmarns.
B crapmmx xiaaccax 6yger AaHO TOUHOS MATEMATHICCKOS UCTONXKOBA-
HHe NOHATHS HeNPepMBHOCTH (GYHKIHH, He ONHPAKINEecA HA Ireo-
METPHUYECKYI0 HILTIOCTPALEIO.

A Tenepp ofpaTHM BHEMAHHEe HA OJHO JMIOG0OETHOE 08CTOATRNB-
¢TB0. PaceMoTpUM ABe QYHKLOUHN: ¥ = J; (eé rpadux H3obpakén Ba
puc.11, 6) u y = x%, rae x > O (eé rpadux mao6paxkér Ha puc.12).
MK TOABKO YTO HmepedYHCAMAN TATHh CBOMcTB Ana meproit PyHKIMNM,
Ho aGcoaloTHCO TeMH e cBolicTBamMm obaagaer m BTOopaa QyEKOHA.
CnomecHble <«OOPTPETH®» ABYX DA3INYHHX PYHKOM OAMHAKOBHL.
MaTeMATHKE He CMOIJIM BEIHECTH TAKONH HeCHpPABeANHBOCTH, KOrja
pasHBe PYHKOMM, AMEINe pasHuie rpabukn, cIOBeCHO OIMCHBA-
0TCA 0ANHAKO0BO. OHM 00HADY)XHJIN NPUHOUIOHAALHEE DASIHYAS B
xXapakTepe rpadukon, sameTns, uTo rpadpuK GyEKOME ¥ = J; ofpa-
MEH GLNYKAOCMbI 86€pX, TOrga Kak rpaduk GyExnmn y = x2, rae
x 2 0, ofpamén ennyxiocmsvro 8ru3.

OBLIYHO TOBODAT, UTO PYHKYLA GLINYKAL 6HU3, €CAHA, COSKAHUB
Jobsie ABe TOYKH eé rpaduKa OTPE3KOM IPAMOM, o0HAPYXHBAKT, UTO
COOTBETCTBYIOINAA YACTh rpadMKa JIEHNT Hude IPOBEASHHOTO OTPEIKa
(puc. 13, a); pynxyus ewnyxaa ssepx, ecli, COBTUHUB Al0Gbie ABe
TOYKH €€ rpadHKa oTpe3KoM npamoil, oSHADYMHABAIOT, YTO COOTBET-
CTBYIOLLIAA 9ACTH rpaduKa NexuT shilite NPOBSASHHOrO OTpPe3Ka (pHC.
13, 0).

dyaxkoaa y = f(x), rae f(x) = J;, OpUHEAMAET JKO0EIe HEOTPH-
naTenpHEle 3HAYeHHA. B camMom aene, kakoe Gm KOHKPeTHOe SHade-
BHe y » 0 HHM 3ajaTh, BCeras Halizérca Takoe X, YT0 BHNOAHAETCS

[N

uY
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7 77 Y

uy

Puc. 13

paBeHCTBO f(x) =y, T. €. \Jx = ¥, AJNA ATOr0 AOCTATOYHO IIOJIOMHTDH
x = y?. MHOKeCTBO BCeX 3HAYEHNH QyHKIMY ¥ = f(X) HA3LIBAIOT OOLIY-
HO 002acmbio 3navenuil pynxyuu u obosnavarwom E(f). qaa dyaxkoun

y= J; obnacTeio 3Havenmit aBnsgerca ayua [0; +o0), Dro xopomo
yuTaerca no rpadbuky eyaxkouu {(puc. 11, 6). Ecnu cnpoenupoBaTs
rpadpuK Ha OCh J, KaKk pas U moayautcd ayy [0; +o0),

IIpumep 1. Haitth EanMerpIee 1 Eanbonbmee sHaueHNA DyHK-
UM Y = J; Ha oTpeske: a) [0; 4]; 6) [1; 5].

Pemernne. a) llocrpoumM rpadbur dbyuxouu y = J; H BHAETHM
€ro 9acTb Ha orpeske [0; 4] (puc. 14). 3aMeuaeM, 4TO Y., = 0 (gocTHEra-
ercs npH x = 0), a Y. = 2 (AocTHTAETCA IIpH X = 4),

3aMeTHM, YTO MOXKHO (HIJIO H He OIHPATHECA HA Ipadhuueckyio ui-
A0CTpann®: GYHRIHA i = J; BoapacraeT Ha [0; 4], sravwuT, Y., =0
(rocturaercd npa X = 0), Y. = 2 (RocTHraeTCA NpU X = 4).

6) INocTponm rpadbuk GyHKNUN ¥ = /X H BHAENAM €ro 9acTh Ha
orpeake [1; 6] (puc. 15). 3ameuaeM, 9TO Y, = 1 (HocTHraETCA MpPH
x=1), & Ypars = JE (mocraraerca npu x = 5).

OTBET: 8) Yuuuw = 0 Yoaas = 25 6) Yuau = 15 Yuums = /6

IIpamep 2. PemnTts ypasHeHHe J_ =6 - x,

Pemenue, B yuebunke «Anrefpa—T7» MBI BHPaGOTATH AJTODUTM

rpadHIecKOro pemieHHA YpaBHEHU, HAIOMHHM €r0.
Yrobul rpaduyecKy peloMTh ypasEeHME f(Xx) = g(x), HY:RHO:
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E) E!

| L Jnais = JE"";W -

1Y
=Y

Prc. 14 Pre. 15

1) paccMoTpeTs ABe PyHKOMH y = f(x) B y = &(x);

2) nocrponts rpadux byaxouu y = f(x);

3) nocTpouTh rpadnux GyEKmHE ¥ = g(x);

4) HAlTH TOYKH IepeceYeHUA NOCTPOSHHRIX rpadmKoB; abcnmcesl
3THX TOYEHK — KODHH ypaBHeHHusa f(x) = £(x).

IIpuMeRAM TOT ANTOPHTM K 33JAHHOMY YPABHEHHIO.

1) PaccMOTPHM JBe GYHRIMM y = J; ay=6-ux.

2) IocTpony rpadux dpyaxmun y = Jx (puc. 16).

3) IlocTpoum rpadux mupelinoii dpyaxuun ¥ = 6 — x. 9ro — npa-
Mafg, KOTODYIO MOMHO NOCTPOHTH Io AByM Touram (0; 6) u (6; 0).
IIpamaa nsofpaxkena Ha ToM xe deprexe (puc. 16).

4) Ilo uepTexxy yCTAHABAHWBAEM, YTO MPaHKH IIEPECEKAIOTCS B
ogaoit Touke A(4; 2). Tax nu sro Ha caMom pese? IlpoBepumM: ma-
pa(4; 2) yA0BAeTBOPAET H YDABHEHUIO 7
= J;, u ypaBHeHHIO § = 6 — x. 310
BHAYUT, YTO TouKa (4; 2) Ha camom [6
HeJie CJYAHT TOYKON IepecedyeHns O

HOCTPOERHHX rpaduxon. 3axannoe S
YPaBHEHNe HMeeT OAMH KOPeHb 4 —
aTo abcmucca TOUKM A. o

OTrpert: 4. "
4

\
\

%
L
)
rry

=Y

3amevwanue. Obpatum BHU- [
MaHUe HA OAMH TOHKHI MOMeHT, I '
CBH3AHHBIA ¢ rpAQHICCKHIM METOAOM
pemieENs ypaBHeRM#. M ofHapy- Prc. 16
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2. || ovHKUMS y = Vx. CBOMCTBA KBADPATHOTO KOPHS

JKUIM, 4To rpabmku byHRUML y = J; 7 y = 6 — x nepecexaiorca B TOU-
ke (4; 2), n, poBepaACh YePTEXKY, 00BABUIU, YTO ITO ~— €AUHCTBEHHAA
ofuiaa TOUKA rpadHKOB, A MOTOMY YpaBHeHHe MMeeT eAMHCTBEeHHbII
KopeHsb x = 4. Ho, kax ropopurcd, goepsii, Ho npoBepsait. Ha camMoM
Jesie Hago OBLIO CTPOro XOKA3aTh 663 MOMOIIM JepTeXa, UYTo APYTHAX TO-
9eK nepecedennd y rpaduxop Her. Hanpumep, tax, ®ynkund y = J;
BO3pacTaeT, 3HAYUT, ecau X > 4, To 3HayeHUA GyHKIUH Oonbme 2, a
ecaH x < 4, TO 3HAYNeHUA PYHKIWH MeHbIne 2. DyHKIINA xe y =6 — x
yOniBaeT, 3HAYMT, €CiIH X > 4, TO 3HAYEeHUA DYHKUNK MeHbIIe 2, & ecn
x < 4, 1o 3Hayenuna pyHKuuu Goapme 2. TakuM obpasoM, B TOUKe,
OTAMYHOM OT ToukH (4; 2), rpadUKH NepeceybCcs He MOTYT.

IIpamep 3. IloctporTs ¥ npouynTaTs rpaduk GyHRINY y = —\/_ .

Pemenwme. B kypce anre6pnl 7-ro kaacca MEl TOBOPHJIH O TOM,
uro rpabnx dyeExknun y = —f(x) noayuaerca B3 rpadbura GyHKIMHA
¥ = f(x) ¢ noMompI0 NpeobpasoBaHNA CHMMETPHH OTHOCUTENBLHO OCH X.
Bocnonn3oBaBITHCE 3THM, TIOCTPOUM rpahuk QYHKIMK y = ,/; H oT0b-
pasuM ero CHMMeTPHYHO OTHOCHTEJIBLHO ocH X (puc. 17). Oro u Gyaer
rpapuK GyHKUMK ¥ = —fx.

Ilepeuncaum cBoiicTa GyHKIHA Y = -J; (oo rpaduky):

1. Obnacts onpegenenna byaruun — ayyq [0; +oo),
2.y=0ogpux=0; y <0 npu x > 0.
3. PyHkuua yorisaer Ha ayue [0; +o0).

4. Youus = 0 (BocTHTAETCH TDH
7k ; x = 0), Y2 HE CYIIECTBYET.
H 5. OyHKUEA HEeNnpepEIBHA Ha
¥ ayuge [0; +00),
5(3: +, - 6. O6nacTs sHAYEHHUIt QYHKIIAN —
= ayu (—oo; 0].
7. ®yHRUAA BEINYKJAA BHN3., B

e

|
ol =
Y

IIpumep 4. llocTpouts rpa-
tbux dyaxuun y = f(x), rae

f(x)___{\f;,emmOéxéll;

6 —x,ecrud < x <8,

/
y
[ =4

PemeHnue. Peup uaér o no-
Pne. 17 CTPOEHHH rpadpHEa KycouHoH GyHK-
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®YHKUMSA y = Jx. CBOMCTBA KBAOPATHOIO KOPHS

7R 7
L6 5\L
AN
!ﬁ‘r’c = Al
- T -1 “
—2 -t 2 \
(4] 4 ] 0 4 3';
|9
- N
Pre. 18 Pmc. 19

I¥K, T. €. QYHKIHUEK, 3agaHHON DASHHIMH GOpMYyJIaAMH Ha PA3HHIX
OpOMEXYTKaX 00JacTH onpefencHuda. B Hauame nmaparpada MH Ha-
[IOMHMIH, K&K CTPOATE rpaduxky noaobHuX dyakiuii. Cravara HAKO
IOCTPOKUTH rpaduK QyRKINN Y = J; YA
(Bersnr mMapafonnl) H BLIEJIMTH €ro
uacTh BHa oTpeske [0; 4] (puc. 18).
3aTeM IOCTPOHTb pAMy®W y =6 —x T2
¥ BBIAENYUTH €€ YaCTh HA TONYHHTED-
Baye (4; 8] (pme. 19). A makonen, o
#ano ofe BRIJieNIeNHEIe YacTH B3o6pa-
S3HTh B OAHON CHCTEMe KOOpAHHAT —
aTo H Gyaer Tpebyemutit rpadmx Ky-
couno#t bynxunnm (pac. 20). N Puc. 20

Bonpoch! ANR CAMONPOBEPKK
1. KaxoBa o6nacTs onpeAeneEna QYHKIUH ¥ = Jx?
2. Kaxosa o6nacTs snavenuit dynknun y = Jx?
3. Coopmynnpyiite onpeaenerne sospacrammeil GyHKIam.
4, CohopuynupyiiTe onpegenenue ybupaomed GyHKOUN.

5. fIenAerca au GyEKIMA ¥y = Jx Bogpacralomeif; yorpalomen;
MOHOTOHHOI; HEMOHOTOHHON?

6. Kax mo rpapuky ¢yHKIMH YCTAHOBUTD, ABAAETCH JH OHA BH-
oyxnoll BBepx? BHNYRIOH BEHS?

&3



2. BYHKLMSA y = /x. CBOMCTBA KBALPATHOTO KOPHS

7. Kax pacnono:xeHnn Apyr oTHOCUTEbHO Apyra rpabukn dyarmuil

y=x4,x>0,n y=Jx?

8. Kak pacnonio;xeHs ApYr OTHOCHTENbHO Apyra rpabuxn dyarmuit
¥ = Ji = y= —~Jx?

9. lpuaymaliTe KYCOUHYIO HenpephlBAYIO byHKNIMIO, rpadHuK KO-
TOPOH COCTOUT M3 YaCTH rpaduka dyHKHUM ¥ = v X H Jyda rpadpukxa
nunelsol pyukumm, Sagaiite eé rpadpHyUecKH U aHAAUTHUECKU (C
noMOoILOBK GOPMYI).

§13. CBOMCTBA KBAAPATHOIO KOPHS

B aToit r1aBe BBefleHA HOBAA ONEpamus — H3BJICYCHHE
KBaApPATHOrO KOPHS U3 HeoTpUHATeJbHOro yncaa. Yrobsl ycoemno eé
UCIONABE30BATH, HYAHO OSHAKOMHTBECA CO CBOHCTBAMH 3T0# omepamuu,
4YTO MEl U cAenaeM B HacTodAleM naparpade.

Teopema 1. Keadpamnwid xopensv us npoussedenus deyx ne-
OMPUYAMENRLHUX YUCER PAsEH NPOUISeDeRUI0 Keadpambix Kopred

e aImux gucen:
Jab =a - Jb.

JorkasareascTBo. Ilo ocnpejeneHUI0 KBAAPATHOTO KOPHA
Jab — o Takoe HEOTPHUATEIbHOE YUCA0, KOTOPOE IPU BO3BEAEHNNU
B KBAAPAT Ja€T NOAKOpPEeHHOe BHIpaXkeHne, T, ¢, ab. PaccMorpum vueno
JE . \/I; 3ameuaeM, BO-IEPBBIX, UTO OHO HeoTpuHnarearHo. Ob6pamiaemM
BHUMAHHE, BO-BTOPLIX, HA TO, UTO IIpH BO3BEJeHHH er0 B KBAApAaT
noayuntca ab. B caMoMm zene,

(Va - ) = (Va)' . (v)' = ab.

Hrar, uucno JE . '\/5 VAORJETBOPSAET 000MM YCJIOBHAM ONpeaesie-
HHUA KBAADPATHOrC KOpHA H3 ducaa ab, CaegoparennbHo,

Jab = Ja - b,

Jamevanue 1. TeopeMa OCTAETCA COPABEANHUBOHR M AAA CXy-
uaf, KOTAA MOAKOPEHHOE BHIPpAXKEHME NpeacTaBaseT coboit mpounabe-
BeHHe Golee 9eM ABYX HEOTPHIUATEJNBHBIX MHOMKHUTeNeH.

3amevanue 2. Teopemy 1l MOXKHO CHOPMYIUPOBATE, UCTIOND-
8y KOHCTPYKIHMIO ¢€CJH... TO» (KAK 9TO NPUHATO XA TEOPEM B MaTe-
maTtuke). IlpuseaéM coorBeTeTBYIOINYIO QOPMYMNPOBRY: ¢ecau a u b —

&



2. || ovHKuMA y = Jx. CBOMCTBA KBAAPATHOFO KOPHS

HeoOmpuyameabEble YUCAR, MO CNPa6edAUE) PABERCIE) Jab=va - \Jb.
Caenymoliyio TeopeMy MBI HMEHHO TaK ¥ odopMunm,

Teopema 2. Ecau a > 0, b > 0, mo cnpasednuso pasencmeo

(xpaTKadg GOPMyAHPOBKA, KOTOPYID YAoOHee HCOONL3OBATH HA HPaK-
THKe: KOpeRrb u3 Opobu paeer dpodu om KopHeil BN KOpeKd u3 wacm-
HO020 paBEH LACMHOMY OM KopHeil).

JJoKa3aTeAbCTBO, AHAJOTHIHOS AOKA3ATEJALCTBY TeopeMH 1, mo-
npofyiiTe BHIOOIHATE CAMOCTOATENRHO.

Samevanue 3. OOparuTe BHHMaHUE, YTO B TeopeMax 1 m 2
TFOBOPHTCA TOABLKO 00 YMHOMKEHMH 1 AeJeHUH KopHeii, AHANOTHYHO-
ro cBoliCcTBA, OTHOCALIEIOCA K CJA0MKEHHIO ¥ BHIYATAHHIO KBAADATHHX
xopaelt, Het. Ecina > 0u b >0, 1o Jva + b # Ja + Vb. Hanpumep,
V16 + 9 # V18 + V9. B camom neme, Y16 + 9 = 5, Toraa Kak

Jl_ﬁ+J§=4+3=7.B§31Mmp.oxameu,qmecnna>0nb>0,

ro Ja + b < va + Jb.

Hpumep L. Braucauts /36 - 64 - 9.
Pemenue. BocoosnraopaBmucek NEPBHM CBOHCTEOM KBAAPATHHIX
KOpHeii (Teopema 1), moayanm:

V36 .64 -9 =36 -v64-V9 =6.-8-3=144. ®m

Jamevanue 4. KoHeuHO, 3TOT IpUMED MOXHO PeUINThL HO-
JDYTroMy, 0cO0eHHO €CAM Yy Bac Nmoj PYKOll MHKDOKRAALKYNATOP: Ie-
PeMHOXHATL Unucaa 36, 64, 9, a saTeM H3BACYL KBAADATHEIN KODeHE
H3 MOJy9eHHOro nponaseieEnsa. OAHAKO, COTVIACHTECH, IDEAJIOKEHHOE
Bhillle pelllcHHe BHIVIAANUT HoJee H3AUIHO.

Mpumep 2. Buuucants 10%.
Pemenue. O6paTHM cMemaHBOe YUCHO 10% B HEODABUJEHYK)
Apobhb: 10% =10+ T% = % Bocoonp30BaBIIHCH BTOPEIM CBOMCTBOM

KBaJPATHRIX KOpHeif (TeopeMa 2), mOJyInM:
fies . %169 _18 _g1
16 16 4 34' "
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2. || oyHKUMS y = Jx. CBOMCTBA KBALPATHOTO KOPHS

P ———

Mpumep 3. Buumennrs 372 — 122,

Pemenmne.
IlepBhiii cnocof. HocaemoBaTeNBHO HAXOAUM:
37% = 1369,
122 = 144,
372 - 12% = 1369 ~ 144 = 1225, /1225 = 35.
oif ¢cmo

37% - 122 = (37 - 12)(87 + 12) = 25 - 49,
J25 .40 = /25 .49 =5.7=35. m

3amevanue 5 IIpn nepom cnocobe MBI IPOBOAMIIN BHIYUC:
JleHnd «B J06». Bropoit cnocof usamEee: Ml NpUMeRHJIH bopmyny
a’ - b = (a — b)(a@ + b) 4 BOCHIONB30OBANMCE CBOMCTEOM KBAXDPATHHIX
KopHe#H.

IIpamep 4. BeluncianTe:
a) V24 - J6;  6) V24 : V6.

Pemenue, JIwbaa popmyna B anrefpe HCIOAB3YETCA He TOJNb-
KO cIipaBa HAJIEBO, HO M cjJieBa HanmpaBo. Tak, mepBoe CBOHCTBO

KBAAPATHRIX KOpHeM o3HayaeT, 94To +Jab B cayuae HeobxoaumocTu
MOKHO OpeJICTABNTH B BHE Ja- 'Jg, H obpaTHoO, uTO Ja .o moxmo
3aMEHHTH BEIpasKeHueM Jab. To me orHocHTCH 1 KO BTOPOMY CBOMCTBY
KBaJIPATHBIX KOpHeH. YUNTREIBAA 9TO, PEINMM OpeAI0)KeHHEIH OTpaMeD.

a) V24 -6 = 24 . 6 = V144 =12;
5)J2_4:J6=J%=JZ=2. =

3aBepnias naparpadg, oTMeTHM elé OfHO JOCTATOYHO IIPOCTOE U B
TO JKe BpeMa Ba)XHOe CBOcTEO:

ecay a » 0 u n — Ramypanrvroe wucno, mo

JF=a".

HaupumMep,
Ja® =a®, va*® =amr 1. 5.

&6



2. H DYHKLMSA y = x. CBOMCTBA KBAAPATHOTO KOPHS

IlpaMep 5. Buuncaurs /7056, He HCHOAB3YS TaGAMIY KBajA-
PATOB YHCEN H MUKPOKANBKYJIATOP.

Pemenue. Pa3oxKuM DOZKOPEHHOE YHMCJAO HA NPOCThie MHO-
RETEIN:

7056
3528
1764
882
441
147
49

7

1

Buaunt, 7056 = 2*. 3% . 72, Torza
J7056 = 20 87 .77 = 2t . 3T .7 =2¢.3.7=84.
OTrpeT: J7056 =84,

-1 =1COGCMNDNIDNIN

Famenanue 6. IDTOT NpUMEp MOMKHO OBLIO PENINTEH TAK Ke,
HaK H aHANOTHYHEIH npiMep B § 8. HeTpyAHO AOraflaThCA, UTC B OTBETE
noayaaTca «80 ¢ XBocTHKOM», HocKOABKY 80F < 7056 < 907, Haitném
4XBOCTHK?, T. €. IIOC/EAHION LGPy uckomoro urcaa. [Ioka Mu 3naem,
YTO e€c/ii KOpPeHb M3BJICKAEeTCH, TO B OTBETE MOXKeT moaydurscsa 81,
82, 83, 84, 85, 86, 87, 88 mwim 89. IIposepHUTHr HAAO TOJBKO YMCAA
84 u B6, DOCKONBKY TONBKO OHHM IIPH BO3BEISHHMU B KBAJAPAT AaayT
B De3yAbTATE YeTHIPEX3HAYHOE YHCIAO, OKAHYHMBaIOIIcecs nagpoi 6,
T. €. Tol sxe nuPpoil, Koropoit okaruuBaerca yuciao 7056, Hmeem

84° = 7056 — ar0 TO, WTO Hy:xHO, CllefOBaTENBHO, V7056 = 84,

Bonpoci ANA CAMONPOBEPKM

1. BaxorunTe mpeayomenwe; «KpagpaTHHE KOPeH: M3 UPOU3-
BeIeHHA ABYX HEOTPHOATEALHBIX YHCE] PABEH ...». SANUIOHTE 5TO
YTBepaJieENe HA MATeMATHYECKOM A3HIKe.

2. 3axoHunNTe mpexnoxenne: «KopeHs B3 WACTHOrO pPABEH ...».
SanumuTe 2TO YTBEPXKACHHEe HA MATEMATUYECKOM H3LIKe.

3. Kakne M3 NpUBEAEAELIX HHKe COOTHODIeHnH, raea » 0, b > 0,
ABJAIOTCA BEPHLIMH PaBEHCTBAMMY, & KAKKe — HeT:

&7



2. || oYHKUMS y = Jx. CBOVCTBA KBAAPATHOIO KOPHS

a) va - Vb = Jab; I‘)\{%=%(b¢0);
6)JE+\/_=\/a+b; n)(JE)2=a;
B) Va - b = Ja - Vb; e)b=\/t_:-\/b_?

§ 14. NPEOEPA3OBAHME BbIPAYKEHMM,
COREPKALUMX ONEPALMIO
M3BNEYEHUS KBAJIPATHOTO KOPHS

Jlo ¢cMX mop ME ¢ BaMH BHNOOJHAAH NpeolpazoBaHUsA
TOJBKO DAIMMOHAJMBHLIX BHIDAKeHHH, HCIOJB3YA A HTOro MpaBHIa
AeiicTBMIT Hax MEOTOYUNeHaMH N anrebpanuecknmu Apobamu, dopmy-
JIhl COKPAIEHHOTO YMHOXeHNA B Op. B a10ii r1aBe MBI BBeJIN HOBYIO
onepanui0 — ONepamnio H3BJedeAN KBAAPATHOIO KOPHA H3 HEOTpH-
LATeJBHOrO YMCAA; MBI YCTAHOBHJIN, YTO

(Va)’ =a:
Jab = Ja - JB;

J_ J_(b>0),

J_' -

Henonkaysa ate GOPMYAB, MOMXHO BLIIOJHATHL PAsJUYHHE IOpe-
o0pasoBaHuA BHIpaskeHUt, cojep’RaIIHX ONEPANNIO N3BJICUCHHSA
KBaApPATHOrO KOpH#A. PaccMOTpMM HECKOJbLKO OPHMMEPOB, NPpUUEM BO
BCeX mpuMepax OymeM IpeAnoONaraTh, UTC NePeMeHHbie NPUHUMAWM
MOAbBKO HeOMpPUUAMeAbRble 3HAYCHUM.

IIpamep l. Yopocrars BEIpa:KeHHA:

204 . 18a*
a) Jab, 6) 0be "

PemeHue. a) Ja2b* = Ja? - Jb* = ab?;

6 16a* _ J16a* _ 4a?

Vo' Jeps B




2 || ®YHKUMSA y = Vx. CBOMCTBA KBAOPATHOrO KOPHA

IIpumMep 2. BHHECTH MHOMKHTEAL H3-NOK 3HAKA KBAXPATHOTO
KOpPHS:

a) VBla;  6) 32a%;  B) V9aTP5.

Pemenne.a)JE:J_S_l-J_=9\E:

6) V32a* = 16 4 -2 = V16 - Ju? - 2 = 4a+2;

) VOB = J0.a5 - a b b = \B-Va® g Jbi-\b =
= 3a°*Jab. ®

IIpamep 3. BHecTH MHOMHTENS IOA 3HAK KBAAPATHOTO KOPHA:
3avb
22; 6 .
X ) s

]

Pemenne.a)2s/§=ﬁ»\/§= 4.2 =+8;

Savt _ oa® - b _ [9a® b _
6’%' B Vs -

IIpamep 4. Bunoaunrs geltcTBus:

2) (Va + B) (Va - B 6 (Va +B).
Pemenrnmne. a) Ilycrs J5=x, J_ = y. Torpa

(Va + o) (Va - Vo) = (x + )z - ) = 2* - 4.
Ho x* = a, y* = b, 3uaunr, (JE+J5)(JE—J5)=a—b.

Ha caMOM fiesie HOBLIE IepeMeHHbIe X ¥ ¥ MOXKHO OLIJIO K He BBO-
JAUTE, TOTAA 3aNIHCH pemieHHS OyneT Kopode:

(Va + V) (Va - vb) = (a) - (V&) = a - &.
6) (Va+ o) =(Va) +2va- b + (o) —a +2Jab +b. w

NDpamep 5. PasznoXuTh Ha MHOMKHTENN:
a)da-4Jab +b;  6) xJx + 1.

Pemenne,

a)4a - 4Jab + b= (2Va) - 2-2Ja- Vo + (Vo) .

g
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2. DYHKUMS y = vx. CBOMCTBA KBAOPATHOIO KOPHS

3aMeTHM, uTO 3T0O — KBAAPAT PASHOCTH BHIPAMKEHMI 2Ja = JE
CaenoBaresbHO,

da - 4Jab + b= (2Ja - b) .
6) xx +1=(Vx) - +1={x) + 12

OcTaérca JHINb BCIIOMHUTL (POPMYJAY PA3IOMEeHHUA CYMMHB Ky6oB
Ha MHOXXHUTeNH:

a® + b® = (a + b){a® - ab + b).
3aech B pOJH @ BHICTYIIAET J_ a B poaH b — yncao 1. Iloxyuaem:

(Vo) + 1= (Jr +1) (V=) - vz -1+ 12) =
-(x+1)( -J§+1). ]
IIpamep 8. YUpoCcTHTH BRIpAXKeHHEe

aa+3f8 (/o - B).
(Va - V) +vaa

Pemenue. BrunonauM mociaesoBaTeNbHEE npeobpaszopanng:
1) ava + 348 = (Va)' + (vB) -
- (Va + ) {(Va)" - Vo -8 + (B)') -
= (Va +8)(a - Ve +3);
2) (Va - v3)' + \Ba = ((Va) -2z - V3 + {+8)) +
=a-2J3a +3+3a =a-+3a +3

(MH DpHBesH DoaobHBIe WIeHBI: —-2\/3_1.1 + J3_a = —J3_a );

3) (Ya +a{)gf +3) = Ja + 8 (coxparuam Apo6b Ha

- J:E + 3, T. e. Ha o0IHHi MHOKHTEIL YUCIUTENA ¥ 3HAMEHATE A
Apobu);
4) (Va + V3)Va - v3) =(va) - (v8)' =a - 3.

Hrax, 4 a+23J§ (JE - Jg) =a-—-3.
(Va - 8] +Ba

7e



2. " PYHKUMSA y = Vx. CBOVICTBA KBAPATHOTO KOPHSI

BuisicHuM, KaKOoBa 3AeCh OGJACTE AONYCTHMBIX 3HAUYeHHM mepe-
MeHHOH 4. Bo-nepBHIX, 3aMeTHM, YTO AO/KHO BEIIOAHATHCA YCAOBHE

a » 0, NOCKOABKY B ZXeBo#l yacTH ToxKAecTBa GHUrypHpYeT JE.

2
Bo-BTOpRIX, AOMMKHO BLITOIHATLCH YCIOBHE (J— - J§) + 8a # 0,
TIOCKOJbKY B JIEBOM YACTH TOMAECTBA COOTBETCTBYNIOINEe BhIpaXKeHHe
HAXOANMTCA B 3HaMeHartene fipobu, 9To yCNoBHe BHIOAHACTCA, TAK KAK

2
(J_ - J§) + /86 — cyMMa ABYX HEOTDHUATENBLHHX BRIpAKeHHIl,
KOTOphle OAHOBPEMEHHO B HYAR He ofpaniaiorcd. 3HaYHT, 9TA CYMMA
NONOMHATEAbHEA, T. €. OTJHYHA oT Hyada. Takum o6pasoM, JoKa3aHHOE
TOMAECTBO cupaBeaInBo npu a » 0. B

IIpumep 7. IlpeoGpa3oRath 3afaHHOE anrebpaudecKoe BRIpA-
SKeHHe K TAKOMY BHAY, YT00H 3HaMeHATEAb ApobU He COASPIKAT 3HAKOB
KBaJPATHELIX KOpHei:

a) ;6 =Ll

2 B -2
Pemenue. B ofonx cayuasax BOCOONL3YeMCs TeM, UTO 3HAYe-
HUe Zpofu He H3MEHATCH, €CJIH e8 YHACAHTENb N 3HAMEHATEeNb OXHO-
BEPEMEHHO YMHOKHTE Ha OJHO B TO e OTJIMYHOE OT HYNA YNCA0 WK

BHIpAYKEHHE.
a) YMHOKHUM YHCIHTeNs H 3HaAMeHaTe s apofu Ha V2
1142 _ 2 _ 2
R (g2
6) YMHOMHM YHCJIHTEIb X 3HAMEHATENb ApoGu Ha J3 + J2:
1 = 1. (V3 + v2) - J§+J§__=
B-  (B-B)B+v2)  (v3) - (v2)

- BB

Ecau 3raMeHaTeab anrefpaudeckoil spobu cofepXUT 3HAK KBAJ-
PATHOTO KOPDHA, TO OOLIYHO F'OBOPAT, YTO B 3HAMeHamene codepxum-
R uppayuonaRerHocmy. IIpeofpasoBaHue BLIpaKeHHMA K TAKOMY BH-
Ay, 9To6Bl B 3HAMEHATE e Apo6H He OKA3AJNOCh 3HAKOB KBAAPATHHIX
KODHeit, HASHIBAIOT 0C6060XFeHUeCM OM UPPAUYUOHAALHOCMU & 3HA-
Menamene, JIBa OCHOBHBRIX NPHEMA OCBOGOMACHMA OT HPPAOHOHAL-
HOCTH B 3HAMEHATEJE MH KaK Pa3d M PAacCMOTPeJH B IpuUMepe T:

€cJIH 3HaMeHATeJIb HMeeT BHJ V&, TO YHCIATENE H DHAMEHATEN b

ApoOm caefyer YMHOMXXHTE HA JE;
7



2. " DYHKUMS vy = vx. CBOMCTBA KBAPATHOIO KOPHA

€CJH 3HaAMEeHaTeNb HMEeT BRI \/E = \/5 HJIHA \/E + \lb_, TO 9AC-
JATCAb H 3HAMEHAaTeNAb ,I[pOﬁH Ha0 VMHOMHTE COOTBETCTBCHHO Ha

\/E'F\/E HJIA Ha J——\lb_.

3aueM HYXHO YMeThb 0CBOGOMAATLCA OT HPPAIHMOHAJNLHOCTH B
snamenarene? Bo MHOPHX cayuagx 3To obaerdaer TOxAeCTBEHHBIE
npeofpasosanna anrefpaugeckux Bhipakennil, B uéMm MuI ceifuac u
ybeauMmca. IlonesHo aT0 M B OpHOAMMKEHHEIX BRIYMCACHHUAX, O UEM
MBI HOroBOpHM B § 32.

HOpumep 8. ¥YnpocTuTh BhIpaXkeHue
7. __2 ., __4
N N A A
Pemenne, BHOOAEUM NOCHEefOBATEALHEIE NIPe0fpA30OBAHMA:

T . W _ 11 .
bE=Fw- T -V
9y 2 ____2T+48) _ 247+ B)
T-F (- +¥6) () - (6)

2 B) 2T ) | 7y

3) 4 _ 4(\/--\15) - 4(‘/_ - V3) =
F+¥B " (B+BNB-vB) (&) - ()
S -V8) _ 4B -8 _ (5 - JB);

9T - (7 +5) +2(J5 -8) =
=T -7 -5 +245 —243 =5 — 243
Orser: V5 - 243,

Bonpocs! AnA CamMonpPoBepPKy

1. UsBectro, uTo a > 0. Bepno au, uro avbe = Jabe?
2. HsBectHo, uto a < 0. Bepro an, ato avbe = valbe?
3. HsBecTtHo, uTo ¢ < 0. BepHO JaH, 9TO avbe = —abe?

4. Coxparure Apobn H—
-z
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2. || OYHKUMS y = Jx. CBOMCTBA KBALPATHOrO KOPHS

5. Hro Takoe conpAXKEHHOE BHIPAKEHAE?

6. Kaxyio onepanuio Ha3uIBAIOT 0CBOOOXKASHAEM OT HPPALMOHAND-
HOCTH B 3HaMeHaTeje?

7. Onsa gero Ml H36aBageMcA OT MPPANMOHAILHOCTH B 3HAMEHA-
rese? dTo MBI AOMKHEI IIPY DTOM NOJYVIHTH?

8. Na6aBpTech OT HPPAOHOHAJNBHOCTH B 3HaAMeHaTeNe ApolM

3

4+

0

§15. Anroputm M3BREMEHMS
KBALPATHOTO KOPHS

KpaaparHbiif KOpeHs H3 TOJOKATENEHOIO YHUCAA, ABJIAIONNe-
T'OCA MOYHbLIM KEAOPAMoM, T. €. B3 YHCJIA BUAA i, MOXKHO BEIYHCIINTD
Ge3 Tabnun U He3 KaNsKyIATOpa. HMeeTcs: CPABHUTENLHO HeCIOKHbIH
ANTOPHUTM BHIYUCJISHUM, KOTOPEIE MBI B 9TOM maparpaje IoKaKeM Ha
ABYX NpHMepax.

IIpamep 1. BluncIHNTE \/138 384.

Pemernune. UYnucio 138384 pasobrém Ha rpamm. I'pans — s10
rpynna M3 gpyx uudp, HaUHEAA ¢ DWPPH eAHHMUI:

138384 = 13'83'84.

Himem namfonninee HaATYpaabHOE HUCIO, KBAXPAT KOTOPOTO He
IPeBOCXOANT 4Hcaa 13, cToamero B mepBo#l rpaHHU. ITHM UHCIOM
apngerca 3 (mockoapky 3% = 9 < 18, a 4% = 16 > 18). SanuckBaem
€ro B OTBET — 9TO NepBas Uudpa pesyAbTaTAa.

BoseoznM 3 B KBAADAT H Pe3yALTAT BHIUHTAEM H3 epBol I'paBH,
Honyuum 13 — 3% = 4. K naiienno#t pasHOCTH NPANHECEIBAEM CIPABA
BTOPYIO TPAHE H MOAydYaeM umciao 483.

YasaupaeM uMmelomylocs umdpy pesynsrara (monyuaem 6) u
NPUNHCHBaeM K NOJAyYeHHOMY UHCJIY cOpaBa TaKkyl uHaunGoasmyio

nadpy 8, yTobu mpoussesenne yucea 6a ' m g He npeBocxoauno 483.
B RaBEHEOM Cilyvae TAKHAM YHCIOM @ CAYRHT 7, DOCKOAbLKY 67 - 7 =
= 469 < 483, a 68 - 8 = 544 > 483. BanucwBaem uudpy 7 BeJex 3a
oadgpoii 3 B oTBeT — 2TO BTOpas DAPpa pesyabraTa. M3 umcia 483
ButuaTaeM 469 u nosyuaem 14. K sToMy YHCAy IDHINCBIBAEM CEPAaBA

* Banmcy 6a oamagaer OBYSHATHOE THCAO ¢ nudpamu 6 v a; samncs 74b
(cm. c. T4) osHagaer TPEXIHATHOE aucAo ¢ HHbpamu 7, 4, b,
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2. ®YHKUMS y = +x. CBOMCTBA KBALPATHOIO KOPHA

TPeThIO I'PaHb, NoayuaeMm 1484, MMelomeeca B pesyJabTaTe wHcao 37
YABAUBAEM H K IOJYYEHHOMY YHCAY T4 NpHOIMCHIBAEM COpaBa Ta-

Ky HauGonpmyro nudpy b, urobul npoussegenne auceyn 74b n b me
npesocxoguao 1484. B gannomM cayqae b = 2, Tak kak 742-2 = 1484.
3annceieaeM uudpy 2 B OTBET — 3TO TpeThA LHBpa pesyabrara. IJo-
ckonbky 1484 — 1484 = (0, usBneueHe KOPHA 3AKOHYEHO.

OO0rIuHO pacCMOTPEHHLIN afiTOPUTM 3ANMHMCHIBAIOT TAK:

V13’83’84 = 372
9

67 [ _a83
7 [ “469
742 | 1484
2| T1484
0

OrBerT: /138384 = 372,
INpumep 2. BLruucauTs J45 369.

Pemenne.
J4'53'69 = 213
4

A1 83
1| "4
423 1269
3| "1269
0

OrBeT: \}45369 = 218.

§16. mopynb OEACTBMTENLHOTO YMCHIA.
®YHKLMSA y = |x|

1. Mogyne aeHCYBUTENLHOTO YMCNA M €ro CBOMHCTEA

B Miagmnx KJaccax BHE yiKe BCTPEUAMHMCH ¢ NOHATHEM
Monyaa (nau abconoTHON BeJHYWHAI) YHCJA, TOAL3OBAIHUCH 060-
suayenueM |a|. Bw suaere, uto, Hanpumep, |5| = 5, |-3| = 3. IIpapga,
panblle peub MJA TOJBKO O PAMOHAJbHBIX uucaax. Temeps Hajgo
BBECTH NOHATHE MOAYAA A JN1I060ro geiicTBHTEeARHOrO YHCHA.
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2. Il DYHKLMA y = vx. CBOMCTBA KBAOPATHOTO KOPHS

Onpedenenue. MoayneM HeOTPRLATEALHOro AeHCTBHTEIHHOrO
YHCAA X HA3HBAIOT CAMO 3TO THMCHO: |X| = X; MOAyJeM OTPHIATENS-
HOT'O JeHCTBATEIBHEOTO YHCAS X HASKIBAIOT IPOTHROTON0IKHOS UUCIO!

I = .

Hanpumep,
|5 = 5 |-5| = ~(~5) = 5; |-8,7| = 8,7

|J_-~2| =JE—2(maxucang—2>0);
|\/f_5—3|=—(s/§—3) =3—J€(T&RR&RJE—3<O).
CroiicTa Moayaeit

1. |a| > 0.
2. |ad| = |a| 18l.

a|¢|<d
N
4.\|al’ = a®.

5. la| = |-al.

8. |al > a.

7.la + b < |a| + |b].

JokxaxeM nmocaeanme ABA CBOHCTBA.

JdoxazaTeabcTBo cBoiicTBa 6. Ecam g » 0, 7o mo ompe-
neaeruo |a| = a. Ecam a < 0, To mo onpeaenenno |a| = —a. Ho npn
a < 0 BHIIOJHAETCA HEPABEHCTBO —a > &, T. €. Ial > g, Hrak, B aobom
cJrydae BEINOJHAETCA HEPABEHCTBO |a| > a.

DoxasateabcTBo cBoMcrBa 7. Ecim ¢ m b — meorpnua-
TeJbAEIE YHCAA, T0 |a@ + bj=a + b, |a]l = a, |b] = b u nosToMy ja + B =

=|a| + |b|. Ecam @ u b — oTpunaTeanurle amcaa, To |¢ + b = —{(a + b),
|a] = —a, |b| = —b u moaTomy |2 + b| = |a| + |b]. Ecam @ m b — umcxna

PasHEIX SHAKOB H, HAIIpMMeD, |z| > |b], To no npasmay croskennsa yucen
PasHBIX 3HAKOB IOJYYaeM

| + b] = |a| — |t] < lal + [B].

Hrak, econ a 1 b — uncaa ogmoro 3maka, 1o la + bl = |a| + |b].

Ecnu a u b — uucsa passsix 3HakoB, To |a + b| < |a| + |b]. Ceo#icTmo 7
AOKA3AHO.
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2. || ®YHKUMS y = Jx. CBOMCTBA KBALIPATHOTO KOPHS

2. FeOMOTPMIECION! CMBICTT MOAYNR AEGHCTEMTENMHOrO WCHA

BepréMca k MHOxecTBY R AeficTBUTENLEBIX YHCEN H IO reOMeTPH-
TeCcKOi MoJelad — uncaoBoi npaMoil. OrMeTHM Ha OpAMOi ABe TOTKH
a u b (aBa aeficTBUTENBHRIX UNCaa @ U b), oBo3HauuM uepes pla; b)
paccTosHAe MeXAy ToukaMu ¢ u b (p — GykBa rpedeckoro andaBuTa
«po»). Dro paccroaHue paBHo b — a, ecau b > g (puc. 21, a), oHO paBHO
a—b, ecnim a > b (puc. 21, 6), HAKOHeIl, OHO PABHO HYJIO, eCau @ = b.

* o - - . >
a b x b a x

Puc. 21

Bce Tpu cayuas OXBATHIBAIOTCA OfHO#H (opMynoit

pla; b) = |a - b
IIpumep 1. PemnTh ypaBHEeHUS;
a) |lx — 2|=8; B) |x| = 2,7;
6) |x + 3,2| = 2; rlx - V2| =0.
T2 5 * 52 82 12 ¢

Puc. 22 Puc. 23

Pemenue. a) [lepesegém coorHomenne [x — 2| = 3 na reomerpu-
YecKUit AZBIK: HAM HAAO HAHTH HA KOOPAMHATHON IpAMO Takue TOUKHN
X, KOTOphi¢ YAOBJETBODAIOT ycaoBuio p{x; 2) = 3, T. e, yAaneHu oT
TOYKM 2 HA& PacCTOAHHE, papHOoe 3. D10 — ToukM -1 H 5 (puc. 22).
CaeaoBarexbHO, ypaBHeHUe MMeeT ABa KOpHA: -1 u 5.

6) Ypasmenne |x + 3,2| = 2 nepemuuienm B BuAe |x - (—3,2)| = 2
n xanxee p(x; —3,2) = 2. Ha xoopausaTHON OpAMOH eCTh ABe TOUKH,
KOTOphIe YAANeHH OT TOYKHM —3,2 Ha paccTodAHHe, paBHoe 2. DTo —
rouxkn —5,2 n -1,2 (puc. 23). 3HAYUT, yDABHEHNE HMEET ABA KODHSI:
-5,2 1 —-1,2.

B) Vpaemense (x| = 2,7 nepenmmenm B Buge |x — 0| = 2,7, mim,
yTo TO Ke caMoe, p{x; 0) = 2,7. Ha xoopauHaTHOH IpAMO#d HMeIOT-
¢ ABe TOYKH, KOTODBIE VAANEHH OT TOYKHM ( HA pPACCTOAHHE, PABHOE
2,7. 9ro — rouku -2,7 n 2,7 (puc. 24). Takum obGpasoM, ypaBHEeHHE
NMeeT ABa KopRa: —2,7 1 2,7.
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2. || ®ovyHKUMA y = Jx. CBOMCTBA KBAOPATHOTO KOPHS

r) l1a ypasHEeHNA lx -2 | = 0 MoKHO oboiiTuch Ge3 reoMeTpmye-
cKoif MAMOCTpanYH, Bexb ecan (@] = 0, To a = 0. Ilosromy x — J2 =0,

T, e.x=\/§. [ ]

Pme. 24 Puc. 25

IHpumep 2. Peiurh ypaBHEeHM:
a)|2x - 6| =8; 6) |6 — 3x| = 6; B) [4x + 1f = -2,

PemeHne,

a) |2x - 6] = |2(x - 3)| = |2|-|x - 8] = 2|x - 8|.

BHavuHT, 3aaHHOE YpABHEHHE momno upeobpas3oBaTh K BHAY
2|x — 8| = 8, oTkyzna monyuaem |x — 3| =

TlepesenéM cooTHOomrenue |x — 3| = 4 HA FeOMETPUYECKME ASBIK:
HaM HYXHO HaiiTH Ha KOOPAMHEATHOMN IPAMOY TAKHNe TOYKH X, KOTOPEIe
VAOBJETROPAKT YCAOBHIO p(X; 3) = 4, T. . YAAJICHKE OT TOYKH 3
Ha paccToAHue, pasHoe 4, dro0 — Touku ~1 m 7 (puc. 25). Hrax,
YPABHEHHe HMeeT ABA KopHA: —1 n 7,

o3

—S(x - g)l =1-3]. |x -3

IMooTOMY 3aJaHHOE YpaBHEHMe MOMHO HmpeolpasoBaTh K BHAY

6) |5 — 3x| =

5
3|x E

= 6, OTKYZA DONyuaeM |x - gl =2,

TlepereaéM cOOTHOINCHNE

x - g[ = 2 HA TeOMeTPHYECKHHA AZHIK:
HAM HAAO HAMTH HA KOODAMHATHOH DPAMOM TaKHe TOYKH X, KOTODhIe
VAOBJIETBOPAIOT YCIOBHIO p(x; g) = 2, T. e. yAaNeHH OT TOYKH g

{or TouKm lg)napacc'rome, pasHoe 2. 910

Touxn -+ w32 (pxc. 26). CnegopaTennHo, 1 2 2 =
8773 3 5 %
. 1 -g-
YPaBHEHHE HMEEeT ABA KODHA: 3 3 3 Pxc. 26
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2. DYHKUMS y = x. CBOMCTBA KBALPATHOTO KOPHS

B) [Ina ypapuerus |4x + 1| = —2 puxaxkux npeoGpasoBaHMit BRI-
NONHATE He Tpebyerca. OHO ABHO He HMeeT KODHeH, TaKk KaK B JIEBOHK
€ro 9acTH COAePKHUTCHA HeOTPHLOATENHHOE BHDaXKeHHe, a B npapoit —
oTpuuaTenbHEoe yucjao. M

3amenwanue. Ha mpakTuke A4 pemeHus ypaBHeRH ¢ MOAY-
JAMH PefKo NPHUMEHSIOT TOT cHoco6, KOTOPRM MbI PeHININ YPapHe-
HUA a) 1 6) U3 npuMepa 2 (HaM GbLI0 BaXHO OOPATUTE BAlle BHUMAHHE
Ha reoMerpuuecku#t cMbicn Moayiaa). OGEHI9HO DACCYXIAAIT TAK.
PasencTBo |¢| = a, rae a > 0, S5KBHBAJEHTHO COBOKYIHOCTH ABYX pa-
BEHCTB: ¢ = @, ¢ = —a. [losTOMY ecaM AaHo ypaBHeHue |[f(x) = a, rme
a > 0, To pernawT A8a ypasnenus; f(x) = a, f(x) = —@ (06EIMHEO FOBOPAT!
cogoxyniocms ypasuenuil). Hanpumep, ana ypapuenud [3x — 5| = 6
noay4aem:

IToapoGHee 0 peleHNH YDaBHEHM ¢ MOAYJAAMHA MEI [IOrOBODHUM
B § 37, a agech paccMOTPHM eINé OAMH INPHMEP H3AIM{HONO PeMICHUA
YPABHEHUA ¢ MOAYJIAMM reOMeTPHIECKUM cIocoGoM.

Mpumep 3. Pemuts ypasrenne |x — 2} + jx + 4] = 10.

Pemenne. [Tepeseaém cooTmomeHue |x — 2| + |x + 4| = 10
Ha reOMeTPHYeCKMH A3HK: HaM HYXXHO HAWTH Ha KOODAHHATHOM
OpaAMoif TaKHe TOUKH X, KOTODHeE YAOB/AeTBODAIOT YCIOBHIO p(x; 2) +
+ p{x; —4) = 10, T. e. cyMMA pPACCTOAHNHA KaXKAOH N3 TAKHX TO9EK OT
Togek 2 u —4 pasHa 10. 3ro Toukm 4 n —6; B caMom nene,

p(4; 2) + p(4; —4) = 2 + 8 = 10 (puc. 27, a);
P(—6; 2) + p(—6; —4) = 8 + 2 = 10 (puc. 27, 6).

p(4;2)=2 p(-6; -4)=2
-4 0 2.4 -6,-4 o 2
= B
p(4; ~4)=8 p(-6;2)=8
a [
Pac. 27

3HauHT, ypaBHeHHe MMeeT ABa KopHA: 4 u -6, B
IIpumep 4. Pemnure HepaBeHCTBA:
a)lx-2/<3 6)[5-3x26; B)x-2+x+4 <10,
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Pemenne. a) Ilepepesén coormomenue [x — 2| < 8 ma
TeOMETPHYECKHI JA3KK: HaM Hafgo HAWTH HA KOOPAMHATHOM NpAMONR
TAKHEe TOYKH X, KOTODEle YAOBJETBOPAKT YCIAOBHIO p(x; 2) < 8, T. e.
YAATeHH OT TOUKH 2 Ha paccToOAHNEe MeHbIee, ueM 3. Ha paccroanue,
paBHoOe 3, YAANEHH OT TOYKH 2 TouKH —1 u 5 (cM. puc. 22). Crenosa-
TeJLHO, PeIICHUAMH HHTEpPeCYIOero HaC HePARCHCTRA ARIAIOTCH BCE
yucaa us uaTepBana (—1; 5) (cm. puc. 22).

6) Paccyanan, xak B npumepe 2 6), upeobpaayeu HeépaBeHCTEO

|5 - 8x] > 6 k BuAY |x - —|>2 Ham Hy:HO HaifTH Ha KOODAXHATHON
HpsMOi TAKAE TOYKH X, KOTOPHE YAOBJIETBOPAIOT YCJIOBHIO p(x; 5] >2,
T. €. YIAJI€HH OT TOYKH 1% Ha paccToAHHe, GoJblllee UM paBHOe 2,
Ha paccToOAHMM, PABHOM 2, OT YKAa3aHHON TOYKH HAXORATCH TOYKH
-1 : | 3% (cM. pue. 26). 3EaunT, pellleEUA 3a4AHHONO HEDABEHCTBA

3
TAKOBBI: X % —%; x> 3% (puc. 28).

Lty N i,
-1 12 32 *
3 3 3
Puc. 28

B) Ilepereaém coorHomenme |x — 2| + |x + 4| < 10 Ha reomer-
prdecKn A3KIK: HAM HAAO BAATH HA KOODAMHATHON mpaMoR Takme
TOUKH X, KOTOPbie YAOBJETBOPAIOT YEAOBHIO p{x; 2) + p(x; —4) < 10,
T. €. CYMMA DacCTOAHKEH Kammoil U3 TAKMX TOUEK OT ToueK 2 M —4
MeHbIIE nH pakHa 10, B npuMepe 3 Ml YCTAHOBHIM, YTO TOYKH X = —6
4 x = 4 yaorneTBOpAoT yeaosuio p(x; —4) + plx; 2) = 10 (puc. 29).
VYeaosuwo xe p(x; 2) + p(x; —4) < 10 yAOBAETBOPAIOT TOUKH HS3
nutepsana (—6; 4). CnregosaTeLno, pelleHEA 3aJaHHOTO HePDABSHCTBA
TaKkoBul: —6 < x < 4 (puc. 29). &

Puc. 29
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2. || oyHKuMa y = Jx. CBOMCTBA KBABPATHOTO KOPHS

3. Towmpecrso Va® = |a|

M1 3uaeM, uTo ecan a = Q, To Ja: = a, — DTUM MBl IOCTOAHHO
NONL3OBAJINCH B MpeAniayieit raase. A xKak OulTh, ecqn g < 0? Ha-

IHMCcaTh Ja? = a B 3TOM caydae HeJIb3dA, BeAb & < 0 H DOAYIATCH, UTO
Ja? < 0. 910 HeBepHO, TAK KAK 3HaYeHNe KBAAPATHOrO KODHA HE
MOKET OLITE OTPHIATEALHBIM,

Yemy e paABHO BHIpAXKeHUe \/a_s npr a < 0? Ilo onpeneneHHIO
KBAJAPATHOTO KOPHA B OTBETe AOJAHHO NOJYYHUTRECA TAKOE HHCTIO,
KOTOpO€e, BO-NEePBHIX, [IOJ0KHTEJIbHO H, BO-BTODLIX, IPU BO3BEACHUH
B KBAAPAT AaéT MOAKOPeHHOe MUCHOo, T. e. a’. TaxuM yucioM Gyaer
—a. CMoTpuTe:

1) —¢ > 0 (einé pa3 HAMOMHHNM, UYTO @ — OTPHOATEJbHOE IHCJIO,
S3HAYUT, —@ — MOJOKHUTEJIbHOE YUCJIO);

2) (-a)* = a*.

Hrak,

JEE _{a,ecnna)ﬂ;

-a,ecau a < 0.
BaM HuUYero He HANNOMHWHAET KOHCTPYKIOHAA B MPABOH uHACTH

paBeHcTBa? BemomunTe, Beabh TOUHO TAK e ONpefedderca MOAYIDL
9JHCIIa a;

d a,ecnu g = 0
a=
—-a, ecan a < 0.

Taxum obpasoM, ya® u [@| — oaHO M To xe. TeM cCaMHIM MHI
AOKA3AJIH BAYKHOE TOXKASCTBO:

Ja? =|dl.

B poxu g MOeT BHICTYIATE JIO00e YNCaI0BOE HIIH anrebpanyecKoe
BHIPAXKCHAE, HAPUMED,

JBx— 47 =32 - 4,
(2—\/‘7)2 ={2- T |ur
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IIpumep 5. YOpocTaTs BHpayKeHHE ,f(a - 1)?, ecan:
a)a—-1>0; 6)a-1<0.

Pemenne, Kak MBI TONBKO YTO YCTABOBHIIM, COPAaBEAJHBO TOM-

AECTBO
Ja-17 =la-1,
ayEBcim a - 1> 0, 7o |a — 1| = a - 1. CnexopaTensHo, B 3TOM
caydae J(a-1? =a-1.
6)Ecma-1<0,10la ~1j=—a~1) =1~ a. 3gaunT, B aToM
cayuae J(a -1 =1-a. B

Hpumep 6. YOpPoCTHTH BHIpAKEHHE —21&— J32a2, ecm a < 0.
Pemenmue,

1 = ot | 42 2V2 - |a
E'J:ﬁ:ﬁza\{;: 2alal= a||.

Tak Kax 10 ycJoBuio a < 0, 1o |a| = —a. Buayur,
2J§-|a|=2J§-(-a)=_2J§ -
a a '

IIpamep 7. YOPOCTUTL BHIDAYKEHHE

V52 — 303 - 43 - 2443,

Pemenue. 1) PaceMorpaM noAKOpeHHOe BRIpasKenue 52 — 30+3.
HwMeen:

52~ 303 =52-2.5.3.43.
IHonoxum a =5, b = 33; TOTAA
2
o + b* = 52 + (343) =25 + 27 = 52.
9T0 3HAYMT, YTO PACCMATDUEAEMOE BLIDAYKEHME MONCHO HIDE/CTA-
BHTL B BEZE a° + b — 2ab, T. e. B BUAe (a - b)’.

Hrax,
52-3803 =25 +27-2-5-33 =

=5'—2-.5-.3J3 + (348) =(5-23/3).

SHauUT,

V52 - 3078 = (5 - 8/8) = |5 - 38| = 38 - 5.
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2) PaccMOTpHM NOAKOpPeHHOE BHpaXkenune 43 — 24/3. Wmeem:
43-24/3 =43-2.2.2.3.3.
Honoxnm a = 4, b = 34/3; Toraa
al+b2=4 + (3V3) =16+ 27 =43,
970 3HAYHT, UTO PACCMATPMBAEMOE BEIpA’KeHHe MOXKHO HpeAcTa-
BHTDH B BHAe a> + b? — 2ab, T. e. B Bujge (a — b)°.

HArax,
43-2443 =16 +27-2-4-343 =

—42-2.4-33 + (3y3) = (¢4 - 348).
3HaunT,

Ja3- 2478 = (4 -38) =|4-3/8] =35 -4
3)(38/3-5)-(33-4)=-1. m

4. dymaya y = |x|
Ona mo6oro AeACTBUTENLHOTO YACAA X MOXKHO BEMHMCIHUTD |x],
T. €. MOYKHO T'OBOPHTE 0 GYEKIMH y = | x|, onpexenéunoii Ha MmOKe-
CTBe BCeX AeHCTBHTENLHEIX YHCe. BOCIONL30BABIIACE ONpeaeeHueM
Moxysa AeHCTBHTENHbHOTO YHCIA, ME MOJKEM BMecTO § = |x| sanucars
x, ecou x 2 0}
y ~x,ecma x < 0.,

Y 7

3 &
b

ny
fad 4

Pune. 30
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T TS
5 /
g
/. Y
AN £€ [ &
N 3’ /
244 S
o % y o -
11123 d
Pue. 31 Puc. 32

IMocTpoerne rpadrKa, KAk OGLIYHO B TAKHX CAYYAAX, OCYOIECTBHM
«110 RYycOYKaMs, CHAYANA HOCTPOEM NPAMYIO ¥ = X H BHASNAAM eé
9acTh Ha ayye [0; +o0) (puc. 30, a). 3aTeM DOCTPOUM IPAMYIO Y = —X
H BHIZISAMM €8 YaCTh HA OTKPHITOM ayde (—o°; 0) (pmc. 30, 6). HakoHen,
06a «KycouKa» uz06pasum B OxEONR cHCTeMe KOOPAUHAT — 3TO U OyAer
rpaduk dynxnnu y = |x| (puc. 31).

CeoitcTea dynxuun y = |»|
1. O6nacTs onpenenennsa pyaruun: D(f) = (—o0; +00),
2, OyHknua y6uiBaer Ha ayde (—o°; 0], BospacTaeT Ha nydqe

[0; +o0).
3+ Yueme = 0, Yuuns HE CYIICCTBYET.
4. OyHKOuA HeNpepPHBHA.

§. O6nacte spadermit pyaxnuu: E(f) = [0; +0oo).

5. Pasumie rpacimn hyHiaid € MOAYNAMM

Opumep 8, Ilocrponrs rpaduk pyarmem y = 2x + |x — 1|,
Pemenne. Ecrmx— 1320, To|x — 1| = x — 1; B oTOM cyuae

yv=2x+x-1=38x-1,
Ecnmx—-1<0, To

|~ 1| ==(x - 1);
B 9TOM CAyvYae
y=2x-(x-1)=x+1,



2. || ®YHKUMA y = Jx. CBOICTBA KBAAPATHOTO KOPHS

Taxum ofpaszoM, PAKTHYECKH DPedh HAET O TOCTPOeHHH rpaduka
RycoqHOH DyHKRIIH
y= {Sx—l,ecmlxkl;

x+ 1 ecaux <1,
I'padur m3ofpakén na pucyHre 32, M

IIpamep 9. IHocrpours rpaduk GyHKOAH
y=|2x—4]+|x+ 8| - 5.
Pemenne, Bupaxenne 2x — 4 ofpamaerca B 0 npn x = 2, a
BEIpaKeRHe ¥ + 3 — mpu x = —3. OTH ABe ToOUKK (2 n —3) pasbupaior
) , YHACJOBYIO NPAMYIO HA TPH TIpoMe-
-3 2 x  suyTKa (puc. 33). PaccMoTpuM mep-
Puc. 33 BHi mpoMexxyToK — (—°°; —3]. Ecan
x€-8,To2x~-4<0ux+3<0.
Buaunr, |2x - 4| = —(2x — 4), a |x + 8} = ((x + 3). Takum ofpasom,
HA PACCMATDHABAEMOM IPOMEKYTHE IMOJYyYaeM:
y=—(2x—-4)-(x+3)-5=-3x - 4.
PaccMoTpuM BTOpOit mpoMesxyToxk — (—3; 2). Ecam -3 < x < 2,
To 2x - 4 < 0 u x + 8 > 0. CnegoparennHo, |2x ~ 4| = ~(2x -~ 4), a
|% + 8] = (x + 8). Takum o6pasoM, Ha PACCMATPHBAEMOM HPOMEKYTKE
noay4aeM:;

y=—-Q2x-4)+(x+3)-5=-x+2.

PaceMoTpuM TpeTmi npoMexyTok — [2; +o0), Eenn x # 2, 0
2x-4>20unx + 3> 0. 3aaunr, [2x - 4|=(2x - 4), a|x + 3| =
= (x + 3). TaknM obpasomM, Ha
) A paccMaTpPHBAEMOM HPOMEKYTKE 110~

/ ;°_ Jydaem:
\ S| y=@x-9+@+8)-5=32-6.
- THoxeseném urorn. PaxTHUSCKN
K peds HAET O MOCTpOeHHH rpaduKa
A KycouHoit QyHRIAK

o
R

-38x - 4,ecnm x & -3;
y=1-x+ 2,ecmm -3 < x < 2
3x — 6, eciu x > 2.

."‘Q/arh

ai 4

I'padur dyaxnun n3obpaxen Ha
Puec, 34 pucyHke 34. B



2. IL ®YHKLMA y = Jx. CBOMCTBA KBAAPATHOTO KOPHS

Bonpock) Ans cCamonpoRepKm

1. CoopmympyiiTe onpeneseEne MOEYAA ACHCTBHTENLHOTO UMCAA,
2. Beraucanre:

a) |5,2]; B) [0 m |n* - V101|.
6)52; -4
3. SanumnTe cpoiicTBa Moay el HA MATEMATHIECKOM ASBLIKE,
4. B uém cocTOMT reoMeTpHUYeCKHH CMBCI BhIpaxenusa |a|?
5. B 9éM COCTOMT reOMeTPUYEeCKHIi CMBICK BRIpaxeHus |a — bj?
6. Cnonmco uomno OTMETHTb YHCeN X HAa uucaoBoit npamolt Ta-
KHX, 970 |x| =
la} _
ol
8. IlpaBegnTe NpuMep, KOTAa coo'momeuue la + b} = |a| + |b| as-
JAfeTCH BePHHIM, I NPHMEp, KOTAA OHO HeBepHO.
9. IlpupeanTe NPHMED, KOrAa cooTHOWeHMe |a| — |b = |a — b| apua-
©TCs BepHLIM, H NPHMeD, KoI'fa OHO HeBEepHO.
10. Yro npeacTapaser coboii rpaduk dykmpY ¥ = |¥?
11. YeMY PABHO Youay M Yosus ANA GYHKIME Y = |x]?
12. O6nanaer au rpadnk dyuxmnn y = x| cummerpneit? Kaxos eé
xapaKTep?
13. IIlpu KaKmAX 3HAYEHAAX & BEpHO PaBeHCTBO:
a) Va® = g; 6) Va® = -a; 8) Va? = |a|?

14, Brararcnnre:

8) J(v2 - 2% 6) Jn - 27
156. I[IpuaymMaiiTe KycOYHYI0 HenpepHBHY® GyRkKnuI0, rpaduk
ROTOpOii cOCTORT M3 wacTH rpadmka GYHKIME y = |x| 1 wacTH rpa-
dbura pyHknuy y = x°. Bagafite eé rpadEUECKH M AHANHTHIECKH
(c moMompbio hopmya),

7. BepHo au, 4ro |abl = [a] - [8], a

TEMbI MCCNEQOBATEJNIbCKMX PABOT

1. PanuoHaJbHEIE YHCAA.

2. HppanuoHaIbHEIE YHCHA.

3. Mogyas ancaa.

4. 'padbuxn pyHKuMil, cofepKamue NePeMEeHHYIO IOA
SHAKOM MOJYAA.



TNABA

KBAAPATHUHAS ®YHKLMA.
GYHKUMA y = X

§ 17. Dynxuyna y = kx*, eé csosictes u rpaghmx

§ 18, MyHxuyma y = %. eé CBONCTBA M rpaux

§ 19. Kax nocrpours rpagui pynuummn y = f(x + 1) + m,
ecsm nasecrex rpagux ynripm y = f(x)

§ 20. Dynxyns y = ax’ + bx + ¢, eé caolicraa u rpacmx

§ 21. [paguuecxoe pelieHHe KBAAPATHLIX YPABHEHMH

§ 22. [fOpobHo-mrerinas hyHKUMS

§ 23. Kax noctpouts rpacpuin yuxupii y = |f(x)| m y = f{|x|),
ecnm masected rpapux hyuxipm y = [(x)

§17. oyHKuMs y = k2,
EE CBOMCTBA M FPADMK

L ]|

0

|
I3

f

=

J

19

v
\\

l

B aToMm naparpage MB pacCcMOT-
puM dyuruuio y = kx?, rae xoadrpu-
uuear k — xawoboe oTauunoe ot O
YHCIIO.

3aMeTHM, ¥uTO CJAyuail, Korjga
k =1, 6B11 paccMOTpeH B T-M Kaac-
ce: ecan k = 1, To rpapuroM GpyHK-
U y = x° aragerca mapabona (cM.
puc, 35).

O6cyanmM, Kak ofcTonT Aeno OpH
JAPYruX aHaueHHAX xoddvpunuenTa .

PaccmoTpuM aBe GhyHKRIIUN:

321001 3 3 | [* y=2x"uy=0,52
CocraBuM Tabauny sHadeHui
Pac. 35 AAs yHKIUE ¥ = 2x%:
X 0 1 —1 2 _2 1’5 "1;5

Ormermy Toux (03 0), (1; 2), (~1; 2), (2; 8), (~2; 8), (L,5; 4,5),
(-1,5; 4,5) Ha KoopaANHATHOH! IIOCKOCTH (pEC. 36, a). OHn HamMeualoT
HeKOTOPYIO JUHHIO, TIpoBenéM eé (puc. 36, 0).

86



3. KBAOPATMUHAS OYHKLMA. dYHKUMA y = &

X
3 T
L 2

o0
Q0

g

|
o461 |o 4,54 ’ a
421 2 V
e e
210 i -2 —1>|/L 2 *
a 6
Puc. 36

CocraBuM Tabauny sHaueHu A1a GyERROEH y = 0,5x%

x 0 1 -1 2 -2 3 -3
y 0 0,56 0,5 2 2 4,6 4,56

Ormerum TOukHM (0; 0), (1; 0,5), (-1; 0,58), (2; 2), (-2; 2),
(3; 4,5), (-3; 4,5) na xoopauHaTHOMK mnocKocTH (puc. 37, a). Oun Ha-
MedaioT HeKOTOPYIO JMHHK0, IpoBeaAéM eé (puc. 37, 0).

Cpasuure pucyuku 35, 36, 6 u 37, 6. He npasaa ym, npoBeAEHHbIE
JHHHAHE yeM-To noxoxkn? Kamzayio s HMX HaskIBaloT napaboaoii; npu
srom TouKy (0; 0) HasriBalOoT BepmMHOR NMapaboani; OCh y ABIAETCH
ochio caMMeTpRE napafoasl. Or xoaddunuenTa k 3aBHCHT «CKOPOCTD
ycTpeMJEHNA» Berhedi napatossl BBEPX, WIH, KAK eIlIé M'OBOPAT, «CTeNeHb

17/} 7
\\ /
A
¢ | 45¢% ’ \ [ 45¢ ](;z
\ &

12 ] 2
) N 4
-3-2 -'101 BE X -3 ol 3 g
a &
Pue. 37

87



b

3. KBAAPATUHHAS! YHKLIMS. DYHKLMS y =

X

KPYTHSHEI» mapafosbl. 3T0o XOpomo BHAHO Ha pUcyHKe 38, rae Bce
TPH NOCTPOEHHbIEe BhiNe napabolibl pacnonokeHbl B OAHOH KOOpPAH-
HATHON IJIOCKOCTH.

Touno Tak e ofcromT geno ¢ moboit GyEKumed BHAa y = kx?,
rae k > 0. 'padnkoM eé apiAeTca napafoja ¢ BepUIMHON B Havaje
KOODAMHAT, €€ BeTBHM HAIpABJI€HH BBepX, NPpHIEM TeM Kpyde, YeM
Gonbmre koadpumuenT k. Och ¥ ABNASTCA OCBIO CAMMETPHM NapaGoik.
Pagm KpaTKOCTH MaTeMATHKH 4YacTo BMecTo ¢pasbi: «IlapaGoaa,
cryxamas rpapuxomM PyHKnEE y = kx?...» rosopar: «IlapaGona
y = kx%...», a BMECTO TEPMHHA O0Cb CUMMEMPUY RAPABOIYL YIIOTPEOIAIOT
TePMHH 0Cb napalonst.

OrMeTHM oAHO NOGOMEITHOE CBOMCTBO, KOTOPHIM 0GIAagaiOT BCE
napabonnl suaa y = kx?. Ecam mpegcrasuth mapabony B Buae aep-

KaJBLHOTO 3KpAHA M B TOUKe | 0; i—k — 3Ty TOUKY HA3BLIBAIOT HOKYCOM

napaborbi — OOMECTHTh MCTOYHHK CBeTa, TO JIYYH, OTPAXKAACH OT
napaGoab-sKpaHa, 00pPA3YIOT MApAUIebLHEA NYYOK cBeTa (pHc. 39).
9Ty HEE HCOONL3YIOT B ABTOMOOHIAX: OTpaskaloniel IMOBEPXHOCTH
thapu npuzanT napaboandeckyio GopMy, 8 JaMIOYKY DOMEIIalT B
tdoxyce — Torga cBeT oT daphel pacIpoCTpaHAeTCA JOCTATOYHO JAMEKO,

BriacHUM Teneprb, Kak 06CTOUT AeJi0 B CIVYAe OTPULIATENBLHOIO KO-
sypunmenta k. ITocTponM, AasS npuMepa, rpadur QyHKDUK y = —x?
(smeck k& = —1). CocraBuM TabaHuy 3HAYCHHH:

x 0 1 -1 2 -2 3 -3
Yy 0 -1 -1 -4 -4 -9 -9
ARENLIENEN) !
n . |
% ]
4\ ) NEE
AL s
\ \ /) ] l{? \ I
1 » o
‘A y I,
b\ 3 A 4

—-'
h“
A
>

o
[Py

=Y

o
nY
o




3. J KBALPATUHHAS MYHKLIMS, DYHKLMS y = &

[ [ % | [ 5
-3 -2 _.l 1 2 3 -3-2-1p] 1 2 8
o~ -
—1 X X
v’ \
L ® —~4 =
A

|—a)
-]

T

a 6
Pae. 40

Ormernm Touxu (0; 0), (1; -1), (-1; —1), (2; —4), (-2; ~4), (3; -9),
(-3; —9) ma xoopamuaTHOH miaockoctH (pmc. 40, a). OaM HamMeualoT
HEKOTOPYK JMHHIO, OpoBeféM eé (puc. 40, 6). 3to — napaloxna ¢
BepmuHO# B Touke (0; 0), ock y — och cEMMeTpuH napaboasl, HO, B
OTJNYHe OT cayuad, xoraa & > 0, Ha 2TOT pas BeTBM mapaGonas: ma-
npaBjieHH BHU3Z, AHAJOrHYHO OOCTOMT Aesno M AJA APYrHX OTpHOA-
TeAbHEIX 3HaYeHEH KoaddunueHTa k.

HUrax, zpadurom pynxyuu y = kx® (k = 0) seasemca napabona ¢
epuwuRol 6 navane Koopdunam; ocy y K6AREMCR OCHIO NAPaboORLL;
eé eemsu Nanpasaenw saepx npu k > 0 u enu3 npu k < 0.

OTmMeTHM em@, 9To napaboaa y = kx’ xacaemcs ocu x & mouxe
(0; 0); TepMBH ¢KacaeTca» MEl DOKAa GyAeM CUHTATHE HHTYHTHBHO
ODOHATHRIM, €ro CMBICH B TOM, 4YTO OfHA& BeTBh Napalosinl naaBHO
HepeXoAuT B APYIYyl0, KaK Oh OpHXKHUMAICH K OCH X.

Ecau nocTpoATh B ofHOH cCHcTeMe KOOPAHHAT rpaduKn GyEKIMHA
y=x%u y = —x% TO HeTPYAHO 3aMETHTBH, UTO NMOCTPOGHHLIE HMADA-
6oLl CHMMETPHYHEI APYT APYTY OTHOCUTeNLHO ocH X (puc. 41). Touno
Tax e OYyAYT CHMMETPUIHEL APYT APYTY OTHOCATEABHO OCH X mapabosIbl
y = 2x* u y = -2x%. Boobine zpagur pynxyuu y = —f(x) cuMmempuen
zpadury dynryuu y = f(x) omnocumenvro ocu abcyuce.

Cnoiicrna dynxmum y = kx® npn &k > 0 (puc. 42)

1. O6racmb onpederenus dynryuu. IIockoabRy ana aoboro ana-
YeHHS X MOKHO 1m0 GopMyJe ¥ = kx? BLIMECINUTE COOTBETCTBYIOMEE
aaavenne y, Gyaxnoug onpegeseda B aw0boit roure x: D(f) = (—oo0; +00),



3. KBALPATWHMHAS (OYHKLMS. DYHKLMS y = £

X

1/ \ 27 _l
. \ /s
\ /i \ /&
? <+
i
67 N 71>
AREAY BE
|

Pue. 41 Puc. 42

2. y=0opu x=0; y >0 opn x # 0.

8. y = kx® — nenpepwsnan pynrxyua.

4. Yoame = 0 (@ocTHraeTCH NpH X = 0); Y., HE CYLIECTBYET.

5. Pynxyus y = kx* aoapacmaem npu x > 0 u y6wmeaem npu x < 0,

Hoxaxem sro. Pacemorpum dynxumio y = kx® Ha ayue [0; +0).
IIyers 0 < x; < x,. Toraa corsiacHO CBOMCTBAM YHCHOBEIX HEDABEHCTB
x? < x2 u kx? < kx?, T. e. f(x)) < f(x;). Urak, ua x, < x, caeayer
f(x,) < f(x;). Takum obpasom, yHKIHE ¥ = X% 603pacmaem na ayve
[0; +00).

Paccmorpum dyEKIMI0 ¥ = kx® Ha ayde (—o0; 0]. BosbméM xBa
HENOJIOKBTEIBHEIX YHCIA Xy U X3 TAKUX, 9TO X, < X,. Torga —x, > —x,,
Tak KaKk YncHa —X; U —X, HEOTPUIATEIbHE], TO, BO3BEAA B KBAADPAT
ofe 9acTH NMoCJIefHEr0o HEePABEHCTBA, MOJYIUM HEPABEHCTBO TOrO XKe
eMuicna (-x,)° > (—x5)%, 1. e. x% > x4 u kx} > kx}. Dro smauwmr, uToO
f(x1) > f(x;). Arax, n3 HEPABEHCTBA X, < X, CAEAYET, UTO f(x,) > f(xy).
Tosromy dyurmus y = x? y6nisaer na nyde (—oo; 0].

B yuebanke «Anrefpa—T» npomecc nepeuucieHud ¢BoicTs pyHK-
LMA MBI HA3KIBANMK ¥meHueM zpadura. Te cpoiicTEA, UTO NepeYKCICHE
Bbime, MEL yoke ofcy Kaand B 7-M KJIAacCe ANA H3y4aBIInXxca TaM GyHK-
nnit, JoSaBUM HOBEIE CBOHMCTBA.

OyHkuuio ¥ = f(x) BASKBAIOT 0ZPAHUYEHHOU CHU3Y, eCIM Bce
sHauYeHAA (pyEKIHA GoJbile HEeKOTOPOro 4yucia. I'eoMeTpHYIeCKH 3TO
03HAYAeT, YTO rpaduK GYHKIIMH PACIOIOKEH 6bilie HEKOTOPOM Nps-
MO, IAPAJINeNBHON OCH X,

A Tenepn mocMoTpuM: rpadux dynknum y = kx® pacnonoxen
Bbillle, HAIPUMED, NPAMOH ¥ = —1 (unm y = —2, 2T0 HeBayKHO) — OHA



3. KBAOPATMHHAS OYHKUMS. GYHKUMS y = &

nposexeHa Ha pacyHke 42. Braunt, y = kx? (8 > 0) — orpannueHnas
CHHE3Y QyHKIOHSA.

Hapazgy ¢ GyHEKIMAMH, OrpaHHY€HHEIMH CHHA3Y, OnIiBaloT U QyHK-
nuKu, OrpaHUYEeHHEIe cBepxy. PyRKIMIO ¥ = f(X) HA3MBAIOT 0ZDAHU-
YerHOolt ceepxy, eciu BCe 3HAYCHHA QYHKIUH MEHBIIE HEKOTOPOro
uncaa. ['eoMeTpHYecKH 3T0 03HAauaeT, YTO rpadHK GYHKIUH pacmHo-
JIOMEH HuXe HEKOTOpO npaMoi, mapajelbHOH OCH X.

Ects s Takas npamas gas napaGoani y = kx?, rae k > 0?7 Her,
NMOCKONMLKY AR Aoforo M > (0 M0)KHO HalTH TAKOe X, YTO BHIIOJ-
HATCA HepaBeHCTBO kx2 > M. Dro SHAYAT, UTO GYHKOHA He ABAACTCA
OTPpaHM4YCeHHOH CBEPXY.

Hrax, Mb DOTYUYHIN elé OXHO ¢BOMCTBO, KOGABIM €ro K TeM IATH,
YTO YKa3aHBl BhIIDE.

8. @ynxyua y = kx® (k > 0) ozpanunena cHU3y U He 0ZPAKURERA
ceepxy.

7. O6racmo snavenuls pynrxyuu — ayy [0; +00),

8. PyHKYUR BLINYKAG GRUS.

CaoiicTna dynxnun y = kx? upu k < 0 (puc. 43)

1. O6racme onpedeaenua pynxyuu — (—o0; +00),
2y=0opunx=0; y <0 mpu x # 0.

8. y = kx®* — nenpepwenan Qynryus.

4. Yuaus = 0 (BocTHrAETCA IpH X = 0), Yypuu HE CYUIECTBYET.
5. dynryur sospacmaem npu x < O u yoweaem mpu x » 0.
8. QynKyus 0Z2DAHUYEHA CEEPXY U Re OZPAHULERA CRUSIY.

JAaauM NoACHeHHUs PTOMY CBOii- 7
CTBY: €CTh HPAMAA, MAPANNEIbLHAA
ocn x (HampuMmep, ¥y = 1, oHa
npoBeneHa Ha pue. 438), Takas, aTo y=1
Bca mapabona JexHT HHiKe STOH
npaMoit; aTo 3HAYUT, 9TO DYHK- ,/T)-\\
nua orpanndYeHa ceepxy. C apy- Y
rOoH CTOPOHE, HEJAB3S HOPOBECTH
OpPAMYIO, DapanlneibHYIO OCH X, TaK, 7/
aTobul Bca napabona G6ma pac- / N
MoJIOReHA BHIE npaMoit; aTo 3HA- A
YUT, YTO DYHKIMA He OrpaHMYCHA
CHH3Y. Puc. 43

rY
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3 KBAOPATMHHAS) OYHKUMSI, GYHKUMS y = X

7. O6racmb snavenuls pynyuu — ayy (—o; 0].
8. Pynyua svinywaa eeepx,

Hcnonb3oBaHHbIil BhINIE TOPAAOK MEPEYUUCIEHHUA CBOACTBE DYHK-
UK He HBASETCA 3aKOHOM, IIOKA OH ¥ HAC XPOHOJOIMYECKHN CIOXKHICA
HMEeHHO TAKHM. Dojee-MeHee oNpeZeJeHHHH OOPAA0OK XOJA0B MEI
BhIpafoTaeM mocTeneHHO M YHH(MHIOIUDYEM ero B CTAPIOHX KJACCAX.
Iloxa aumb oT™MeTHM, YTO B ZAJIbBHEHIIIEM CBOMCTBO OrPAHAYEHHOCTH
dyEKOMM Oyger mpe inecTBOBATh OTHICKAHUIO €€ HAHMEHbIIero 1 Hau-
Goabmero suavenwmii, ITowemy? IToroMy uTO eciu QYHKIHA OrPAHMYECHA
cHU3Y (cBepxy), TO Yy Heé MOmer GmHTP HamMeHbillee (Hambonblee)
3HaveHWe. Eciau me GYHKINA He OrpaHHYeHa CHHU3Y (CBepxy), TO
€pa3y MOKHO CAEJNATDb BbIBOZS, O TOM, UTO Yyuume (COOTBETCTBEHHO, Ypauns)
He CYLIecTBYeT.

IIpumep 1. Haittr HanGosasiuce H HANMEHBIICE 3HAYCHUA QYHK-
muy y = 2x° Ha oTpeske:

a)[0; 2y  6)[-2; -1); B) [-1; 1,5].

Pemenne. a) locrpoum rpadux GyEKDuE ¥ = 2x° U BRAEANM
ero 4acTe Ha orpeske [0; 2] (puc. 44). Ha sTom oTpeske pYHKUMSA
BO3PACTAET, 3HAYAT, Yuue = 0 (BocTHACTCS TPH X = 0), & Yppus = 8
(mocturaerca opu x = 2).

6) IocrpouM rpaduk GyHKIUKM ¥ = 2x° ¥ BLIAENNM €ro YacTh
Ha oTpeske [-2; -1] (puc. 45). Ha arom oTpeske ¢HYHKUHA yORBaer,
BHAYMT, Youm = 2 (ROCTHTASTCA TPH X = —1), & V,..6 = 8 (ROCTHTACTCA
opu x = —2),

AY 1/

oo

¥=2

c{ o
o Y =22

1Y

=Y

|
[ 2]
)
[+
o

Pac. 44 Puc. 45
92



3. || KBALPATUUHAS BOYHKLIMS. dYHKLMS y = £

B) IlocTpouM rpadur QyHKOEHR 77
¥y = 2x* 1 snigenuM ero dacTb Ha
orpeske [—1; 1,5] (puc. 46). 3ame-
HAEM, YTO Yo = 0 (ROCTHrAETCE DU ]
x = 0), & Ypape AOCTUTACTCA B TOUKE { I
x = 1,5; nogcunTaeM oT0 3HAUEHHE:
f1,5)=2 - 1,6 = 2 - 2,25 = 4,5. \&-51-¢
HTaK, Yo = 4,5. B \ 'ﬁ

!
!
!

2
{+]

N
o
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£

HOpumep 2. PemwuTs ypaeme-
mme —x° = 2x - 3.

PemeHue, B§ 12 Mu yxe roso- V ”
PHIIM O TOM, 9TO 5 IPaIriecKoro pe- -10| 1,5
nrenus ypasseHua f(x) = g(x) HyxHO: | L1

1) paccMoTpeTs ABe QYHKIHH: Puc. 46

y=f(x) my=glx)

2) noerpoutsk rpadpuk Gyrrnuu y = f(x);

3) moeTpoutk rpadpuk Ppynxunu y = g{x);

4) HEaliTH TOUKH HepeceueHHA NOCTPOSHHHX rpadmKos; afcrucesl
3THX TOYEK — KODHH ypaBHeHHA f(x) = g(x).

I[IprMeHHAM TOT AATOPHTM K 3AJAHHOMY YPABHEHMIO.

1) Paccmorpum aBe QyBKIMU: y = ~x* my = 2x ~ 3.

2) HoctponM rpaduk Gyaxnmm y = —x° — napaboay (puc. 47).

3) MocTporM rpadhuk auseiino# dyarnman y = 2x — 3. Oro — npa-
Mafl, AJid eé IOCTPOEHNA JOCTATOURO HAHTH Ji1oGhie ABe TOMKHY rpadmka.
Ecnmx=0,T0o0y=-3;ecan x =1,
To ¥ =—1; Bamnm gBe ToukH (0; —3) | 7
H (1; -1). Ilpamaa, npoxozsimas
yepea 3TH ABe TOUKH (rpadur dyHRK-
nun y = 2x — 3), usobpakeHa Ha TOM A
e ueprexe (cM. puc. 47).

4) Ilo yepTe)xy HAXORUM, YTO / a \
opAMana ¥ napaboyia nepecexaloTca B 5
IBYxX Toukax: A(1; —1) m B(-3; -9). A
CnepoBaTeNIbHO, YpaBHeHHEe HMeeT asl
ABa KopHA: 1 m -8 — aro alcnEceH ’
Touex A u B.

Orser: 1; -3.

Jamenwanue. PazymMeerca, |
HeJL3d CJEeno NoBepATH rpaduue-
CKUM HJIAJTKCTPALRHAM. A MOXeT Puc, 47

-3 ol 1

u¥
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3. KBALPATUHHAS MYHKLMA. DYHKUMA y = %

6EITH, HAM TOJBKO KAXKETCH, UTO TOYKA IlepecedeHnd rpaduKos HMe-
er KoopamHATH (1; —1), & HA caMOM Jesie OHHM JApyrue, HanpuMep,
(0,98; —1,01)? Tloaromy Beeraa moaeano nposepUTh ceba. Tak, B
pacCMOTPEHHOM OpuMepe Heobxoxumo ybeauTnhes, uro Touka A(l; —1)
OpHHAANEXKHUT napabose y = —x? (310 JIerKO0: AOCTATOYHO MOZCTABUTS B
dopMyay y = ~x* KoOpAUHATH TOUKE A; moayunm —1 = —12 — pepuoe
YHUCJIOBOE PABEHCTBO) H NpaAMoil ¥ = 2x — 8 (¥ T0 JerKo: Z0CTATOYHO
noACTaBUTE B GOpMysIy ¥ = 2X — 3 KOODAHHATHL TOYKM A; DOJyYUM
-1 =2 -~ 3 — BepHOE YHCIOBOE paBeHCTBO). To ke camoe Tpebyercs
cAenaTh ANA TOYKH B, OTa nposepKa IoKas3mBaeT, 94T0 B PaccMoT-
PEHHOM YPABHEHHMH HIPeANOJIOKeHKA, cAeJIaHHbIC Ha OCHOBe rpadu-
YeCKAX MILTIOCTPaOHil, IPABEJA X BEPHOMY PE3yJIbTATy.

EcTb 1 emé offHA HEIPAATHOCTD: HA CAMOM JIH JieJie UMeIOTCH TOMNb-
KO ABe TOUKH NepecevyeHHd, KaK NoKasaHo Ha rpaduke? Ia, Tonsko
ABe, HO 060CHOBAHUE 3TOr0 (PAKTA MEI [IOJYYHM NO3JHEe, B riaase 4,
KOrZla y3HaeM, 4To VpasBHEH@me BuAaa ax’ + bx + ¢ = 0 (kBagpaTHOe
YPaBHEHHE) MOXKeT HMeTh He Dosiee AByX xopneil.

Hpumep 3. Pemints cucreMy ypabBHeHHH

y+x% =0,
2x-y-3=0,

Pemenne. IIpeoSpazyeM nepBoe ypaBHEHHE CHCTEMH K BHIY
y = —x%. Tpaduxom s3Toli QPyHKIMM ABIAeTCA mapabona, MPeACTAB-
JleHHAaA Ha pucyHke 47.

IIpeobpasyeM BTOpOe ypaBHeHHEe CHCTEMBI K BUAY ¥ = 2x — 3.
I'padurom aToil GyHKIUK ABAAETCA OpAMAA, U300paKEHHAA HA pU-
cyHKe 47.

TlapaGona m npamMas nepecekawTes B Toukax A4(1; —1) u B(-3; ~9).
KoopAyHATH 3THX TOYEK ¥ CAYXKAT PEHICHUSMH 384AHHOH CHCTEMEI
ypaBHEHHUIA.

OrseT: (1; —1); (-3; -9).
IIpumep 4. Hana pyrxkoua y = f{x), rae
—0,5x%, ecin -4 < x < 0;
flx)=x+l,ecnu0<x<1l;

2x2, ecnun l < x = 2.
Tpebyerca:

a) BeramcauTs f(—4), f(-2), f0), f (%], f(1,5), f(2), f(3);



3. u HBALPATUMHAS OYHKLIMS. DYHKUMS y = &

6) mocTpouTh rpaduk PyEKmAY;

B) ¢ NOMOMBIO rpadHKa NepeyucaInTs CBoicTBA GYHRIMA.

Pemenune. a) 3Hauenne x = —4 yAORJETBOPAET YCAOBHIO —4 <
< x < 0, noaroMy f(—4) HaZO BEYMCAATE N0 NepBofl CTPOKe sasaHud
dyernonn. Mmeem f(x) = —0,5x%, caenosarennuo,

f(-4)=-0,5 - (-4)’ = -8.

3nauenne x = -2 yaosnersopser ycaoruio —4 < x < (0, anayur,
f(—2) By:RHO BRIMHCIATL N0 NepBoll CTPOKe 3amanna dyHKOan. HMeem
f(x) = -0,5x%, cnegosarensmo, f(-2) = —0,5 - (-2)* = -2.

3nauenne x = 0 ypoBaerBopsaer ycnoBuw -4 €< x < 0, mosromy
{(0) HaA0 BEMHCAATH 0 nepBoli cTpoke 3axaAmA PyHKOuA. MMeeM
f(x) = -0,5x%, cnegomarensno, f(0) =-0,5 .02 = 0.

3HavenMe x = % YAOBAETBOpsET yeaoBuio 0 < x < 1, T, e. f(%)
HY)XHO BBLIYUCJATH DO BTOpoii crpoke azanms dyEknmH. Mmeem
1(x) = x + 1, cxenosaremso, f[%] =1 +1=1s.

3navenne x = 1,6 ygoBaeTsopaer yeaosnw 1 < x < 2, 3HAYHMT,
f(1,5) 5af0 BLIYHCAATE MO TPETHEH CTPOKE 3afjaBug dyEKOun. MMeem
f(x) = 2x%, enepoBaTensro, f(1,5) = 2 - 1,5% = 4,5.

3uauenue x = 2 yAOBJeTBOPAET YCJHOBHI0 1 < x & 2, moaroMy
{(2) Hy>XHO BEIMHCAATH N0 TPeTheli CTPoKe 3agannd Gy, Hmeem
f(x) = 2x%, sgaunT, f(2) = 2 - 2? < 8.

3HauyeHMe X = 3 He YHOBIETBOPHET HU ORHOMY M3 TPEX YCIOBHIL
3aaEHA QYHKOHM, 3HAYAT, B AaHHOM cay4ae f(3) BRUUCAHTDL HeJdb-
38, TOYKA X = 3 He NPHUHAILIEKHT
ob6aacTn onpenenenus PyHKIEM. | | p}
Sazaune, COCTOSMmEE B TOM, UTOOLI il B ’(4 -
BrraucanTs f(3), — nexoppexmuo. RN x

6) IocTrpoerne rpadhuka ocyre- /L_q
CTBHM «II0 Kycoukams, CHauana 1o~

cTponM mapabony y = —0,5x% i B~ J "

geauM eé JacTh Ha oTpeake [—4; 0]
(pnc. 48). 3aTeM HOCTPOAM NPAMYIO
¥ =x + 1 u BHAeHM €€ 4acThL Ha \
ponyuntepsaie (0; 1] (pmc. 49).
Hanee mocrpoum mapaGony y = 2x° -8 \
H BRIEANM €& YacTh Ha [OAYMH- |

repBaxe (1; 2] (pme. 50). Hakonem, Puc. 48
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3. KBALOPATMHHAS OYHKLMA, DYHKLMA y = 5

k

e—

r—

7k

=Y

Puc. 49

BCE TPH ¢KYycOo4YKa» H300pasuMm s
OAHONU cHcTeMe KOOPDAMHAT — B3TO
n Oyzer rpaduk dyaxouu y = f(x)
(puc. 51).

B) IlepeuncnumM cBoiicTBa QyHK-
ouu y = f(x), MIH, KaK MBI YCIOBH-
JINCh TOBOPHTH, MPOUTEM FpadHK.

1. O6nacTs onpeaenenan pyHK-
nuur — orpesok [—4; 2]).

2.y=0nmpu x=0; y > 0 pu
0<x<2;y<0nmpu-4<x<0.

3. DyHKOUA NpeTepleBaeT pas-
prB npu X = 0, a HA NTPOMEXKYTKAX
[-4; 0] u (0; 2] ona HenpephIBHA,

4. OyHKIUSA BO3pacTaeT B ¢Boelt 00/1aCTH ONpeAeNeHHUA.,
5. OyHKOUA OrpaHMYeHA M CHH3Y, X CBEpXY.
6. Yppuu = —8 (nocTHraerca npu x = —4); Y...¢ = 8 (A0ocTHrACTCH

npu x = 2).
¥a ’
|
[
|
\ &
\ s
\
o
\ -
o 1 9 x

Pre. 50
2%

7

Prc, 61



3 KBALPATUMHAS OYHKLMS, OYHKLMA y = X

7. O6nacts aHaveHWH GYHKUHR COCTOHT H3 oTpesxa [-8; 0] u
noayuaTepBaaa {1; 8]. B noaofHMX CAyYaAX MOMHO MCIOAB3OBATH
CHMBOJ U — 3HaK o0sedunenus. Toraa MOMXHO CKa3aTh, yTo ofmacTs
sHavyenni ¢yHKuuu — of'belHHEHHE JBYX YHUCAOBHIX ITPOMEYKYTKOB:
E(f)=[-8:01uv(1;8]. =

3amevanue. Tpadur Gpysxknun, u3o6pakéHHHN Ha PHCYH-
Ke 51, cOCTOMT H3 ABYX CIUIOIIHKIX KYCKOB: OAMH — Ha oTpeske [—4; 0],
Apyroii — Ha noayunTepBaie (0; 2]. 3saunT, GyERIUA HEMPEPLIBHA HA
orpeske [4; 0] u Ha noayurTepsane (0; 2]. Ho (ofparure BEUManme!)
dyHKIHNS npeTepneRaeT paspHB B KOHNeBo# Touke x = 0.

Npumep 5. lana pyuxuusa y = f(x), rae f(x) = 3x*. Haitru f(1),
f(_z): f(a)’ f(za)’ f(a’ + 1)’ f(“x)’ f(3x), f(x - 1)9 f(x + a)v f(x) + 5,
f(x) + b, f(x + a) + b, f(x?), f(2£°).

Pemenue. Tak Kak f(x) = 8x%, To NOCHAEZOBATENLHO NOJYUACM:

f(1)=8-12=3; f(-2)=38-(-2*=12;

f(a) = 8a% f(2a) = 8 - (2a)* = 12a%

fa + 1) = 3(a + 1)% f(-x) =8 - (—x)? = 8z%

f(3x) =8 - (8x)% = 27x%; flx — 1) = 8(x — 1)%

f(x + a) = 3(x + a)%; fix) +5=8x2+5;

f(x) + b=3x*+ b; flx +a)+b=3(x+ay +b;

f(x*) = 8 - (x%) = 8x%; fCx)=8-(2x%° =12+ =
Bonpochl ANA CAMONPOBEPIN

1. Kak masuBator rpadux dhynkoun y = kx?%, rae k # 0?

2. gta.naa npaAMaf ABJIAETCHA OCHKD CHMMeTpHH rpaduka dyRrknun
y = Rx"?

3. Kaxas Touka ABJIsercA BepmuHOi rpaduka dyuknuyn y = kx??

4. Kax pacmojoxens B KoopauHaTHOH maockoctH ¥Oy Apyr or-
HOCHTEJIBLHO ADPYra rpaduxn dyaxuni y = 2x° u y = -2x27

5. Ecaim k > 0, TO xaKoe U3 yTBEPKACHUHA BEepHO:

a) pyEROHEA § = kaxt pospacraer upu x 2> 0 u yGmBaer npn x < 0;

6) dyrxuma y = kx® sospacraer opu x > 0 u BospacraeT opu x < 03

B) byuknmsa y = kx® yorsaer upu x > 0 u y6usser npu x < 0;

r) byaxkmms y = kx? y6uisaer npu x > 0 i Bospacraer npu x < 07

6. Ecnu k < 0, TO Kaxkoe W3 YTBepKAeHUN BepHO!

a) pynxnusa y = kx® sospacraer np¥ x > 0 ¥ y6uBaer npu x < 0;

6) dyERUHUA ¥ = kx® BospacTaer npH x > 0 u BospacTaer npu x < 0;

7



3 KBALPATUUHAS OYHKLMAL. OYHKLMA y = &

B) dysrnua y = kx? ySuisaer npu x » 0 u y6usaer npa x < 0;
1) dyERIUA y = kx? yOuBaer npu x > 0 4 Bospacraer mpu x < 07
7. YeMy PABHO Yyouu H Yuane AAA DyHRIUH ¥ = kx®, ecn k > 07
8. UeMy DABHO Yneuy ¥ Ynaus ANA GYHKIUH ¥ = kx?, ecau k < 07
9. Kakyio YHKIMIO HASHBAIOT OrpaHuYeHHolt cauay?
10. Kakyio GYHKIMIO HA3KIBAIOT OrPaHHYEeHHON cBepxy?
11. Kak no rpadpuky GQYHKIMY YCTAHOBHTH, ABJAETCA JIU OHA Orpa-
HHU4eHHOR CHH3Y?
12. Kak no rpa¢uky GyHKIUM YCTaHOBUTH, ABJIAETCA JIX OHA OTpPa-
HA4YeHHO cBepxy?
18. Kaxopa ob1acTs 3HaYeHHit dyuxknum y = kx?, ecnu k > 0?
14. Kakoea o6nacTs sHaueHu#t pyuxmun y = kx?, eciiu k < 0?
15. Ecnu & > 0, TO KaKoe H3 YTBepXKAeHHl BepHO:
a) pyurous y = kx? BEINYKJIa BBEpX;
6) dyukousa y = kx? punykaa BEA3?
16, Eciu & < 0, To KaKoe H3 YTBep)KAeHUH BepHO:
8) byuKkOoua y = kx’ BHNyKAa BBepx;
6) dyuxuma y = kx® Bpunyxna saus?
17. Nlepeuncaure cpoficrsa pyuxnuu y = kx® npu &k > 0,
18. Ilepeuncaure cpoiictsa dynxnun y = kx’ nopu k < 0.
19, IIpuaymMaliTe HenpepHBHYIO KYCOUHYIO GYHKIHIO, TPAGHUK KOTO-
poif coerouT M3 yacTH mapabomsl y = 2x? u Jyua HeKoTOpOX NpAMOIL.
ITonpoGyiiTe 3a8aTh 3TY QYHKINIO AHATHTHYECKH.

§18. oymauma y = £
EE CBOMCTBA M FPADMK

1
1. DyHsuma y = x

B aroM maparpage MB NO3HAKOMHMCA ¢ HOBOH (yHK-
nueit — pyrxnne#t y = % KoadppuunenT & MoReT NIpAHHMATS J00BIe
aHaveHus, KpoMe k = 0, PaccMoTpHM CHavajsa caydail, xoraa k = 1;
TAKMM 00paszoM, cHAYAIA pedb DOWAET 0 DYHKIMH y = %

Yroful DOCTPOHTH rpaduK GYEKLAH ¥ = %. NMOCTYIIMM TaK e,
KAK B OpeanayviieM naparpate; AagUM He3aBUCHMON nepeMeHHOM x
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3. KBAZLIPATUHHAS OYHKLMS. OYHKLMS y = &

HECKONBKO KOHKPETHHIX SHAUYEGHWH U BRIYNCINM (IO opMyJie i = %)

COOTBETCTBYIOLIHE 3HAYEeHHA 3aBHcHMON nepemerHol y. IIpaBaa, Ha
aToT pas yaolHee IPOBOAUTE BHIYHCICHHA H NOCTPOCHUSA NOCTENEHHO,
CHaYAJIA OPAAABAA APTYMEHTY TOJNLKO IMOJOKUTENbHBIEC 3HAYEHHNHA, A
3aTeM — TONBKO OTPUIATENbLHEIE,

Ilepeenii atanm, Ecau x = 1, To y = 1 (HAIOMHAM, YTO MB IOJb-
syemMca dopmysok y = %);

ec.lmx=2,'roy=-;-;

ecnux:%, oy =4,

Taxum o6pasoM, MK COCTABIIH CACAYIOIIYIO TAOAUILY:

l l

x 1 2 4 3 7
l l

y 1 3 1 2 4

ITocrponM HalifeHHkIe ToakH (1; 1), (2; %} (4; %), (%. 2]. (%. 4]
HA KOOPAHHATHO! ILTockocTr xOy (puc. 52, a). OTH TOYKH HAMEYAIOT
HeKOTOPYIO JUHMIO, HauepTHM eé (puc. b2, 6).

Bropo#i a1an,
Ecnmx=-1,roy=-1;

ecnnx=—2,'roy=—%;
ec:mx:—%. TO ¥ = —2;
ecIn x=-4, TO Y = —l;

ec.nnx=—%, To iy = —4.



3. KBADPATMHHAS DYHKLIMSL. YHKLMS y = £
N i PR h

Puc. 52

TaxumM o6pazoM, MEL COCTABHIH CAEAYIOMYIO Tabnuuy:

- _ - 1 21
x 1 2 4 2 i

- A -1 - -
y 1 2 n 2 4

ITocrponm Hailigennnre Touku (—1; -1), (—2; —%), (-4; —i-),
1 1

[—E; -2), (_Z; —4} Ha KOODAMHATHOH miaockocTH xOy (puc. 53, a).

OTH TOYKH HAMEUAIOT HEKOTOPYIO JMHHI0, HAUepTHM eé (puc. 53, 0).

2 [T T % | [TT %
- -2 | -1 o —4 2 | -1 o
A ] e T
.
& -1 —1—
—— "-";_""" \ -13_

Pue. 53
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3. KBAZIPATUMHAS DYHKLUMA. DYHKUMA

Tenepn o0besUHHM AB& 3TAIa B O/HH, T. €, A3 ABYX PHCYHKOB
(52, 6 u 53, 6) cnenaeM oxwH. I[loayaum (puc. 54) rpadpukx dyEKROIHUN

= %, €ro Ha3wBaloT runepbonoik.

IlonmraeMcAa mo YyepTe:Xy OHMHCATH reOMeTpPHYeCKHe CBOMCTBA
runepGoJIn.

Bo-nieperIX, BHAKUM, 4YTO rHOepdosa COCTOMT U3 ABYX JacTeid — mx
OGLIYHO HASHIBAIOT BETBAMM I'HIepGOLI.

Bo-sTopHx, 3aMe4aeM, 9T0 runepbona obianaer cummMerpueit. Jio-
Gaa npaAMasa, MPOXOAAMAR Uepe3 HAUYATO KOOPAUHAT U DACIIONOKEHHAA
B IEePBOM U TPeTheM KOOPAHHATHLIX YTIaX, nmepecexaeT rumepboay B
ABYX TOUKAX, KOTOPHe JIeXKAT Ha 3To#l mpamoll mo pasHLIe CTOPOHEI
oT ToukH O, HO Ha PaBHHIX pacCTOAHMAX OT Hedé (puc. 55).

JoKasaTs CHMMETPHYHOCTD MMOepOoiEl OTHOCHTEABHO HATAIA KO-
OpamHAT HeTpyAHO. IIyeTs g > (; BO3bMEM HA npaBoii BeTBH runepbosnl

TOYKY [a; %). Ecnu B ypapHeEHe y= i— IOACTABATD JHAYEHHE X = —&,

MOAYYHUM Y = —i—, T. €, TOYKA [—a; —%] OpUHAZACKHT runepbone,

TOuHee, ¢é neBoil BeTBu. Ho ToukH (a; %] . (—a; —%) CHMMETPHIHEL

OTHOCHTeJBHO Hauaja KoopAMHAT. Hrak, 0 -~ nenTp cUMMeTDHH
runepboitel.

B-TpeThuX, 3aMeé9aeM, UTO KaXKAaA BeTBh runepbosanl B OfHOM Ha-
OpaBAcHMU DOAXOAUT Beé Oumxe m 6mke ® ocH abGenuce (mpapag —
K TOJOXHATEIbHEOMY JYYY OCH X, JieBad — K OTPHIATEJLHOMY), & B

] 1

14 11

- el

Pac. 54 Puc. 35
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3. KBADPATMHHAS DYHKLMS. BYHKLIMS y = &

YA ADPYroM HAIIDABJMIEHHH — K OCH Op-
AuHaT. B moA00HHX cayuaAx coor-
BeTCTBYKOIIHE NpAMLIe HA3LIBAIOT
ACHMIFTOTAMM. SHAYHT, 2DePUK PYHK-

ba

®
W

yuu y = —:;, m. e. zunepboaa, umeem

Eanel Lol =

d8e acuMnmomut. 0Cb X U 0Chb Y.
Ecnu BHHMATEIBHO IPOAHANIASH-
i 2 pPOBATE IIOCTPOEHHHI rpadHx, TO
MO HO OOHADYXXHTE emé OZHO
reoMeTpuYecKoe CBoicTBO, He TaKoe
OYeBHAHOE, KAK TPH NpPeanixyIIuX
(MaTeMAaTHKH OORYHO MOBOPAT TaAK!
foaee monioe ceoiicmeo). ¥ runep-
0onbl HMeeTCA HE TOJNBKO LEHTP
Puc. 56 CHMMETDHH, HO I OCH CUMMETDHH.
B caMoM nene, mocTpouM npaMyio y = x (puc. 56). A teneps mo-

CMOTDHM: TOUKH (2; %) n [l; 2] PACHOJOKEHE! 0 PA3HEIE CTOPOHEL

ps |

L'UI=

2

OT NMPOBeREHHOR NPAMOM, HO HA PABHEIX PACCTOAHHAX OT He€, OMH
CHMMEeTPHYHS OTHOCHTEJBHO 2TOoH npamoil. To e MOKHO CKasaTh

* l _!'.- - l lo - l
O TOYKAX [4, 4] " (4, 4), [8, 8) H [8’ 8) H BooOIIe 0 TOUKAX (a, a]
%; a |, TEe, KOHeYHO, a # 0. CNegoBaTeNbHO, NPAMAR Y = X — OCh

cummempuu 2unepbonst iy = %

3aMeTHM, UTO Yy runepboant y = —11; €CTh eIIfé OFHA OCH CHMMeTpHaU —

npaMas ¥ = —x (cM. puc, 56).

IIpamep 1. Haliti HanMeHbINee i HanGoablIee 3SHAYCHHA DYHK-
wny - L

a) Ha oTpeske [—;-, 4]; 6) Ha orpesxe [-8; —1].

Pemenne, a) llocrpouMm rpadbur GbyHKRIHM y = % H BBLIIEJIHM

Ty €ro 4acTh, KOTOpaa COOTBETCTEYET 3HAYEHHAM uepemeunoi’: X
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3. KBALPATUMHAS OYHKLIMS. DYHKLMS y = &
77y
d -8 -1 lo
— =i~
1 X
! sF-1—
—
ata4-1-FT
- i
ol 1 1 3 4%
2
Pue. 57 Pue, 58

M3 OTpPE3Ka [%, 4] (puc. 57). Ina swinenennoft uactu rpadHkKa Ha-

XOpHM.

(X1

y....=%(ﬂpnx=4): Yuaus = 2 (ApE X = 3).

6) Ilocrpoum rpadpnk dynknuu y = —i— H BBIAEJIAM Ty €ro 4acTb,

KOTopas COOTBETCTBYET 3HAYCHUAM NepeMeHHOA x u3 orpeska [-8; —1]
(puc. 58). Ina BrgenenHol yacTH rpadrHKa HAXOZWEM:

Yoo =1 @PHX=-1);  Ypus= —5 (R Z=-8). W

2. Dymapen y = £

B npegmpynieM DYHKTe MEl DACCMOTDe/H (DYHKIUIO ¥ = % ALAR
caygas, koraa k = 1. IIycTs Tenmeps & — mONOMUTEALHOE YHMCIO, OT-
audHoe oT 1, HampuMep k = 2. PaccMOTpHM QyHKIUIO Y = % H ¢0-

craBaM Tabauny smavennit aroX yHxIEM:

x 1 2 -1 -2 4

IS [
{
'S
|
|

— _ 1
¥ 2 1 2 1 3 4

1
00 st
|
[ -9




3. KBADPATUHHAS YHKUMSA, DYHKUMSA y = &
17/ 7
4t1e 4
214 2 ¥=2
1 1 oy
4| 21 T3 o -4 | -2-1 -
‘ 0 5 " o O Y p X
: L2 4 L2 |4
-3 -
&4 __‘il
a 6
Prc. 59
Ormerunm Touku (1; 2), (2; 1), (—1; -2), (-2; 1), (4; -;-), (-%—, 4],
(—4; —%J, [—-%; —4] HA KOODAHHATHOM maocKocTH (puc. 59, a). Oun

HAMeYalT HEKOTOPYIO JHHHIO, COCTOAMMYIO U3 ABYX BeTBeli; NpOBeNEM
eé (puc. 59, 6). Kax n rpaduk dyarnuu y = %, 3Ty JTHHHI0O HA3HBAIOT
zuneptonroil.

PaccmoTpuM Teneph ciyuait, korga k < 0; oycTh, HapuMep, 3aaHa

byarINa y = %, rage R = —1. IloctpouMm rpadmK QYHKUMU ¥ = -%-

B npeaslayilieM maparpade Mbl
OoTMeTHNN, 49T rpadbur GyHKIUN
¥ = —f(x) cumMMeTpuuen rpaduky
byarouu y = f(x) oTHOCHUTENALHO
OCH X. ITO 3HAYUT, B YACTHOCTH, UTO

rpadur GyHKIHH i = —-j—c CHAMMETPH-
yeH rpadpury pyuroun iy = % OTHO-

cuTeapHo ocH abenuce (pme. 60).
Hoayuunu runepbony ¢ BeTBAMH
BO BTODOM M 4YeTBEPTOM KOOPIM-
HATHBIX yriax. BooOie 2paduxoa

QUHKYUL § = % (k # 0) sensemcs

Puc. 80
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Puc. 61 Pnc. 62

sunepbonra, semai KOMOPOU PACROROIKENG 6 NEPEON ¥ MPEMmb-
em xoopdunamrwx yzaax, ecau k > 0 (puc. 61), u 60 smopom
u xemaépmom Koopdunamuwx yzaax, ecau k < O (puc. 62). Touxa
(0; 0) — uenmp cummempuu zunepfosisi, OCH KOOPAUHAT — QCUMN-
momuvi zuneplonp, NPAMBIE iy = X, § = —X — OCU CUMMEMPUU
zunepbonvt.

CpodicTea ynxkmnn y = % npu k > 0 (puc. 61)

1. O6nacTs onpeenesna GYHKIHY COCTOHT M3 BCEX MUCET, KpoMe
x = 0. Henoneaya sEaK U — 3Hak ofbefUHEHEHAA MHOMKECTB, MOXKeM
aamucath Tak: D(f) = (—oo; 0) U (0; +00).

2,y>0nmprx>0; y<0nmpu x <0,

3. ®yuxnaa yomBaer n Ha npoMexyrke (—oo; 0), H Ha TpoMe-
xyrre (0; +0o0),

Hoxaxxem aro. PaccMorpum dynknmio y = % Ha IPOMEKYTREe

(0; +o0). IlyeTh X; < x5, Tak Kak x; H X; ~— DOJOKUTENbHEbIE YHCIA,
1
X1

cKoaeky k > 0, % > —:;, T. e. f(x,) > f(x5).

TO U3 X; < X, ClIeiyeT > % (cM. mpumep 1 u3 § 11), u ganee, no-

Hrakr, 13 HepaBeHCTBA X; < X, caenyeT, urto f(x;) > f(x,). OTo 3Ha-
unT, 9T0 GYyHKOHA yOuBaer Ha oTKpHTOM ayae (0; +o0),
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3. KBALPATUMHAS DYHKUMA. DYHKUMA y = X

PaccaorpuM dyHRIMIO ¥ = % Ha mpomexyTiKe (—c°; 0). IIyers

X, < X3, Xy M X3 — OTpHIATENbHBIE UHcaA. Torga —x, > —x,, npuuéM
obe YacTH NOCIAEAREr0 HEPABEHCTRA — MOMOKUTENBHEIE YHCMA, IOTOMY
Lx < Lx {MH CHOBA BOCHOJL3OBAINCH HEPABEHCTBOM, NOKASAHHBIM
-x X2
B mpaMepe 1 u3 § 11). Janee umeem: e —1, 1. i LI —’?’—.

xy Xg X1 xz X1 X2

Hrax, 3 HepaBeHCTBA X, < X, CJHeAyeT, 4T f(x;) > f(x3), T. e.
dyHKIUA § = % yOuLIBaeT Ha OTKPHITOM Jyde (—o°; 0).

O6paTuTe BEMMaH¥Ye: HeJNb3A TOBOPDHTH O TOM, UTO QyHKONA yOI-
BaeT Bo Beedt cpoeif o0nacTH onpeaesieHHSA.

4. DYyHKIEA He OrpaHHYeHA HH CHH3Y, HH CBepXY.

B camoM gene, NpeATONOMHM, ITO QpyHKIUA ¥ = % OrpaEHjYeHa

CBEpPXY, T. €, BCE 3HAYEHHA QYHKI{MN MeHblle HEKOTOpOro uucaa M
(MoMmHO cqn'ra'rh, uyro M > (), BoasMéM Ha o'rlcpm'rom aygae (0; +o0)

TOUKY X = Tomaf(x.,)—z—k =M+1>M Mun

M 1" M+1

HAIILIY TOMKY, B KoTopoi#t sRavenre dyHrnuu Goanme M. Ilonyuman
NpPOTHBOPeYHe, 3HAYMUT, PYHRIHA He OrPAHNYEHA CBEpXY.

AHATOrHYHO MOKHO AOKA3ATh, YTO GYHKIINA He OrpaAHMYEHA CHUSY.
5. Hu sanbonpmiero, Hu HaHMeHbINEro 3HaYeHNH ¥ QYHKOHUHK HeT,
9T0 cpasy ciaenyeT N3 eé HeOrpAHHYCHHOCTH.

6. OyBEKIUA HempephlBHa Ha HDpoMexyTkax (—o0; 0) u (0; +o0)
¥ nmpeTepreBaeT paspulB B TouKe ¥ = 0,

7. O6nacTh sHauYeHHN GYHKIIHE — o0BbeINHEHNMEe ABYX OTKPBITHIX
nyqeii: E(f) = (~o0; 0) U (0; +00).

Caoiicrea pysxuun y = % npu k < 0 (puc. 62)

L. I(f) = (=205 0) U (0; +00).

2.y>0nmprx <0; y<0mpu x>0,

3. OYHKINA BO3pACTAET H Ha mpoMexyTke (—o°; 0), H Ha npo-
mexkyTRe (0; +00) (HO He BO Beeil 00acTH onpeAeNeHn).

4, OyEKLMA He OrPAHMYEHA HU CHM3Y, HY CBEDXY.

5. Hu ranGosapinero, HX HAHMEHBIIEro 3HaYeHHH ¥ GYHKIHH HeT,
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6. DyHkmua HenpepHBHA HA OTpPOoMeXRYTKax (—o°; 0) m (0; +0) m
npeTepnesaeT pa3phisB B Touke x = (0,

7.06aacTe snavenAntt pynknoum — obbepnHeENe ABYX OTKDBITHIX
ayaeit: E(f) = (-o0; 0) U (0; +00),

IIpumep 2. PeilinTs ypanueHUE % =H-x.

Pemenue. 1) PaccmoTpum ape GyHKIuM: y = % Ay=5H-—x.

2) ITocrpoum rpaduk GyRRONH Y = % — rauepbony (pme. 63).

3) IlocTpoum rpaduk anueikno# pynxouu y =56 — x. 9ro — npa-
Mas, eé MOKHO DOCTPOMTh No ABYM ToukaM (0; 5) m (5; 0). IIpamas
u3obpaxeHa Ha TOM e pucyHKe 63,

4) Ilo uepremy ycraHaBnaupaeM, uUTO runepfosa X npaMas Ie-
pecexalorca B Toukax A(l; 4) u B(4; 1), IIpopepka NOKa3HBAET, ITO

3TO H& CAMOM feJe TaK. 3BauuT, 3ajaHHOE YpaBHEHHe MMEeT IBa
xopHA: 1 1 4 — 310 abenmueenl Touer A u B.

OTrseT: 1; 4.

IIprmep 3. IlocTporTs M mpounTaTh rpaduk GyHkoum ¥ = f(x),
rae
-x%,ecomm -2< x < |;
fixy=1 1

-=—,ecanm x > 1.
x

Pemenne. ITocrponm napabony y = —x° 1 BLiZeanMM €& 9acTh Ha
otpeske [—2; 1] (puc. 84). 3arem nocrpoum runepbory y = —31:- H BHI-
A )

B |

[- %

ARNZ .

G

-I,, ’
5
— ,

nY

=~
f*"
wY
Fy
-

/ I
vy
-

Puc. 63 Pue. 64
107
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¥ Y
-2 (ol 1 X
mmap————
~1
o 4] | X
_1--7( x/ —4
v ¥
Puc. 65 Pnc. 68

JenrM €€ YacTh HA OTKPEITOM Jyue (1; +o0) (puc. 65). Haxonen, oba
«KycouKas» m300pa3uM B OZHO# cucTeMe KOOPAMHAT — 3T0 H Gyher
rpaduk pynrruum y = f(x) (puc. 66).

Ilepeuncnum cBoiicTBa GyHKIUM ¥ = f(x) (upounTaeMm rpadpmk).

1. D(f) = [-2; +09),

2.y=0mpux=0; y<0npu-2<x<O0Ommpux >0,

3. ®yHKROHA Bo3pacTaeT Ha orpeske [-2; 0], yOriBaeT HA OTpe3Ke
[0; 1], BoapacTaeT Ha Jayuge [1; +00).

4. OPyHKIHA OrPDAHAYEHA M CHH3Y, X CBEpPXY.

9. Ygauw = —4 (HocTHraercsa npu X = —2); Yu.e = 0 (AOCTHrAETCA
npu x = 0).

6. PyEKIMA HenpephIBAA B 38JaHHOH 0DJACTH ompeieeHHs,

7. O6nacTe sHauenudt pyuxonu — orpesok [—4; 0).

Ha rpadpmure paccMarpuBaeMoll byuknun (cm. puc. 66) ects ase
ToUKH, ofnanamime ocobmmu csoiicTBamMu, — 310 Toukm (0; 0) n
(1, —-1). B Toure x = 0 3anaHHas QyHKOEA DpEHHMaeT sHauenue 0,
KoTopoe Goabille Beex 3HAYeHHH PyHKLMH BoobIne M, B YACTHOCTH, B
AocraTouHo OuskHX K x = 0 Tourax. Ciiosocoueranue 8 Gocmamouto
6AU3KLX MOYKAX 03HAYAET, YTO MOMHO YKA3aTh HHTEPBAJ C OEHTPOM
B TOuUKe X = 0, B KOTODOM BCe 3HaUYeHHA QYHKIUM (KpOoMe 3HAYCHHA
B caMoif Touke x = 0) MeHbIIe (. Taxoil nETepBan 0GBIMHO HASHBAIOT
oxpecmnocmulo movku. Ta e kapTHHA ¢ TouKot x =1, Brouke x =1
safaHHaA GYHKONA NPHHAMAET 3HAYECHHEe —1, KOTOpOe MeHhIlle BCeX
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sHaYeRnid GyEKOHE B docmamouno Sausxux i x = 1 mouxax. Uam-
MU CJIOBAMM, MOXKHO YK&3aTh MHTEPBAN ¢ HEHTPOM B TouKe X = 1
(oxpecmuocmy mouxu x = 1), B KOTOpOM Bece 3HaUYCHHA PYHKIHH
(kpomMe 3HAYeHNA B caMolf Touke X = 1) Gonbime —1. B nogoburx ciy-
YAAX MATEMATHKH FOBOPAT TAK: X = 0 — mouxa Maxcumyma Qpynryiu
¥ = f(x), x =1 — mouka murunxyma ynxyuu y = f(x), — B OHIOYT:
Vimex = 0y Y = —1. Touxu MuauMyMa u MakcuMyma obbegunsior 06-
I{MM HASBAHMEM: Moyxy axempenyma (01 aar. extremum — xpahnnii),

OfpaTuTe BHUMAHHE: Yo.o6 M Ypar 8 TAKRNKE Yoo H Yoyn MOTYT
6biTE pABHEI, HO MOTYT GLITE B He paBHHL. Tax, AN pacCMOTPeEHOMR
B npuMepe 3 DYHKIMH ¥ = —1, 8 Yepuw = —4, T+ €. Ymin * Vasme B TO
e BPOMA Yooy = 0 A Y = 0, T. €. Yoy = Viugas-

Hrak, ME MOMXEM OTMETHTE eillé ofHo cBolicTBo Ppynknuu, pac-
CMOTpEHHOI B IpuMepe 3.

8. PyHKOHA UMeeT ABe TOYKH SKCTPpeMyMa: x = () — Touka MaKcH-
MyMa, OPAYEM Yoy, = 0; X = 1 — TOUKA MUEMMYMA, DPHYEM Y, =—1, B

HNpawmep 4. ITocTpouTs B DPOYNTATE rpaduK byRKIMH ¥ = f(x), rae
2x%, ecm x < Oy
f(x) = J;,ecmtocx(ti;

E,echx>4.
x

Pemenne. 1) Ilocrpoum rpadux dyaxumu y = 2x* u BoanMém
BeTBh 9TON mapabonwl npu x < 0 (puc. 67).

2) HocTpouM rpadur byEKINR

= Jx © BHAenmM ero wacTs Ha 1 % _r

oTpesxe [0; 4] (puc. 68). \ {

3) IlocrpouM runepbony y = % l
H BBIACTIMM €€ YACTh HA OTKPHITOM l
ayue (4; +00) (puc. 69; 3aecs ymMenB- 2
meH MacmTal). ‘

4) Bee TpH ¢KycouKas u3oGpa- \|
3MM B OAHOMN cHCTeMe KOODAMHAT — -1
aT0 ¥ ecThb rpadnk dyuxknuu y = f(x)
(puc. 70).

IlepeuncanM ceoiicTsa GyEKIIMU
¥ = f(x).

1. D(f) = (-o0; +0). Puc. 87

wy

)




KBAIPATMHHAS MYHKUMS. ®YHKLMS y = X

——

NDpamep 5. Hokasars, uro dyHroua y = f(x), rae fix) =

7
0 4 x|
Puc, 68
‘ 7Y
k“ -
0 4 £
Prc. 70

7

o

¢

)
o
®

o
LS
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Pue. 69

2.y=0mpux=0; ¥y > 0 mpn
x#0,

3. ®yHxnua yOnBaeT Ha Jyde
{(—co; 0], Bo3pacraer HA OTpe3Ke
[O; 4], yOriBAeT Ha nyue [4; +00),

4, DyHEKIEA OrpaAHHYISHA CHH3Y,
HO He OrpaHH9IEHA CBepXY.

5. Yuauw = 0 (AocTUTaeTCA mpu
X = 0); Ygaus HE CYIMECTBYET.

6. DyEKIIAA HeOpePhLIBHA,

7. E(f) = [0; +o0).

8. x = 0 — ToUKRA MHHHMYMA,
Voin = 03 X = 4 — TOUKA MAKCHMYMA,
Ymax = 2. 0

[~

;,

YAOBAETBOPAST COOTHOMEHUIO (PYHKYLORAADHOMY YDPABHERIIO)
flx - 3) - flx + 2) = 2,56f(x — 3) - f(x + 2).

CneaoBaTeasHO,

Pemenue. Hmeem: f(x — 3) = xE;;' flx+2)= xiz'
f(x—3)—f(x+2)=ﬁ - xf—2 =
SN -2Ar-3 _ _ 10
T T E-xry -+ D
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C apyroit cToporH,
2 2 10
2,5/(x-3) - flx+2)=2,5- -7 =5 =

Hrax,
10
flx=3) - fx + 2) = 75
2.5/(x - 8) - f + D = GG T D sl)?x 5

3rawmr, f(x — 8) - f(x + 2) = 2,5f(x — 3) - f(x + 2), uro m Tpebo-
BaJOCh AOKA3aTE. M
BONPOCs! ANA CAMONPOBEPKH
1. Kax HasmiBaioT rpaduk QyHKnER Y = %, rae k = 0?7
2, B KAKHX 9eTBEePTAX KOOPAHHATHOH IIoCcKocTH Oy pacnonara-
10TCA BeTBH rpadHKka QyEKIHE y = %, ecnu k > 07
3. B xaxkux YeTBepTaAX KoopaumHEATHOM miIockocTH xOy pacnojara-

I0TCA BeTBH rpaduka QyHknmm y = %, ecnu k < 0?7

4. Q6aagaer mu rpadHK OYHKHIUHM y = % cunmerpueii? Karaa

TOYKA ABIAETCA NEHTPOM cHMMeTpuu? Kak HASKIBaeTcs TaKol BHZ
CHMMeTpun?

5. Yro Taxoe acuMmuTora rpabuka dyakuum y = f(x)?

6. BanumuTe ypaBHEHHA acEMHOTOT Ipadmka GYHKUHH Yy =

r

®Ix

rae k = 0.
7. Ecan k > 0, TO Kaxoe U3 YTBEPKACHHN BEepHO!

a) byaEkoua ¥ = — Boapacraer npm x¥ > 0 u yOniBaer nopu X < 0;

6) dbyErnua y = — BoapacTaeT npy x > ( @ BoapacraeT npu x < (;

» BI¥ g @

B) dyEKOHA ¥ = > y6riBaeT npn x > () u yOnipaer npu x < 0;
r)dwmnay=£—yﬁmnae'rnpux>0nnoapac'raewnpnx<0?



3. KBALPATUHHAS YHKLMS. OYHKLMS y = X

8. Ecau k < (), To Kakoe H3 yTBep:KAcHUH BepHO!

a) byHKROHA Y = % BospacTaer npu x > 0 u y6uiBaer npu x < 0;
0) dyExoua y = —E BoapacraeT npu x > 0 n Bospacraer npu x < 0;
B) QyHKUMA Yy = -E yObiBaer npu x > () m y6uiaeT npu x < 0;

r) dyERUHA ¥y = % ybriBaer npu x > 0 n Boapacraer npu x < 0?

9, Ecau k > 0, To KaKoe U3 YTBePKZEHHI BepHO!

a) dyHrENa Y =

upu x < 0;

6) dyarnua y =

npu x < 0;

B) GyHKRUHA y =

npm x < 0;

r) ¢yHxroua y =

npu x < 0?

10. Ecau k < 0,

a) GyRRuua y =

npu x < 0;

6) dyEKDUA ¥y

npu x < 0;

B) dyHKONA Yy =

mpH x < 0;

r) QyHKROUA ¥ =

pu x < 0?7

112

L BBHIIYKJIA BBepX NpH X > 0 ¥ BEINYKJA BHU3
X
B
— BHINYKJIA BBePX NpH X > 0 M BHINYKJIA BBEPX
X
k
— BBIMYKJIA BHU3 Opd X > ( ¥ BRIIYKJA BBEPX
x

k
— BBIIYKJA BHH3 TpH X > 0 1 BHIIYKA1a BHUS
X

TO KaKOe A3 YTBEPXKAeHNHA BepHO,

-E BBHIITYKJIA BBepX NIpH x > 0 H BRINYKJA BHU3

Ld BHIOYKJIA BBePX npH x > (0 ¥ BRINYKAa BBEPX
x

k
— BBHIOYKJA BHHM3 NpH X > (0 # BHNYKJa BBEPX
X

k
— BBIOIYKJA BHN3 npu X > ( ¥ BBINYKJa BHHU3
X



3 KBALPATWNHAS OYHKLMS. OYHKLMS y = &

11. IlepeuncanTte cpoitcTBa GYHKINH Y % upm k > 0.

12. IlepeuncanTe cBoiicTBA QYHKINH Y = % npu k < 0,

13. llpuaymMaiiTe HenpepHBAYIO KYCOUHYI0 GYHKONIO, TPAPHAK KO-
TOpO# COCTOMT M3 yacTu runepfoasl H 9acTH mapabonrl. Ilonpobyitre

3aATH 3TY PYHKIHIO AHANUTHYCCKH,

§19. KAK NOCTPOUTL FPADMK DYHKLMM
y = f(x + I} + m, ECIM M3BECTEH
TPA®MK DYHKUMM y = f(x)

TlocTponm B 0ZHOM cHcTeMe KOOPANHAT rpaduki dyHKnHA
y=x?u y=(x + 8)°. 'paduxom nepnoit pyuxknuu asngerca napaosa
(NyHKTHDHAA JHHMA HA puc. 71). Jna byuxnuu y = (x + 8)° cocraBunm
Tabiuny sHaueHMIA:

x -3 -2 -4 -5 -1 -6
y 0 1 1 4 4 9

Ormerus ToukH (-3; 0), (-2; 1), (—4; 1), (-5; 4), (-1; 4), (-6; 9),
(0; 9) 5a KxoopAMHATHON [IIOCKOCTH H COSAAHAB HX IIaPHON KpHBoil,
noay4yunM napaboay (CIUIOIIHAA JUHHA HA puc. 71). O6paTHTE BHAMA-
HHe — 2T0 Ta e napaboina, uro u ¥ = x%, HO TONBKO CABHHYTAR BAONE
ocn x HAa 8 eAMHNNLI MacinTaba &e- ,y 1
80. BepmmHa napafoas Tenepn Ha- 9
xoanTtca B Touke (—3; 0), a e B Tou- rl
ke (0; 0), xak zaa napaGoam y = x2, L
Ocbio CHMMETPHH CAYKMT NpAMAA \ J ‘.
x = -8, a He ¥ = 0, KaK 5T0 6LUIO B Kb
cay4ae napaBoan y = x2 >, /
Ecam e nmocTpouTs B oxgHOl cu- \ ‘F
\
1
\

|
S

M |

X
Y =2
™ -

CcTeMe KOOPAHHAT rpadHuKkH GyRRIH \
y=x*uy=(x - 2)% To 3ameTHM
(puc. 72), uro sropoit rpaduk nony-
YaeTcA H3 IepPBOroe CABAroM (Mnu,
KAk emé -6-5-4-8-2-1 |0
Mé TOBOPAT, RAPAALEALHIM
nepenocom) BIOAbL OCH X HA 2 efH- | | |
BUNE Macurraba énpaso. Puc. 71

nY
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i AY ! r 71
9
o~
A |||—!°i',»- - ol 12 ;K -
i X _'u_ a8 Pl 5‘\ d
A\ MR T AREY AR
1 \ R b | \
LI / = X1 Vi
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v 7 K v
\L7 ]
- h
ol 1 (2] a5 [* 8 ﬁ
! 1
Puc. 72 Pue. 73

Toano Tak e 0GCTOMT Aeno W ¢ rpadUKaMH APYrHX QyHKOWI.
Hanpumep, rpabux bysromu y = —2(x — 4)° — mapabosa, xoTopas
nofyuaeTcs ua napabonsr y = —2x% caBuroM (mapajteJbHBIM Irepe-
HOCOM) BAOJb OCH X Ha 4 eIUHHNE MaciuTada enpaeo (puc. 73).

Boofine cnpasefauBo cleayioliee yTBep:KaenEne: ymobu nocmpo-
ums zpagur pyrryuu y = f(x + 1), 20e l — zadannoe nonroxcumens-
RO€ WUCRO, HYINRO OCYUecMBUmMd RAPARAEADRHU Nepenoc zpadura
Pynryuu y = f(x) 8doas ocu x na l edunuy macumabia aneso; xmoboe
nocmpoums zpadur dpynxyuu y = f(x — 1), 20e ! — zadannoe no-
AONCUMERBHOE LUCAO, HATO OCYUeCMEUMDb NEPARAEALRBE neperRoc
spadura pynxyun y = f(x) sdoav ocu x na l edunuy macuumaba
éenpaéo.

IHpamep 1. Iloctpours rpaduxr GyHKIUN Y = —%.

Pemenne, IlocTpous runepdony y = —% ¥ CABHHYB €€ BHOJb

ocH X 8Re60 Ha D eAHHHI, MOMYIUM TpebyeMelii rpaduk (puc. 74).
O6paTHTe BHMMaHMe, YTO AJA rHIeploasl ¥ = -% acuMnToToM

cay:xuna och ¥ (npamaa x = 0), a gna runepbonn y = -3 i 5 acumu-

ToTol CAYKUT NpaAMAag X = —5, T. e. acCHMNTOTA (BMecTe ¢ rpadPUKOM)

CABMHYJACh 81¢60 Ha D exuEnn. B
IIo cyTH gmena, peun mina ¢ NOCTPOSHHH rpatdura QyHKIUA

y=Fflx+1),
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AY
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Puc. 74

rae | — moboe ureI0, KAK NOJ0XKHUTENLHOE, TAK W OTPHIATeIbHOE, BhI,
HaBePHOE, 3AMETIIH, YTO ¢ABMr rpadHKa OCYIIeCTRIAICT HA CAMOM Jle/ie
Ha |!| eamEnm, a RanpaBeHMe cABMra KAK PA3 M ONPEAENISIOCH SHAKOM
yueaa I: opu I > () cABUT ocYIIeCTBAANCA 81€60, a Iipu | < 0 — snpaso.

ITocTponmM Teneps B oaHOH cucTeMe KOOpARHEAT rpadukn dyHKomiA
¥ = x® (nyExTHpHAA ARMEMA HA pHC. 75) H ¥ = x% + 4. CocraBuM Ta6-

JAWLY 3HAYCHHMH Aua byEkouu y = x° + 4:

x 0 1

|

-2

¥ 4 b

5

8

Ormerus tourm (0; 4), (1; 5),
(-1; 5), (2; 8), (-2; 8) ma xoopam-
HATHOH IJIOCKOCTH H COSIMHUB HX
nAaBEOA KPHUBOH, mONYyYMM mapa-
Goay (cromnas IMHMA BA pHC. 75).
OGpaTHTe BHHMAHHE — 23TO TA XK€
napaboxa, uTo ¥ ¥ = x°, oBa nomyue-
Ha u3 mapaboaw y = x? capmrom
BAOJAL OCH [ HA 4 eZMHHMOE! MAaC-
mrala gsepx. BepmuEa napaGosn
Tenepk HAXOAUTCA B Touke (0; 4),
a He B Touke (0; 0), Kak ana ma-
pabousl y = x°. OChIo CHMMeTpHH 10-
NpeXXHeMY CJAYYKHT mpamasg x = 0,
KaK a;ro 65110 7 B cayqaae napabonsl
y=x°

-T"

.—-"

‘_.a"

e’

4 4
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3. u KBAAPATUHHAS OYHKLUMS., YHKLMS y = X
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Ecan sxe mocTponTh B OZHOM cHCTeMe KOOPAHHAT rpaduKH PYyHK-
uuit y = x> n y = x* - 2 (puc. 76), To 3amermy™, uTO BTOpOil rpaduK
MoJAy9aeTcs H3 NepPBOro CABHIoM (MMapajLleJbHBIM EPEHOCOM) BAOJB
ocH ¥ HA 2 eAMHHIHM Macluraba exHua.

Touno Tak sxe o6cTOUT AeN0 M ¢ rpadhrKamMe Apyrux dyaxunit, Hampn-
Mep, rpadur dysxmuu y = 2x2 — 3 — napabona, KoTopas MonyUaeTes
u3 napabousnt ¥ = 2x° caBAroM (IApaJUIEILHEM NEPEHOCOM) BROIb OCH ¥
Ha 3 eanHunul macmrTaba enus (puc. 77).

Boofme cnpaBeznnso craeAyiomee yreepxAcHHE: ¥molv no-
cmpoums 2padux pyrryuu y = f(x) + m, :d0e m — sadannoe noro-
HUMEABHOE LUCAO, RATO OCYUECTREUMY RAPAAAEALRHE Nepenoc
epajduxa Qpyrxyuu y = f(x) 6donv ocu y na m edunuy macumaba
6 @ e p x; wmobu nocmpoums zpadux pynkyuu ¥ = f(x) — m, 20e m —
3a0aH0E NOROMUMERABHOE WUCHO, RYHHO OCHUECMEUMb RAPARAERL-

roitl nepenoc 2paguxa gpynxyuu y = f(x) sdonv ocu y na m edunuy
macwmaba 6 R u 3.

Mpumep 2. HocTpourt rpadux byHurmuu y = —2x% + 5.

Pemenue. [Toctpous napabony y = —2x* u cABMHYB eé BEONB

OCH Y 66epx Ha 5 eXHHHI, NONYYNM rpadukr DYHKIUHN ¥ = 22+ 5
(puc. 78). B
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3. KBALPATUYHAS DYHKLIAA. DYHKLIMA y = X
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NDpumep 3. [locTpours rpaduxr GyHKIHN Y = % - 2.
P em e nue. Iloctpous ranepSony ¥ = % H CABHEHYB €€ BJO0JIb OCH Y

8HUu3 HA 2 eAMHHII, MOAYUYHM rpaduk GYHKIAN i = % - 2 (puc. 79).
Of6paTuTe BHUMAHME, YTO H FTOPA3SOHTANBHEAA ACHMIITOTA HIePOOIN

CABRHYJIACH Ha 2 eANEHOLI 8KU3: ANA THNEPOOAN ¥ = % ACHMIITOTOH

cay:cuna ock X (mpaMas y = 0), a and ranepSosm y = % - 2 acHMIH-
ToToil caykHT npaMag y =-2. B

Ilo cyrn pena, peus HLIA O HOCTPOEHUH rpadmka GyHKUHU ¥ =
= f(x) + m, rge m — a1060e YHCIO, KAK TIOJOMKHTENBHOE, TAK H
oTpHIAaTeNbHOe. BRI, HaBepHOE, 3aMeTHAM, YTO, AYMAad, HA CKOJLKO
equHHUN MacinTaba HAZ0 CABUEYTE BAOJL OCH ¥ rpadur GpyHKnUR
¥ = f(x), MEl He ofpalaAlM BHEIMAHHE HA 3HAK YHUCJA M; CABHT rpadHuKa
OCYIIECTRJSIICH HA CAMOM AeNe Ha |m| equHun. A BOT HanpamjIeHHe
CABUTA KaK DA3 M ONPeAeadaNoch 3HAKOM YKCIA m: OpH m > 0 casur
OCYIIeCTRAANCA 66€pX, & npu m < 0 — sHu3.

Iipumep 4. Pemuth ypasHeHMe % =x% + 1.

Pemenne. 1) PaceMoTpum fBe GyBKIHM: y = -ﬁ- ny=x"+1,

2) HocrpouMm rpadur GyHKIEH ¥ = % ~— runepboury (puc. 80).
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3, KBAAPATUHHAA ©YHKLIMA. DYHKLIMA y
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f(x)= {

3) INocTpoum rpadpur QyHKIMA
y = ¥ + 1. Dro — napaGona, oHa
uaobpaxeHa Ha TOM Ke pucyYHKe 80.

4) ITo yepTe)ky YCTAHABINBAEM,
yro runepbosa u napabosna mepece-
KawTtca B Touke A(l; 2). IlpoBepka
MOKAa3kBaeT, YTO HA CAMOM JeJe
Touka A(l; 2) DPHEALIEIKHAT H TOMY
H APYroMy rpadury. 3HaYHT, ypap-
HeHHe HMeeT eJHHCTBeHHH I KopeHs
x=1.

OrBeT: 1.

IIpumep 5. [ocTporTh # IIPO-

yuTaTh rpaguk GyHROUE ¥ = f(x),
rae

(x+2P, ecrm -4 € x < 0
4 - x% ecom x > 0.

Pemenue. CHauana mocTpouM mapaboay y = (x + 2)° u Buge-
JUM e€é 4acTh Ha orpeake [—4; 0] (puc. 81). 3atem nocTponm napabony
Yy =4 — x* u BLIZEMM €€ YaCTh Ha oTKpHTOM Jyue (0; +00) (puc. 82).
Haxonen, o6a «Kkycouka» naobpasuM B ogHOil cHCcTeMe KoopAHHAT —
aro M Oyaer rpapux pynakumu ¥ = f(x) (puc. 83).

ITepeuncnum ceBoiicTBa yHKIME ¥ = f(x), T. e. OpouKHTaeM rpa-

bux.

ylﬁ*

2)

| et

/

(x +

=

-4 -2 %

=Y

Puc. 81
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3. KBALIPATMMHAS DYHKLIMAR. OYHKLMS y = &

1. O6nacTe onpeaenennsa pyHK-
nun: I(f) = [-4; +0).

2.y=0nmpux=-2unpu x=2;
y>0nopu -4 < x < -2 u nopu
2<x<2;y<0mpm x > 2,

3. ©yukmusa y0rBaeT Ha OTpe3Ke
[—4; —-2], BospacTaeT Ha OTpe3Ke
[-2; 0), yOomBaer Ha ayue [0; +00),

4, PyRKINA orpaHHYeHA CBepXY,
HO He OrpAHWYEHA CHH3Y.

5. Yaouw HE CYIECTBYET; Yunus = 4
(mocTHraeTcA mpM X = —4 U npH
x=0).

6. DyBERINA HempephLIBHA B 38-
AanHoll o6JacTH onpeAeNeHH .

7Y
1‘ \
-4 | -3 |0 2‘\ g
\
X
Puc. 83

7. O6nacTs 3HaeHNii PyHRIUH — JIyq (—00; 4]; 9T0 XOpOIIO BUAHO
no rpadHKy, ecJH CIPOeNHPOBATL ero Ha OCh Y.
8. x = —2 — TOYKa MEMHHMYMAa, nNpHuéM Y., = 0; x = 0 — Touka

MaKCHUMyMa, IpHYéM Y, = 4. B

Ipamep 8. HocTpouTs rpadmk dyrxmun y = (x — 2)° ~ 3.
Pemenue. OcylmecTENM DOCTPORHHE IO HTANAM,
Ileperifh sran. Ioctpoum rpaduxk GyHRmuE y = x* (OyHKTHpHAA

JIHHUA HA pHc. 84).

Bropo#t orag. Casnnys napa6ory
y= x*ua2 eAUHHIIL 8anpaso, moxy-
auy rpagmx GyEkmam y = (x — 2)?

(ronxana aunuA Ha puc, 84).

Tpernii oran, Capunye napaboxy
y=(x— 2)’ ma 3 equEAmE 81u3, DONY-
unM rpadur GyEKoEE ¥ =(x — 2) - 3
(xmpHaa auHua HA puc, 84). W

3amevanue. MaTemMaTHKy,
KOTOPHH DPHBHK OBITE 9KOHOMHBIM
B CBOHX AEHCTBHAX, TAKOE PpeIIeHHe
He OYeHb NOHPABUTCHA, XOTH 0HO ab-
CONOTHO mpasuiabHoe. OH COpPOCHT:
«3ayeM MHE CTPOMTH TPH rpadnka,

R Y i ¥
Tl
T AHEHE IE

CY ]
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Pnc, 85 Pnc, 86

KOTJa A MOTY 000ATHCE HOCTPOEHHEM TONBKO ofHOrO rpadura? Bean
daxrayecku rpadpurxom bysxnun y = (x — 2)® - 3 asnsgerca Ta xKe
napa6osa, uTo cyxuiaa rpaduKoM GYHKIME ¥ = X%, TONBKO BepiIMHA
napaloJibl mepeMecTHIAach U3 HAYANA KOOPAUHAT B TOUKRY {(2; —3). Ilo-
3TOMY, — HOPOJOJIXKHT MATEMATHE, — A CAEJAN TAK: ODepeitay x ecno-
MO2AMeALHOU cucmeme woopdunam ¢ navarom e mouke (2; —3). Ona
3TOT0 HOCTPOI0 (MYHKTUPOM) Npameie X = 2 u y = —3 (puc. 85). B sToix
BCOOMOTATEJBHON CHCTeMEe KOOPAMHAT BOCHOAB3VIOCH mIalJoHOM
napaGobl § = x%, TO ecTb “IpUBIIKY” rpadnK GYHKIHHM y = X° K HOBOIi
CHCTeMe KOOPDAWHAT H B UTOTE Noayuy TpeGyeMbiii rpaduk (puc. 86)».

ITonpo6yeM BOCTIONB30OBATBLCS COBETOM MaTeMaTHKA IPH PelleHUn
CASAYIOUIEro mpHuMepa.

Ipumep 7. ITocrpours rpadux dyakunu y = —2(x + 3)* + 1.

Pemeunne. 1) Ilepeiiném K BecnoMoraTeJALHOH CHCTEMe KOODAH-
HAT ¢ HAUYaJoM B Touke {—3; 1) (IyHKTHpHBIE OpAMBEEe X = -3, y =1
Ha puc. 87).

2) «IIpussaxeM» Gyaxmmo y = —2x? Kk HOBON cHcTeMe KOODAKWHAT.
Kakx aro cgenars? Moxueo Tark. BrfepeM KOHTDOJBHBIE TOYKH
ans rpabuka dyaxmum y = —~2x% (03 0), (1; -2), (-1; -2), (2: -8),
(—2; -8), — HO cTpPouTE uUX ByAeM He 8 cmapoil, a 8 H060IL cucmeme
Koopdunam (aTH TOYKH OTMeYeHH Ha puc, 87), 3aTeM uepes mosyuen-
Hble TOUKHN OpoBeféM mapaGomy — oro um Gyier Tpebyemblit rpadur
(puc. 88). W
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3. KBAIPATUHHAS) OYHKLMS. YHKUMS y = X

Y

)

d 1} y=1 A‘ 1

Y
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=Y
=
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Q

Pme. 87
Hrak, ME Noayunan daa arzopumma nocmpoenus zpapurxa Qynx-

yuwy=flx + 1) + m.
(" Anaroputm 1 )

1. ITocrpouTs rpadpux pyaxmum ¥ = f(x).

2. OcymiecTBUTS NapaAaeNbHEIN TepeHoe rpadprra PyEKINK
¥ = f(x) Bgonb ocu x Ha Ill earaun, macmrala Baeso, ecam I > 0,
H BOpaEBo, ecan I < 0.

3. OcymecTBHTh NapalNebHEI Depenoc NOJYIeHHOTO HA
BTOpOM wWare rpaduka BAOAL ocH y HA |m| eqmEHI, MacmrTaba
BBEpX, ecau m > 0, m BaAS, ecau m < 0,

Puc. 88

4 Anroparm 2
1. Tlepelite X HOBO#l CHCTeMe KOODAMHAT, NPOBEAA (MIYHK-
THPOM) BCNOMOTATE/IbEHE NpaAMbte X = —I, y = m (T. ¢, BuIOpap

HaY9AN0M HOBOI CHMCTeME TOUKY (—1; m)).
2. «IIpuesasats» rpadrx GYHRKUEH ¥ = f(X) K HOBOM cHCTeMe

\_ KOODAHHAT. py

Ha npaxkTHKe noanayliTech TeM aArOPpUTMOM, KOTOPLIK BaM Ooabime
HDABHTCH.

2



3. | KBADPATMHHAS) dYHKUMS. dYHKUMS y = &
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IIpumep 8, ITocrponts rpadux GyHrNMU ¥ = Jx-1 — 2,

Pemenune. 1) IlepeiigéM K BcnoMoraTepHOH CHCTEME KOOPAUHAT
¢ HavyaJIoM B Touke (1; —2) (OyHKTHpHEIe NpAMEle ¥ = 1 H y = —2 Ha
puc. 89, a).

2) «IlpuBsxem» PyEKOHUIO Y = J; K HOBOM cHCTeMe KOOpPOWHAT.

Hna atoro BeIfepeM KOHTPOJABHBIC TOYKHA A GYHKIMHE Y = J;, HA-
npumep (0; 0), (1; 1), (4; 2), (9; 3), HO cTpOHTE UX ByAEM He 8 crnapoil,
a 8 Hoeoil cucmeme iwoopduram (3TH TOYKH OTMEYCHHBI Ha puc. 89, g).
ITocTponM BeTBE Dapabonnl, DPOXOOANTYIO Yeped BEIOpaHHBIE TOUKHM, —
3TO ¥ ecTh TpebyeMmii rpapnx (puc, 89, 6). W

IIpumep 9. ITocTpours rpadur pyaxuun y = x° — 4x + 5.

Pemenne, Bol, HaBepHOe, MOAYMAIH, KAKOE OTHOIIIEHUE UMEET
ITOT NPHMEDP K TeM Npeolpa3oBaHHUAM TpadpMKOB, KOTOpHE MEL 06-
cyxkaaeM? OxasniaeTcs, caMoe npamoe. UToOwl B 3ToM yleauThCA,
NPUMEHHMM K KBAAPATHOMY TpEXWwIeHY x2 — 4x + 5 Memod eviderenun
noanozo Keadpama (OH 3HAKOM BaM u3 Kypca ajare6pul 7-ro Kjaacca):

X-dx+5=(*-4x+4)+1=(x—-20 + 1.

Jlna nocrpoenns rpaduka pyHxmuu y = (x — 2)* + 1 nepeiigém
K HOBOH cHcTeMe KOOpAMHAT ¢ HauakoM B Touke (2; 1) (OyHKTHDHEIE
npaMete x = 2 u y = 1 Ha puc. 90). «IIpussxems» PyrKnuIo §¥ = x°
K HOBO# cmcTeme xKoopauHar. [na 9Toro BhiGepeM KOHTPOJIBHBI@ TO9-
K¥ Ana dyakmma y = x% (0; 0), (1; 1), (-1; 1), (2; 4), (-2; 4), —
HO CTPOMTL BX GyaeM ne 8 cmapoil, a 8 Ho80il cucmeme xoopdurnam
(a™1 TouKHM oTMevyeHE! Ha puc. 90), ITo »TUM TOUKAM IOCTPOHM Iapa-
6ony — aro U Oymer Tpebyemurit rpadpux (puc. 91). ®
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Bonpocsl ARA CAMONPOBEPKM

1. Pacckamure, Kax Bb Sydere crpouTs rpaduk dyaxmm y = f(x — 3),
ecJH HA KOOPDAMHATHON maocKocTm xOy sajaH rpabmx byERIHH
Y = f(x).

2. Paccraxure, Kak Bl §yaere cTponTs rpadhuk dymxnuu y = flx + 1),
ecI1 Ha KOOPDAMHATHOH miaockoctTHm xOy sazam rpabmk ¢yHrnun
y = f(x).

3. Paccraskmre, KaK BH OyAeTe cTponTs rpaduk bynrnum i = f(x) — 3,
ecNHM HA KOODAWHATHON InockocTH xOy sazal rpadmMx Gyrxrmun
¥ = f(x).

4, Pacckakure, KaX Rk 6yaere CTPOUTL rpaduk dyuxnum y = f(x) + 1,
€cJIm Ha KOOpAMHATHOR maockoctu xOy saxan rpabux GyHKIUHN
¥ = f(x).

5. Kaxne npeofpasopanua rpadukos o6neannger sTor naparpad?
O0BpAcEATE CYTh KaXXaoro npeoc6pasoBaHnA.

6. Pacckaxute, KaK BH OyZeTe cTpouMTh rpadux GYEKOHUH
y = f(x - 3) + 2, ecan Ha KoopaMBaTHOH# DocKocTH xOy 3agan rpaduk
dyaxouu y = f(x).

7. PacckauTe, Kaxk BH OyleTe ¢TponTh padmk dyERDEH y =
= f(x + 2) — 1, ecom Ha KOOPAMHATHOI naockocT! xOy 3aaan rpadbux
dynknnn y = f(x).

8. Chopmynupyiite anroputm 1 mocrpoerusa rpagpuka dyRxoan
y=flx+)+m.

9, CoopmynmpyiiTe anropar™M 2 nocTpoeHma rpadura GyHKIMRA
yv=flx+ )+ m.

10. Kaxro#i anropurM nocrpoenns rpadnka dyrxuua y = f(x + 1) +
+ m pam Ooasine BpapaTcA? KakmM Bu OyJeTe MOIL30BATLCA DPH
pelmeHNH 3a/ja¥ U mouemMy?
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3. KBAOPATMHHARA DYHKLMNA. DYHKUMA y =

11. Ha xypca anrebprl 7-To Knacca BCIOMHHTE MeTOJ BhlAeJAeHNUA
MIOJHOrO KBaAPATA.

12. Kax, ncnonnaysa MeToR BhIIeJCHUA MOJHOrO KBAApaTa, IIpe-
oGpasoBaTe KBaApaTHHI% TpéxuneH x? — 6x + 10, uroSL MOCTPOUTH
rpadur GyHKuEn y = x° — 6x + 10? IIporosopmre, rKaxoi Gyaer mo-
CIeA0BATEJLHOCTE BAIINX AeHCTBHIA.

§20. ®YHKUMSA y = ax® + bx + ¢,
EE CBOMCTBA M IPAGMK

@yurnumo y = ax? + bx + ¢, rae a, b, ¢ — IPOoNBBOABHEIE
qyucaa, 50 @ # (0, HA3LIBAIOT KBAXKPATHYHOM (3TO HasBaHNE MOYKHO
oGBACHUTL TeM, YTO CTAPIIMIL YieH AaHHOTO TpéXuneHa ax® + bx + ¢
COMEPIRUT x2).

Onupaack Ha pe3yabTATH, IOJYZeHHEE BEIIIE, MLl CMOXKEM IO-
cTpouTh rpaduk molol KeaagpaTHuHONH GyHKIME., OANH TaKoil I'pa-
Uk mocTpoeH B KOHUEe NpeAraviero maparpada. PaccMorpum emé
OAWEH IpHUMep.

HOpamep 1. ITocrponts rpadur Gyuxomuu y = —8x% — 6x + 1.
P e 1 e H 1 e. BLINOJTHIM HeKOTOpEIe nPeoSpadoBAHMA KBAAPATHOTO
Tpéxuiena —3x% — 6x + 1, KOHKpeTHee — BBIAEIUM IOJHBIA KBAAPAT:

“8xP-6x+1=-3(x*+2x)+1=-3((x*+2x+1)- 1)+ 1=
=-8(x+1P+3+1=-3(x+ 1Y +4.

Jna noctpoenus rpaduxa dyuxnun y = —3(x + 1) + 4 nepeligém
K BCIIOMOT'ATE/IbHOI CHCTeMe KOODAWMHAT C HadaJioM B Touke (—1; 4)
(ryHEKTHpHBIE IpAMBle X = —1 1 =4 Ha puc, 92, a). «IIpunmreM» GYHKIMIO
¥ = —3x* K HOBoii cucTeMe KoopAMHAT, [l arore BEIGEpEM KOHTDOILHEIE
TouKH Ana GyHxomm y = -3x% (0; 0), (1; -3), (-1; -3), (2; -12),
(-2; -12), — Ho cTpouT: HX GyieM ne & cmapoli, a 8 noeoil cucmeme
Koopduram (9TH TOUKHM OTMeuYcHHI Ha puc. 92, a). ITo aTuM Touram
noctpouM napaiosry — ato u Gyaer TpebyeMslii rpadmk (puc. 92, 6). A

Hrax, npuMeHHEB MeTO/ BhIAeJieHHMA HOJHONO KBajpaTa, Mbl Ipe-
ofpasoBann KBaJpaTHLIR TPEXuAcH K BuAy a(x + )2 + m ¥ ucnoas-
3oBaan anroput™M 2 u3 § 19 (3aMeTHM, YTO ¢ DABHHIM YCIEXOM MEI
MO 61 HCIOTB30BATE B aATOpUTM 1). OKasamock, 4To rpadnkoM GyHK-
mnm y = —8x° — 6x + 1 apnserca napaGosa, KOTOpPaA TOMYUAETCH M3
mapabodinl ¥ = —3x° napasie bHbIM TePEeHOCOM. A B KOHIE MPEABULYILEro
naparpada Mul Bpjens, yro rpadmxom GyHrman y = x* — 4x + 5 Toxe
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Asagerca mapafona; oHA DmoJAyYaeTcA NAPAJIENbHBEIM MMEDPEHOCOM
napabosini y = x°. Ha camom zene rpadur moboii ksagpaTmarol dyax-
OouE J = ax® + bx + ¢ MOKHO NONYUMTE HAPAJIENEHEM IEPEHOCOM M3
napabovinl y = ax®, mpUUEM A7 JOKA3ATEILCTBA 3TOrO (GaKTa MCHOL-
ayeTCd Ta e fjeA — BhIAeNeHHe NOJIHOIO KBAADATS.

Teopema. I'padurom xeadpamusnoi pymnxyuu y = ax’ + bx + ¢
ReAnemca napabona, KOMOPAA ROAYHAEMCR U3 napabonst y = ax’
RAPARRERLHBLM NEPEKOCOM.

HJoxaszaTeascTsno. Bocnoassyemcsa MeTOLOM BLIZEJCHHA NON-
HOTO KBaJpaTa:

ax2+bx+c=(axs+bx)+c=a[x3+%x) +e=

dae - b2
M -

z 2
=a[x2+2%x+b—] ¥ +c=a(x+i] +

4a? 4a 20
Hrax, HaM yAATOCH IpeobpasoBaTs Tpéxwier ax? + bx + ¢ k BRAY
2 _ b _ doc - b?
alx+D*+m,roel= 0 ST

Yro6ul nocTponTs rpadur GyHEmEE y = a(xr + ? + m, By;xHO
BEIOAHATH NAPAJIEALELIE MepeHoc mapaboinl y = ax® Tak, 9robh
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3. KBALPATUMHAS OYHKLIS. OYHKLMA y = &
Y
I,
%4 |+
\ 0l J<
1 +
i ] a8
\ ' d
4 r:
\ Ll ALES
m{ | v
LN
ANV, -1
0 b %
x=-a
, #8

Puc. 93

BepnmuHa napaboam okasanack B Touke (—I; m) (puc. 93). Teopema

JAOKABaHA.
OfpaTuTe BHHMaHHe Ha CHeAyiomiee Ba)XKHOe 0OCTOATENLCTBO:
M3 NIPOBEAEHHOTO JOKA3ATENLCTBA CJeAyeT, YTO BepmnHoi napabounl

- h2
y = ax® + bx + ¢ cayxur rouka (=I; m), rge I = —2%, m = 449%.
Ocbio napaboanl CAYXKAT OpAMAA X = ~{, T. €. X = —%.

Hrak, ocow napabons y = ax* + bx + ¢ caymum npaman x = ——;;;

abcyucca x, 6epuwunsl napabonrs. sweucaiemcs no gopmyne
=2
xo - za .

@QopMyNy ANA ODAMHATH BePIINHE NAPaGOJILI He HAZO 3aTIOMHHATE
_ kK2
(peun MAST o GopMyTe Yo = M, T. €. Yo = ﬂ;—‘;—e— ). Bo-nepesix, oHa
AOBOJIBHO TDOMOB/KAA, 8 BO-BTOPEIX, €CIH M3BeCTHA afCumeca Xo, TO
OPAMHATY Y, BCETJA MOXHO BLIYMCAMTEL 1O (hopMydae Yo = f(xo), TAe
f(x) = ax? + bx + c.

Npumep 2. He Bunonuasa mocTpoeHna rpabpmka GyHKIHHA
y = —8x*— 6x + 1, oTBeTNTH Ha CHeAYIOIMHe BOIPOCHL.

a) Kaxaa npaMas CAY>XUT OChI0O CHMMETPHH napaGoani?

6) KakoBH ROOPAMHATEI BEPIMMHE Tapadoas?

B) Kyaa (BBepx uaM BHH3) HalpapjJeHHl BeTBH mapaGoam?
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3. " KBAIPATUYHAS OYHKLIMS. BYHKUMSA y = &

Pemenne. a) 3aeck a = -3, b = —6. ¥YpaBuenne ocu napaGossi:

b
X=-=—, T.8.X=-1.
2a°

0) AGenucca x, BePIMHK napaGossl HAM y)Re H3BecTHa: Xo = —1.
Opaunarty y, HaliaéM oo dopMyae Yo = f(xo), Tae f(x) = -8x* — 6x + 1:

Yo = f(x0) = f(-1) = -3(-1F - 6(-1) + 1 = 4.

Hrax, Bepmunoi napaGoasr cay:HuT TouKa (—1; 4).

B) ITapaBona y = —8x% — 6x + 1 nmonyyaeTca napaiieasHRM nepe-
HocoM mapaGoanl y = —3x%. Bersu mapaGosnl y = —3x® HanpapieHn
BHHAS (IOCKOJXBKY Koa(dunuenT mpu x? oTpunaTe/Ien), CIAOBATEILHO,
# y napabosnt y = —3x% — 6x + 1 BeTBM HanpaBienn BEu3. W

Hnsa moboit bynkmmuu BEAA y = ax® + bx + ¢ MOXHO OTBETHTb HA
NOCTABNCHHRI® B MpHMepe 2 BOOPOCH, He cTpod napaboay — rpaduk
¢yvukoun. [lpome oTBeTHTE: H8 BOOPOC, KYAA HANPABICHE BeTBH Ia-

paboani:

eemeu napaboaw Yy = ax® + bx + ¢ Hanpaenenw ééepx, ecau
a>0,uenus, ecauna<0.

Heckoabxo cio)kHee HaliTH ypaBHeHMe ocH napaboim x = —-2%

(IPHXOAHUTCA HEMHOro mocuuTaTs). M emé caoxrBee (Sonpme BH-
YHCJNeHHA) HAXOAHTE KOOPAWHATH BepmIMHER mapaboabi: abGcumccod
ABJIAETCA YHCAO X¢ = ——2%, 2 OPAMHATA J, BHUMCAAGTCA 0 PopMyse

4dae - b2
4a

Yo = f(x,), rae f(x) = ax? + bx + ¢, mau mo Gopmyae y, =

Mpumep 3. [Tocrpours rpadpux pyuxnuu y = 2x* - 6x + 1.

Pemenue. 'padnroM pyERIEN aBadeTrca napadosa ¢ BeTBANH,
HalIpaBJeHHBIMH BBepX, NNOCKOAbLKY cTapmmii koaddunmuenr 2 — mo-
AoxkurensHoe uneao. Halzém koopAMHATH BepiiHHEK hapaboswl.
Humeem: a = 2, b = —6;

Zo=-% =1,5 yo=1(xo)=1(1,5),

rae f(x) = 2x* - 6x + 1. Buauwur,
Vo=1f1,6)=2-1,5-6-1,56+1=-3,5.
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3. :j KBAOPATUMHAS OYHKLMA. DYHKLMS y = %
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Puc, 94

Ha puncyuke 94, a orMeuena rouxa (1,5; —3,5) — Bepuinua ucko-
Moii napaloJsl, IpoBeieHa eé och. YTOGRI NOCTPOUTH caMy napaGony,
IIOCTYNHM TaK: BO3LMEM Ha OCH X JBe TOYKH, CHMMETPHUYHBIE OTHO-
CHUTEJEHO OCH napafoJkl, HANPHMED, TOUKH X = 0 ¥ x = 3; BHIUHCAHM
3HaueHMS GYHKINH B 3THX TOYKAX, IIPH 3TOM YuTéM, uTo f(0) = f(3).
Hwmeem f(0) = 1, cneposarensno, u f(3) = 1. Touxn (0; 1) u (3; 1) or-
Meue¢HBl Ha pucyake 94, a. Temepn, 3Had TPH TOUKH, IOCTPOMM HC-
KoMy mapabouy (puc. 94, 6). B

PaKTHYECKM MH IOJAYYHAN AJTODUTM NOCTPOEHHA rpadHKa
KBaapaTHYHoi pyuruun. OdopMuM ero.

/_

~

AJTOPHTM HOCTPOeHMA Napaboasnl y = ax® + bx + ¢

1. HaifT KOOpAMHATEL BEPIIKHLI Mapafoybl, TOCTPOUTE Ha
KOOPAUHATHOM IIJIOCKOCTH COOTBETCTBYIOLIYIO TOUKY, IPOBECTH
oCh Mapabokl.

2, OTMeTHTH HA OCH X JBe TOYKH, CHMMETPHUUYHHIE OTHOCH-
TeJIbHO OCH napaboJisl (Ualle BCEro B KAuecTBe OGHOH M3 TAKHX
TovueR OepyT TOUKRY c abcruccoii x = 0), HaliTH 3HAYeHUA PYHK-
OWH B 3THX TOYKAX; IHOCTPOHTH HA KOODAHHATHOH ILTOCKOCTH
COOTBETCTBYIOLLIHE TOUKH.

3. Yepea nosyueHABI¢ TPH TOYKH ITPoBecTH napabosy (mhsa
GonpLIell TOUHOCTH HOJIe3HO B3ATH €llé OXHY OADPY TOUYeK,
CHMMETPUIHBIX OTHOCHTEJNBLHO ocH napalossl; TOTnA CTPOAT

knapaﬁo.ny ¢ NATH TOYKAM). Y,
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IIpamep 4. Halitn sanbonsinee H HauMeHbIIee 3HAYCHNA (DYHK-
nuu y = —2x® + 8x — 5 Ha orpeske [0; 3).

Pemenne.

Ilepsniii atan. IlocTpoum mapaboay, caykamyo rpadpuxom aa-
AaHuolt pyHKomH. BocmoakayeMca aJropuTMoM.

1) Avdeem: a =-2, b= 8;

K= -2 =2 y=f(2)=-2-2"+8.2-5=8.

3HaunT, BepmAEHOA napabosanl cayxuT Touka (2; 3), a ocblo napabo-
el — npamaa x = 2 (puc. 95, a).

2) BospMméM HA OCH X JBe TOYKH, CUMMETPUUYHLIE OTHOCHTEALHO
ocu mapabojarl, — TOMKH X = 0 u x = 4, Hmeem: f(0) = f(4) = -5;
DOCTPOMM Ha KoopAHHATHOH mWIocKkocTH (CM. puc, 95, a) Touru (0; —5)
u (4; -5).

3) Yepes Touxru (2; 3), (0; —bH), (4; —5) nposoauM mapaboay
(puc. 95, 6).

Bropoki 9781, BHIAeAAM YacTh NOCTPOSHHOIO rpadPHKa HA OTpe3Ke
[0; 3] (cm. puc. 95, 6). BaMeuaeM, STO Yoowx = —D (HOCTUrACTCA B TOYKE
x =0), 8 Yyuus = 3 (AOCTHTECTCA B TOUKE X = 2).

OTBeT: Yusuw = —5 Youus = 3.
Bonpochl Ans CamonpoBepKrM

1. Kakyw GOyHKOAI0 HASKBAKOT KBAAPATHIHOH?
2. Yro asnsercs rpapuxom dyuxnum y = ax® + bx + ¢, rae a # 0?7
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3. KBAOPATMHHAS YHKLMS. SYHKLMS y = X

8. Kak Berumenurs abcumccy X, BepmIMHE mapabonn y = ax® +
+ bx + ¢?

4, Karas npaMas CIYXHT OCbI0 CHMMEeTPHM napabosnl y = ax® +
+ bx + ¢?

5. YTo HAO CRENATh, YTOGE! HAWTH OPAMHATY BEPIIUHE! napatone?

6. Eciu a > 0, To KaKkoe yTBepKAeHUE BEepHO:

a) peTBH mapabons! y = ax® + bx + ¢ HanpaBJIeHE BBEPX;

6) Bereu mapabosst ¥ = ax? + bx + ¢ Hanpasieas! BHuU3?

7. BEcau a < 0, TO KaKoe YTBep:KJIeHHe BepHO:

a) BerBH mapabons! y = ax’ + bx + ¢ HanpaBJIeHsl BBEDX;

6) sersu mapabonu y = ax? + bx + ¢ HanpaBJeHE BHN3?

8. OnummTe AJITOPUTM MOCTPOeHHs rpabuKa dyHxuuu y = ax® +
+ bx + ¢.

§21. rPA®UMECKOE PELLEHME
KBAAPATHbIX YPABHEHWH

C KBaApDATHHIMM YDABHEHHSMHM Bhl y3Ke BCTDEYAJNHCH B
7-M kaacce. HanoMHumM, 9To xéadpamHsim HASHBAKIOT YPABHEHNE BAAA
ax? + bx + ¢ =0, roe a, b, ¢ — mobsle YHCHA (KOMDPUTAEHTET), TPHIEM
a # 0. Ucnonbsya sSHaHUA 0 HEKOTOPEIX (PYHKIHAX M UX rpaduKax, Mbl
y¥Ke Telepb B COCTOAHUH, He NOXKHUIAACE U3YUeHHA TeME «KBaspaTHLIE
ypaBHeHHA» (370 GyaeT noaaHee, B riase 4), pelIaThL HEKOTODhIE KBAaA-
pPATHBIE YDABHeHMS, IPUUEM PASTUUYHLIMHU CIocofaMM; MBI pPACCMOTPHM
3TH CoocO6H HA MpHMepe OJHOTO KBAADATHOTO YPABHEHHSA.

I pumep. Pemuts ypasHenne x2 — 2x — 3 =0,
Pemenmue.

IlepBLiii cmoco6. IoctpouM rpaduk dyHkumn y = x° — 2% — 3,
BOCIIOJIE3OBABOIACH ANTOpHTMOM Ha § 20:
Da=1,b=-2;

K== =1 yp=f)=12-2-8=—4.
3HAYHUT, BePITHHON napabonbl cayKuT Touka (1; —4), a oceio napa-
6oaet — opamaa x = 1.

2) BogsMEM HA OCH X BE TOYKH, CAMMETPAYHBIC OTHOCHTEJABHO OCH
napaGoanl, — ToukH x = —1 1 x = 3. Imeem: f(—1) = f(3) = 0; oT™MeTEM
HA KOOPAWHATHOM IockocTH ToukH {(—1; 0) m (3; 0).

8) Yepes Touxn (—1; 0), (1; —4), (8; 0) nporoaumM napadoyy {puc. 96).

130



3. HBAZLIPATUMHAS DYHKLIAS. ®YHKLMS y = &

Kopuamu ypasHenus Y

#-2x-3=0 ‘\ - J
\

——
--.3—

x
~2x

cay:xar afcuucehl TOYEK Iepecede-
HEA napaboasl ¢ 0CBI0 X3

1 { "
x,=-1,x,=8. \ o
o
Bropott cnoco6. Tpeobpasyem —AAoLYy | 3 ad
ypaBHexHne K Buay x° = 2x + 8. \ /
ITocTponM B ogBOI cCHCTEME KOODAHU-
HaT rpadurn ¢ymrnui y = x% u y=—4
¥y = 2x + 3 (pmc. 97). Onn nepece- ~4

KaloTcA B ABYX Toukax: A(-1; 1)
u B(3; 9). Kopuamu ypaBHeHHA
cayxxar abcnuecu Touer A u B, cae-
JAOBATeNbHO, X; = —1, X, = 3. Prc. 96

Tperuii cnocob. Ilpeo6pasyeM ypaBHeHme K BHAY x> — § = 2x.
IocTpouM B OZHOI cHCTEMe KOOPAMHAT rpaduKu yRKomi i = x* — 3
H y = 2x (puc. 98). OBx nepecexarmTcd B ABYX TouKax: A(-1; -2) n
B(3; 6). KopraMu ypaBHeHHA cay:KaT abcmucest Touex A u B, 3HAYMT,
x=-1,x,=3,

YerpépTHit cnocof, TIpeobpasyeM ypaBHeHMe K BHAY
x*-2x+1-4=0

Z }; 7 i
7] 71
\ ] \ s/
\ Al \ /}
LN
)
174 \-i/lo]/] s g
A¥—1 A¥—F
‘71 0 3 .5 B
1
Puc. 97 Puc. 98
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3. KBALPATUYHAS. OYHKLMS. YHKLMS y = X
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H Jajee

x*—2x+1=4,1.e. (x— 17 =4,
TlocTpouM B ofHONU cucTeMe KoopauHAT napabony y = (x — 1)° n
npamyio y = 4 (puc. 99). Onu nepecexkaloTes B AByX Toukax: A(—1; 4)

u B(3; 4). Kopaamu ypaBHeHHS cayxar abcnccet Touek A u B, cne-
AOBATENbHO, X; = —1, X, = 3.

Ilareii ¢cnocof. 3aMeTnn, uTO B faHHOM caydae x = 0 He aABasgeT-
€A KOpDHEM YPABHEHHA, M PA3ACANB NOWIeHHO 066 UacTn ypaBHeHUA
HA X, DOJNYYUM

3
x=-2- X = 0
H nalee
X - 2 = go
x
ITocTpouM B oxHOR cucTeMe KOOPAUHAT runepbory y = 33; M ODPAMYIO

¥ = x — 2 (puc. 100). Oum nepecexaroTes B8 ABYX Toukax: A(-1; -3) m
B(3; 1). KopEAMHE ypaBHeHNA cJAYXKAT abGcoucChl TOUEK A u B, sHauwuT,
x1=-1,x2,=3. 1

Hrax, kBagpaTHOE ypaBHeHMe xX — 2x — 3 = 0 MuI pemuanu rpa-
drueckn nareo coocobamu, JlaBaiiTe mpoaHamu3upyeMm, B 9€M CYTH
3THX ¢cmocoboB,

Hepeaiit cocof. CrpoaT rpadux dyAxnun y = ax? + bx + ¢ # Ha-
XOAAT TOUKH ero NepecedeHns ¢ OChIo X,
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3. " KBALIPATMYHAS OYHKLMS. ®YHKLMS y = K

Bropoit cniocob. Ipeobpaayior ypasHeHue K BUAY ax° = —bx — ¢,
crpoar mapabony y = ax® B npaMyl0 y = —bx — ¢ ¥ HAXOHAT TOYKH
HX NepecedeHns (KOPHAMHU YPABHEHHA CAYMKAT aGCHHECCLI TOYeK Ie-
peceveHHud, €CJIH TAKOBLEIE HMQIO‘.I‘OS).

Tpermii crocol. Ipeofpasyior ypaprense k Buay ax? + ¢ = —bx,
crpoar napabony y = ax® + ¢ m npaMy0 y = —bx (0HA HPOXOAMT Gepes
HAYAJIO KOODAMHAT) H HAXOAAT TOUKH HX NepeceveHUA.

Yerpépruiit cnocob. IIpnMenas MeTo BHAEICHUS NMOJTHOTO KBaj-
paTa, IpeobpasyioT YpapHeHHe K BUAY
a(x+ D) +m=0

H Jajee

alx + )% = -m.
Crpoar napaborry y = a(x + I)* u mpamMyo y = —m, napainensHyIo OCH X,
M HAXOJAT TOYKH HmepecedeHus napaboinl u npaMoii.

Oaruit cmocob. Ecau ¢ # 0, To sHauerHe x = () He ABAAETCH KOPHEM
YPaBHEeHRA. 3AMETHB 3TO, NpeobpasyoT YpasHEHME K BUIY

ax®*  bx L c _ 0
T+ Z+ri=%
T.e
ax+b+ < =0,
A fajee

==-ax - b,

®in %o

Crpoar runepbony y =

¢ # 0) 1 npamyo y = —ax — b ¥ HaXOAAT TOUKHM HX NlepeceieHnAd.

SaMeTHM, UTO HepBbLle¢ dYeriipe cnocofa NMpUMEHHMMBI K J00nM
KBA/IDATHBIM YDABHEHHMSAM, & OATHIH — TOJBKO K TeM, Y KOTOPhIX ¢ # 0,
Ha nmpakTHKe Bbl BOJXLHKI BHIGMpATH Ji060i cnocol, xoTOpHE BaM
Gonpiie HpapuTca. M

{sT0 — runepbona npm YCJAOBHH, UTO

3amevanue Hecmorpa Ha ofmnme cnocofoB rpadpuueckoro
PellleHAs KBaApaATHEIX YpaBHEHHU, YBepeHHOCTH B TOM, 4TO Jioboe
KBaAPaTHOE YPABHEHUE MBI CMOYKXeM DeITnTs rpaduyeckn, Her. Ilyers,
HAaTpuMep, HYXHO DIIMTL ypaBHeHHe x° — X — 8 = 0 (cnemmanpHO
BO3BMEM ypaBHeHHME, TOXO)Kee Ha TO, YTo OBII0 paCCMOTPEHO B NIpH-
mMepe). [TompobyeM ero pemrTE BTOPRIM cniocoboM: npeobpasyeM ypaBHeHHE
K BAAY x° = x + 8, nocrpoum mapabony y = x* u npaMylo y = x + 3,
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3. KBALPATMYHAS BYHKUMS. DYHKUMS y = £

77 OHH IIepeceKaloTCA B TOYKax A H

/ B (puc. 101), sEaunT, ypaBHeHHE

\ I x°— HMeeT ABa KOpHA., Ho uemMy paBHH

% 3TH KODHH, C MIOMOIILKID YepTeKAa

\ By'|® MBI CKAas3aTh He MOXeM — TOYKH A

# B uMeOT He Takue «XOpOIIHEe»

L KOOpPAHHATEHI, KAK B IIPHBeAEHHOM
/ yox BEILIIe ITpMMepe.

A BOT emé OAMH NpPHMEP: pe-
muTH ypaBHeHHne x> — 16x ~ 95 = 0.
IlonpoGyemM ero pemiMTh, CKa)XeM,
TpeThuM cmocofom, IIpeoGpasyem

Puec. 101 ypaBHeHHe K BHAY x° — 95 = 16x.

Tenepr Haf0 TOCTPOUTHL Napaboay

y = x% — 95 u opamyio y = 16x. Ho orpanmueHHEle pasMepsl JHCTA

TeTPasH He IO3BOAAT 3TOTO CAeAaTh, BeAb mapaboay y = x® HymHO
OIIYCTHTL Ha 95 KJIeTOYEK BHHSB,

Hrak, rpajpuyeckue cnocobnl pelreHus KBAZPATHOrO YpaBHeHUA
KpacUBEI, IIPUATHEI, HO He AAIOT CTONPOLEHTHOH MapaHTHU pelieHud
A0b0oro KBAZPATHOTO YPABHEHHA. ¥ YTEM 2TO B JanabHelimmeMm.

Bonpochbl ANA CAMONPOBEPKM

1. PacckauTe, Kax BH Oyaere rpadpuyecKu pellaTh ypaBHeHUe
%% + 2x — 8 = 0. ITpeanoxkUTe HeCKOABKO coco6oB. Pemure 310 Ypas-
HeHHe OAHHM M3 IpeAJIOoKeHHBIX BaMH cnoco(oB.

2, CRoABKO ¢OOCcOGOB pelIeHKs KBAAPATHOrO YpaBHeHHs rpadu-
YeCKMM METOAOM Bhl Y3HaJH B 3ToM naparpade? Kaxoit us cmocobos
BaM IOHparuJicA Gonblie pcero?

8. Beeraa i yaoGHO pelnaTh KBAAPATHOE YpaBHeHUe rpaduuecKuM
coocoGom? Ecau HeT, TO MPHUBEAMTE IPUMEP TAKOr0 YPaBHEHUA M
VKaKXNTe DIPUUYMHE HeyaobcTea.

=Y

o

§22. APOBHO-NMHEAHAR ®YHKUMA

JApobHo-AHHEeHHOH HAZHIBAIOT O0BIYHO QYHKIIMK BHAA

_ax+b
Y= ex+d
Ha koadpdpuunmeHTH a, b, ¢, d HaKJIaAbLIBAIOT OrpaHHYeHndA: ¢ # 0 U

% # % Heno B ToM, 910 1pu ¢ = 0 PYHKIMA OIPUHHMAST BHAA I = —“idﬂ.
T.e. Y= %x + % — gato auHelinaa pysruuAa. Ecnou ke % = %, TO
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3. KBALPATUMHAS OYHKLIMAS. BYHKLMS y = X

sl
- 8x -
VY= cx+d "

% = %, T. €. HOJIYYAeTCA IOCTOAHHAS QYHKIUA,

onpeAeNIeHHAA BCIOAY, KPOMe TOUKH X = —%. PaccMorpenne Juneiinoi

H mocTOSHHON GyHKnu#l He mpeacraBideT TPYAA, MW 3TH CAyvYan
ONIyCKAeM.
Jna nocrpoerra rpaduka apobuo-nuHeltHolt ¢pynxnun BHIgeNs-

IOT N3 HeNpABHIBLHONK Apobn g:—g HeNYI0 YACTh; KAK 5TO Zejalor,

TOKAXEM HH)Ke B IpuMepax 1 u 2,

IIpumep 1. IlocTponts rpaduk Gpysxuun y =
Pemenne. HMeenm:
x-2 _(x+2)-4 x+2 4 _ 4 +1
x+2 x+2 T x+2 x+2 x+2 :

—4
x+2

Odna atoro (cM. § 19) creayer nmepeiiTH K BCIIOMOraTeJbHOH cHCTE:
Meé KOOPAHMHAT ¢ HavajJoM B Touke (—2; 1) (DIyHKTHUpHNE NpAMErE
x =-2, y =1 ga puc. 102, a) u «npEBA3aTH» K Helf rumepGony

x-2
x+2

Hrak, naM Hago nocTpouth rpabur OyEKOHM § = + 1.

7 EBE)

‘b*/
| s

I — #A‘b

8 & P

) g ) j/

<1}

Ppuc. 102
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3. KBAOPATUYHAS DYHKLMS. GYHKLMS y = K
77 -

7 ‘i I y= 74. Ipadux npeacTapiIcH HA

o<
S pucyuke 102, 6. W

TN ‘*\e -
\KL IIpumep 2, ITocTporTs rpa-

3 =y (UK QyHKIUM Y = %

Pemenne. UMeem:

[ 1
- g:_c+3=(2x-2)+5=
1 o : 6 X x -1 x-1

Drd

_2x-1) 5 _ b
\ =TT tTz-1"7x-1t%
ad\
| Nrak, HAM HY>KHO IOCTPOHTS
Puc. 103 rpaduk QyHKIUH ¥ = ;—g—l + 2.

Jdna atoro ciaeayver nepeifiTu K BCNOMOraTeNbLHOH CHCTeMe KOOpIH-
HAT ¢ HavaJoM B Touke (1; 2) (nyHKTUpHHe npaMble x = 1, y = 2

Ha puc. 103) ¥ «npmeaA3aTL» K Hell runepfony y = % I'padux n306-

paxéH Ha pucyHke 103. M

Bonpochl fins CamMOnNPOBePKH

1. Kaxyio GyHRIIHIO HA3BIBAIOT Npo0HO-THHeHHOH?
2. Yro npeacraBaser coboii rpadux 1pobGHO-IHReHHON PyHKIHUAT

3. 3anuImuTe ypaBHeHUA aCHMNTOT rpaduka GyHROHN § = ? — 21

§23. KAK NOCTPOMTL TPADMKA DYHKLMH

y=|fx)|uy="*(ix]),
ECNIM M3BECTEH MPAGMK DYHKLUMM

y = f{x)

IIpeanonokuM, uTo TpeéyeTcs mocTPONTL rpahuK QYHKIHN

y = |f(x)|, npuaém rpadux dyarmun y = f(x) naM ussecten (aubo ox

3a/iaH, TG0 MK yMeeM ero ctpouts). Kax Oyaer BuraaaeTs rpadpux
dyarIuE Y = |f(2)[?

IIyeTs, Hanpumep, rpaduk dynxknuu y = f(x) u306pakén Ha pHCYH-

ke 104. O6parure BauManune, uto f(x) » 0 Ha nyye (—°0; a] u na nayue
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3. KBAZIPATVMHAS OYHKLIMS. BYHKLMS y = £

[b; +o°). Ha 3THX ABYX mpOMEXyT- yl_\

KaX BEIIOJHAETCA paBeHcTBo |f(x) =

= f(x). Dr0 3HAYAT, YTO HA YKABAHHBIX

NpoMeXKYTKaX rpapux GyHKOMHM ¥ = /

=|f(x)| coBnapaer c rpaduxcom dymx-
ouu ¥ = f(x). PaccMoTpEM Temephb
naTepBaa (a; b). Ha aTroM mETEpBANE

wY

BHIMOJHAETCA HepaBeHCTBO f(x) < 0. \

Ho roraa |f(x)| = —f(x), cnenoparens-

‘\'53
HO, HA mHTEpBATe (a; b) HaM Opex- ¥

CTOHNT NOCTPOUTA rpaduK QyHKIHH

¥ = —f(x). Inda 3TOr0 COOTBETCTBYIO

Iy10 4acTh rpadura Gyrxmmm y = f(x)
Hago OTOGPASHATE CHMMETPDHYHO OT- Pac. 104
HOCHTENBHO OCH X.

T'padux pysxnunm y = |f(x)| usobpamén Ha pucynke 105,

m | ] /
y=If(x)

4]
xY

Puc, 105

MoXXHO NpeAIoXHTE CAEAVIOIDAH AJTOPHATM.

(" AnropuTmd nocrpoenna rpaduxa dymxmus y = |f(x)

1. ITocTpouTs rpaduk pysxumu ¥y = f(x).

2. OcraBuTs Oe3 HaMeHeHHA Te vacTH rpadmra GyHKOURA
¥ = f(x), KOTOpHE JIeKAT He HHKe OCH X.

3. Yactu rpadura Gyaxuun ¥ = f(x), KOTOpHe JexXaT HIDKe
\ OCH X, 3AMEHHUTH HA CHMMETDHUYHLIE M OTHOCHTENALHO OCH X.

N\

/
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3. KBALIPATUMHAS) DYHKLIMS, DYHKLMS y = &

Hpumep 1. IlocTpours rpadbuk GyHKIMH Y = |2_: - =18

Pemenne. Ilocrpoum rpadpur ApoOHO-THHeHAHON QyHKUMH

2x 4
y==_"3 (cm. § 22).
HmeeM:
2x -4 _ (2x-6)+2  2{x-3) 2 _ 2
x-3 x-3 T x-8 +x—3'x—3+2'
HArak, HaM Hago NOCTPOHThH rpaduk GyHKIHH y = ﬁ + 2.

Ja aroro cienyer nepeiiTM K BCIIOMOraTeNbLHOMH cHCTEMe KOOPAHHAT
¢ HauaioM B TouKe (3; 2) (MyHKTHPHEE npAMBE X = 3, ¥ = 2 Ha pnc. 106)

H «IPUBA3ATE» K Hell rumepbony y = % I'padux n306parkéH Ha
pucyake 106.

Tenepr, BOCIOABIOBABIIACE &JITOPATMOM, IIOCTPOHM TpelyeMEBIH
rpabux. OcrasuM Ge3 U3MEHEHHA Te YACTH FHIepOOJBI, KOTODLIE Je-
JKAT He HHXKe OCH ¥ — TaK 00CTOMT Aeo Ha mpoMexyTkax (—o°; 2]
u (3; +o°). OrofpasuM CHMMeTPHYHO OTHOCHTENBHO OCH X TY 4acTh
rHIepOOJIbl, KOTOPAR JIEKHT HHKe OCH X, — TaK OOGCTOHT Jes0 Ha
nuTepBane (2; 3). B urore noayunau Tpebyemuii rpadHK — OH
npeAacTarjieH Ha pucynke 107. B

IIpeamosnosxuM Tenepk, YTO HAM HYXHO HOCTPOUTE IPadHK QYRKINH
y = f(lx]), npuuém rpaduk dbyuxnuu y = f(x) Ham uspected (ubO OH

7Y \ i ‘
\ \\

i & =f3 - |
= [35

2 3 2

——— [
O 2 3 _? o 2 13 :;:

Puc. 106 Pnec. 107



3. KBAOPATMYHAR ®YHKUMA. DYHKLMS y

e | e

sagaH, M0 Mbl YMEEM ero CTPOMTBH). Ya
Kag 6yaer BrIraagets rpadux pyHk-
uun y = f(|x]? 7

Ilyers, Haopumep, rpaduk
byaxuun y = f(x) uaobpaxén Ha >
pacyuke 108. PaccMOTPHM ero 4acThb
npn x > 0. Eeau x > 0, 1o |x| = x, Ho -
roraa u f(lx|) = f(x). 1o sHAUNT, yTO ]
upu x > 0 rpadux byaxrmm y = f(|x|) 0o
copmagaer ¢ rpabuxoM PyHKIHH
Y = f(x) (aTa yacrs rpapuxa BHAENE-
Ha Ha puc. 108), [anee Bocmoanay-
eMcs TeM, uTo | x| = |—x| u cooTBeTCTReHEO f(|x|) = f(|—%[). DTO 3HAUNMT,
4TO B TOYKaX C afciuccaMm X ¥ —X OPAVHATH rpabmea QyHKIMH
¥ = f(|x[) paBH®, T. €. 3T0 TOUKH, CUMMETPHYELIE OTHOCHTEILHO OCH Y
(puc. 109). Urak, untepecylomuii Hac rpaduK obnagaeT cBoificTBROM
OCEeBOIl CHMMEeTPHHI OTHOCHTENbHO OCH Jf, IOITOMY K Y)Ke IOCTPOeHHOM
ero BeTBH NpH x # 0 HaJO AOGABUTE CHMMETPHYHY1O eif 0THOCHTEJIEHO
ocu y (puc. 110).

—

—

)

R

i 4

Puc. 108

7Y \ 77y ]
D
A
b
\ @ * -{
-, 0 z, ¥ 0 *
| |
Pre. 109 Pre. 110

Mo®HO NpPeANoXUTh CAeAYIOMNHA aNropuTM.

Ausroputm nocrpoenns rpadnka bynxmun y = f(|x])

1. IlocTpouTe rpadmay dyHKIMY ¥ = f(x) opn x = 0.
2. [To6apuTH BeTBHM, CHMMETPHYHLIE HOCTPOCHHLIM OTHOCH®
TEeJLHO OCH .
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3. KBALPATUHHAS ®YHKUMSA. ®YHKUMR y = &

77} [
yzi-r-,‘
2 3 2
Ty
o 2\ |3 G =8| /-2|0] |2\ (3] | *
\ _2]x| -4
H V= T-3
[
Puc. 111 Prc. 112
2x| - 4

Mpumep 2. Hocrponts rpadus Gysxnun y = Tr~—7-

Pemernune. [IocrpouM, xax B nopumepe 1, rpadpux apobuo-

2x .
JHHEHHOH QyHKINA ¥ = « — 3 HO BO3bMEM TOJLKO Te HACTH rumep-

00JIBI, KOTOPHE JIGKAT B NpaBoH KOOpAMHATHON mOsyniaccKocTn (BRI-
AeneHbl Ha puc. 111)., JofaBdM K HAM HX CHMMETPHUYHEE O6pasH
OTHOCHTEJNBHO ocH ¥. B urore nmomyeumM TpebyeMullt rpaguxr — oOH
NnpeAcTaBNeH Ha pucyHKe 112. B

Bonpocbl ANS CAMONPOBEPHH

1. Paccrasxure, kax Bo Oyaere cTPOHTH rpaduK GyHKIUY ¥ = lf(-‘l:)l,
eCJIM Ha KOOPAMEATHON IocKkocTa xOy agnan rpaduk dyHxnvn y = f(x).
2., Pacckaxure, Kak Bh GyjeTe CTpouTh rpaduk dyuxmun ¥ = f(|x)),
eC/In HA KOOPAMEATHOMN mnockoeTu xOy aaaan rpaduk dyHkmun y = f(x).

TEMbl MCCNEQOBATENbCKMUX PABOT

1. T'padgmueckoe pellleHne YpaBHEHWIA.
2. IIpeoGpasosanme rpatbuxos PyHKIMA.
3. Apobro-mueitnan dGyaKImMA.



FNABA
4 KBALPATHbLIE YPABHEHAA

§ 24. OcHoBsHbi® NOHATHA

§ 25. Dopmynbi KopHeH KBAARPATHOrO yPasHeHUA

§ 26. Teopema Buera

§ 27. Paanoxenme KBARPATHOrO TPEXYNGHE HA NuHEelMbte
MHOMMTESIN

§ 28. PayuoHancHsie yPABHEHHA KK MATOMATHYECKHE
MOLeNnHt peanvHbIX CHTYaLHH

§ 24. OCHOBHMIE NOHATHA

C KBaAPATHHIME YDABHEHMAMM MEl Y)Ke He pa3 BCTpeua-
JNCh, HO TOJBKO Tenephb, NOCHe BBeleHHN ONePANNN M3BJIeYeEHs
KBAZXPATHOTO KOPHA, ¥ HAC NOABAIACE BOSMOXXHOCTE MTOCTPOHTD TEOPHIO
pemeHNs KBAAPATHHIX YpaBHEHAM.

Onpedenenue 1. KpanpaTHsiMm HA3LIBAIOT YPABHeHHE BUAa
ax®+bx+e¢=0,

rae xoadpuiuenTH a, b, ¢ — MobHe geficTBATebEBIE YHCAA, HO ¢ £ 0.

KoahdunnesTsr ¢, b, ¢ HASEIBAIOT COOTBETCTBEHHO TAK: nepaviil
Han emapwutl xosppuyuenm, emopoit xoadpduyuenm nan KoIdPpu-
yuerm npu x, c60000RHill YwAeH.

Onpedenenue 2. KpaspaTnoe ypaBHCHHE HA3HIBAIOT NPHBEASHHEIM,
ecsi crapmuii KoapdunHenT paBed 1; KBAAPATHOE YPAaBHEHNE HASKI-
BAIOT HeNPHBORSHAKIM, eC/IH CTAPHIHNHA KoadhdHummAenT orauueH or 1.

Tak, 2x% — 5x + 8 = 0 — HempuBeAEHHOEe KBBJDATHOE YpaBHe-
une (crapmuit xosddunmHeHT papen 2), a x° + 3x — 4 = 0 — npuee-
AEHHOE KBaApaTHOe ypaBHeHMe. Jlio6oe HempuBeZéHHOEe KBaapaT-
HOoe ypaBHEHHEe MOXKHO npeofpasoBaTh B npmnBegénnoe, Hanpumep,
HenpuseAénHOe ypaBHeamne 2x% — 5x + 8 = 0 MOXHO 3aMeHHTD
OpYBEeAEHHLIM, PasAedUB BCe ero WieHH HA cTapmuil KoadPpHIHeHT:
x*-25x+1,5=0,

KpoMe npuBefiéHHEIX ¥ HONPHUBeAEHHHIX KBAADATHHIX YpPABHe-
Hil, pa3NMYaAOT TAKMXKe NOJHBIe H HENOoJHHe ypaBHeHnA. Ilonmoe
KBAADATHOE YPaBHeHHe — 3TO ypaBHeHMe ax® + bx + ¢ = 0, y koro-
poro koaddunuentsl b m ¢ oranyEH or 0. Hemoamoe kBaapaTHOe
ypaBHeHMe — 3TO YpaBHeHHe, Y Koroporo aubo b = 0, aubo ¢ = 0
(a MoxkeT OmiTL M b = 0, 1 ¢ = (). OfpaTnTe BHHMAHNE, O CTADIIEM
KoaxhpumesTe ¢ peus He HAET, OH IO ONPEAEJIeHHIO OTIAYEH OT HYJIA.



4. KBAZPATHBIE YPABHEHMS

HanomManM, uTo MHorounes ax’ + bx + ¢, rae @ # 0, o6muHO
HA3BIBAKT K6AJpamuvim MPEexineHoM.

Onpedenenue 3. Kopuem xsagpaTnoro ypasnenus ax’ + bx +¢=0
HA3KIBAIOT BCAKOE 3HAUYCHHE NMepeMeHHOH X, TP KOTOPOM KBaLpaTHHIN
tpéxunen ax® + bx + ¢ obpaimaerca B 0; TaKkoe 3HAYEHME TIepeMeHHOI X
TAKXKe Ha3bIBAIOT KOPHEM KEAJPATHOTO TPEXUNCHA.

MokHO CKasaTh i Tak: KOpeHbL KBaApaTHOTO ypasHeHud ax® + bx +
+ ¢ = 0 — 3TO TAKOe 3HAYEHME X, TOACTAHOBKA KOTOPOro B ypaBHEHUNe
ofpamaeT ero B BepHOe YMCA0BOe paBeHcTso 0 = 0.

HanpuMep, anauenne X = 1 gBasAercAa KOPHEM KBajpaTHOro
rpéxuiena 2x? - 5x + p, ecan p = 8 (upn x = 1 Tpéxunen 2x% - 5x + 3
ofipammaeTcs B HYJIb); SHaYeHAe X = 1 He ABIAETCA KOPHEM KBaApaTHOID
Tpéxunena 2x> - 5x + p, ecam p # 3.

Pewumy xeadpamnoe ypaéHeHUe — 3HAYHT HAMTH 6¢€ €ro KOPDHH
MM YCTAHOBHUTH, UTO KOPHEI HeT.

CHauana paccMOTpHM HenoJHBIe KBAApaTHLIe YDaBHeHUS, IO-
CKONBKY JJIf HX pellleHus, KAK Mbl YBHAUM, HUYEro HOBOTO IDUAY-
MEIBATH He HoA0. PacCMOTPHM HEeCKOJILKO TAKNX YpPaBHEHMWIA.

INIpumep 1. PemnTh HenmoJHOe KBAAPATHOE YPABHeHHE:
a) 2x% — Tx = 0; B) x2 - 16 = 0; K) 3x%+ 10 = 0;
6) -x% + 5x = 0; r) —2x%2 + 7 =0; e) hx? = 0.

Pemenue. a)2x° — Tx = 0;
x(2x - 7)=0.
3uaunur, aabo x = 0, anbo 2x — 7 = 0, orkyaa Haxoaum x = 3,5.
Hrax, ypaBEeHAEe MMeeT ABA KopHA: X, = 0, x; = 3,5.
6) —x* + 5x = 0;
-x(x —5)=0,
YpaBHEeHNE HMeeT ABA KOPHA: X, = 0, x, = 5.
B) - 16 = 0;
x% = 16.
Pagmee, B § 8, MH y’Ke ropopmJjH 0 TOM, UTO YPABHeHMEe BHJA
*% = a, rfe a > 0, umeer ABa KopHA: g 1 —Ja. ClejoBaTeasHo, AN
ypaBnenus x° = 16 nonyuaem x, = 4, x, = —4 (MBI yuin, uTo Ji6 = 4).
Hooyckaerca Gojiee 3KOHOMHAS 3ANHACH: X, , = +4.
r) 222+ 7=0;
2x2=T;
x% = 3,5.
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4. KBAOPATHBIE YPABHEHUS

VpaBHeHRe MMeeT LBa KOPHA: X; = 3,5, X; = —/3,5. H B sToM

CIyuae MOXHO 3ANNCAThL KOpode: X, , = :|:J3,_5.

2) 322+ 10 =0;

3x% = -10.

Tak xax suipaykerme 3x° HeoTpANATENLHO MPH JIOBHX 3HAYEHAAX X,
TO ypaBEeHHe 3x2 = —10 He uMeeT KopHeil. MHEMH CNOBAME, HET HI
OAHOIO YNCHA, TOACTAHOBKA KOTOPOTO BMECTO IepeMeHHol x ofpaTiniaa
011 970 ypaBHeHNEe B BepHOE YHCAOROE PABEHCTBO.

Huorsa B TAKMX CAYYAAX YTOYHAIOT: HET delicmeumeasHvix KOp-
neit. lleno B TOM, 4TO B MaTEMATHKE, KpOMe JeficTBHTENBLHEIX dHNCe,
pPacCMAaTPHBAIOTCH TAK HABHLIBACMEIE MHEUMBIE YUCAA; TAK BOT MHUMEIe
KODHH ¥ 2TOr'0 YPABHEHHA €CTh.

) Ecin 5x% = 0, ro x* = 0, oTkyza HaxoguM x = 0 — eAUHCTREHHLIH
KopeHE ypasueHna, W

OroT NpuMep NMO3BOAAET CAEJNATEH BREIBOA O TOM, KAK PemIAlOTCH
HeNIOJHbie KBAJIDATHEIC YPABHEHNMA.

1) Ecau ypaBEeHMe MMeeT paf ax> = 0, TO OHO NM€eT OAMH KO-
peHs x = 0.

2) Eciu ypaBHeEVe MMeeT BUE ax® + bx = 0, To McOoonasayercs
METOX PARJIOIKCHNA HA MHOXKITEaH: x{ax + b) = 0; sxawur, o x =0,

aubo ax + b = 0. B urore monyqaem ABa KopEA: x; = 0, x; = -%.

3) Ecam ypasHenue uMmeer Bup ax’ + ¢ = 0, To ero npeofpaayior
K BUAY ax® = —c u ganee x* = -ﬁf. IIpaBas YACTH 5TOTO YPAaBHEHHA —
9HCJI0, OT/MYHOE OT HyJA. B cayqae, Korma -% ~— OTpHIATEIBHOE YAC-
70, YpaBHeHHe X2 = —ﬁ— He MMeeT KOopHell (3HAYUT, He NMeeT KopHel
¥ MCXOZHOe YpaBHeHue ax® + ¢ = 0). Ecim -ﬁ — NONCHHATENBHOE

9MCII0, TO YPABHEHHE X = -% MMeeT ABa KODHA: X; 3 = :I:J—ﬁ.

HenoaHoe KBAADATHOE YPABHEHHE, KAK MEl TOJBKO YTO BHAESH,
MOKET MMeTE AB& KODHS, OAMH KOpPeHb, HM OXHOro xopua. To ke
MOYKHO CKE838Th H O NOJIHOM KBajgpaTHOM ypabHeHMM, ITouemy?

M ¢ BaMu 3HaeM, uTO rpadmkoM yHKDMM y = @x® + bx + ¢
asnsgerca napabona. Kopuamu kBajpaTHoro ypasHenusa ax® + bx +
+ ¢ = 0 cnyxar acnuccH ToueK mepecedenns mapabonnl y = ax? +
+ bx + ¢ ¢ ochi0 x. IIapabona MOXKeT mepeceds OCh X B ABYX TOUKAX,
MOXMteT KACATHCA OCH X, T. €. MMEeTE C Hell JHImME OfHy o6IIyI0 TCUKY,
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4 KBALPATHBIE YPABHEMUS

\ [ [\ f 4 I\ /

\ / A /

\ /

A .
\

7Y

uy

a (i1 8
Puc. 113

Mo3keT BooOme He nepecexkarbea ¢ ocblo X (puc. 113). 3o 3maunT, UTO
xeadpamnoe ypasnenue ax’ + bx + ¢ = 0 moxcem umemv aubo dea
KOpKR, Aubo odun xopens, nubo s00bue He uMems KopHEel.

B ciaegylomem naparpadge MBI NMpHBeAEM AOKA3ATENBCTBO 3TOTO
YTBEDKACHNA, He OMHPAION[EECA HA reOMeTPHYECKHEe MINIOCTPALKN,

Komeuno, HeMXOX0 3HATH, CKOABKO KODHe#l HMeeT KBAAPATHOE
ypaBHeHHe, HO eIIé JydnIe YMEeTh UX HaXOAUTh. Ec/H ypaBHeHHe He-
MOJIHGE, TO, KAK MBI BHAEHH BbIIE, OCOOHX MpobaeM He BOIHHKAeT.
A ecau MB HMeeM NOJHOe KBaApaTHoe ypaBHeHue? [llanee Ha mpu-
Mepe ORHOTO TAKOTO ypaBHEHMA HANMOMHHM, KAKHAMHM CIIOCO0AMH MbI
MOJIb30BANHCE A0 CHX IIOP, €CJH NPHUXOAMJIOCHh BCTPEHATBCA ¢ KBaJ-
PATHBIM ypaBHEHVEM.

IMpumep 2. Pemnts ypasReHue x° — 4x + 3 = 0.

PenieHnnue.

Ilepsuiif cnocob. PaccMoTpuM KBazpaTHb Tpéxunen x2 — 4x + 3
U PAIJIOKHMM €r0 Ha MHOMKHTEJIH, MCMOJL3YA cnocol I'DYIIIHPOBKH;
OpeABAPUTENLHO NPEACTABHNM cjaaraeMoe —4x B BHAE —X — 3x!

¥ -4x+8=x>-x-8x+3=(x'-x)-B8x-3)=
=x(x—-1)-3(x-1)=(x — 1¥x - 3).

3HauHUT, 38/laHHOE YPABHEHHE MOMCHO NepemucaTth B Buje (x — 1) X
X (x — 3) =0, oTkyaa AcHO, YTO YpABHEHHE MMeeT ABA KODHA: X; = 1,
x, = 3; npu x = 1 ofpaniaeTca B HyJIb MEOMHATEeNb X — 1, anpu x = 3
ofpaniaerca B HYJbh MHOXKHUTEADb X — 3.

Bropoli cnioco6. PacemoTprM KBazpaTHLIN Tpéxunes x° — 4x + 8
K PAa3IOKUM €r0 HA MHOMKHTENH, UCIHONL3IYA METOX BLIJCJEHUS TOJ-
HOI'0 KBaADATA; [IPeABADUTENBHO NPEACTABHM caaraeMoe 3 B BHAe
4-1:

XP-4dx+3=x"-4dx+4-1=(x-2F¥-1,
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4. KBAOPATHBIE YPABHEHMA

Bocnoanszopapmuch GopMyIod pasHOCTH KBAAPATOB, MOXYIHM
(x-2+1){x-2-1)=(x—-1)x - 3).
Paccy»kzas, Kak B MepBOM cmocole, HaxoguMm X, = 1, x, = 3.

Tperuii cnocob. IIpeano:kennoe KBARPATHOE YPABHEHHEe MOMKHO
pemuTh H rpadHYecKuMH MeTogamMu, Bepuurecsk B § 21, BcnoMHEUTE

pasHBie cnocoln rpaduueckoro pelreHHs KBaAPATHOIO YPaBHEeHHA B
NpHMEHNUTe OJHH H3 HHX K JAHHOMY ypaBHeHEHIO. B

HTar, ME 3HAEM MHOTO COocof0B pellleHHA KBAAPATHEIX ypasHe-
HHEHA. Ho Bamin ycnexw B pelreHuH KBAAPATHLIX YPABHEHHH A0 CHX IIOP
3ABHCeSIH OT HAJMHIHA OJHONO H3 ABYX GaarompmaTHeIX OOCTOATENLCTB:
1) xBaapaTHHINA TPEXY/eH YAANOCH PA3JICKHTh HA MHOMATENH; 2) rpa-
(PHKH, ROTOPBIC MBI HCTIVIL3YEM A rpadIuecKoro peitieHnA ypapHeHHA,
IIePeCceKJINCh B ¢XOpOmHX» Toukax. HageaTbca Ha TakHe HOAADKH CYAb-
6Bl MATeMATHKH, €CTECTBEHHO, He MOTIA. OHM HCKAIYM YHUBeDCANMLHEIR
cnocolb, TpuroAHEIl AN pemienua A00biX KBAAPATHREIX YPABHEHHI, U
HaULIH ero; 0 HéM H DOHAET peus B CAEAYIOINIEM maparpacde.

Bonpockt AnA camonposepiv

1. Kaxoe ypaBHeHHe HASHIBAIOT KBAJPATHRIM?

2, Uro Taxoe npuBeéAHCe KBAAPATHOS YPABHeHHe?

3. YUto Takoe HenpuBeZéHHOe KBAAPATHOE YPABHeHHEe?

4, MpeoGpasyiite ypasaerue 3x° — bx + 4 = 0 K BUAY NPHBEER-
HOTO KBAAPATHOrO YPABHEHHA,

5. Ilpeofipaayiite ypasrenne 1,2x% + 0,4x — 5 = 0 K ypaBHeHHIO
¢ neanMn KoathdumnerTaMu.

6. Uro Takoe MoTHOe KBAAPATHOE YpABHeHHe?

7. YTO TaKOe HeMONHOe KBaZpaTHOE YpaBHeHUe?

8. YTo HASHBAIOT KOPHEM KBAAPATHOIO YPABHEHHA?

9. CKoABKO KOpHEH MO)KeT MMeTh KBaJPATHOe ypaBHEHHE?

10. Pemure BenonHoe KBaAPATHOE YPABHEHHE:
a)3x*=0; 6)3x°+6x=0; B x*-9=0; rx*+9=0.

§25. ®opMynbl KOPHEH
KBAAPATHOIO YPABHEHMSA

IIycte AaHO KBaapaTHOe ypasHeHHe ax’ + bx + ¢ = 0.
IIpuMeBENM K KBAXPATHOMY TpéxwieHy ax’ + bx + ¢ Te e mpeol-
pa3oBaHMg, KOTOPhle MBI BHINOJHAJNH B § 20, korAa AOKA3HIBAIKM
TeOpeMy © TOM, 4TO rpadmkoM GyHKUHE ¥ = ax’ + bx + ¢ ABRAeTCA
napaboJia:
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4. KBAZPATHbIE YPABHEHUA

ax2+bx+c=(ax2+bx)+c=a(x2+%x) +e¢=

2
b b b b - 4ac
= 2 499 = L _=ac
a(x 2 ax+4a J 12 +c= a(x+za] PR

O6muno BeIpaxkenEne b2 — 4ac o6osHaualor GykBoit D m Ha-
3LIBAIOT AHCKPHMHHAHTOM KBAAPATHOTO Tpéxunena ax’ + bx + ¢
(MM IHCKPHMEHAHTOM KBAXPATHOrO ypaBHenus ax’ + bx + ¢ = 0).
Taxum ofpasoM,

2
- b)_D
ax*+bx+c= a(x+ 2a) o

BmavynT, KBagpaTHoe ypaBHeHHe ax® + bx + ¢ = 0 MoxkHO Hepe-

NHCATE B BHOE
b D
aix+—| =+
( 2a) 4a

(x + 1)2 =2 (1)

H Jajee

2a 4g?

JIo6oe KBaspaTHOE ypaBHeHHe ax® + bx + ¢ = (0 MoxHO mpeoGpa-
30BaTh K BHUAY (1), yA0OHOMY, Kak Mul celiuac y0eauMcs, I TOrO,
yToOH OmpeAeNATh YMCI0 KODHeH KEAAPATHOTO YPaBHEHHA W HAXO-
IATE NX.

Teopema 1. Ecau D < 0, mo xeadpamnoe ypasnuenue ax® + bx +
+ ¢ = 0 ne umeem xopreu.

NokasaTeaxbcTBo. Ecan D < 0, To npasas 4acTh YDABHe-
HAA (1) — oTpHIATeABLHOE YUHMCJO; B TO Xe BpeMdA JeBad €ro 4acTh
npy M00BIX 3HAYEHMAX X DPHHUMAET HEOTDUIATENLHBIE 3HAYEHHA.
CaenoBaTeIbHO, HET HA OJHOTO 3HAUEHHA X, KOTOPOE YAOBJAETBOPSIO
6 FaHAOMY YDABHEHWIO, IO3TOMY ypaBHeHne (1) He MMeeT KopHeik,

IMpumep 1. Pemurs ypabnenwue 2x° + 4x + 7= 0.
Pemenne, Qaecha=2,0=4,¢c=T;
D=b-46c=4*-4-2-7=16 — 56 = —-40.

Tax xak D < 0, To Mo TeopeMe 1 faHHOE KBAXPATHOE® YPABHEHHE
He uMeeT KopHeii. H
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4. KBAQPATHBIE YPABHEHMS!

Teopema 2. Ecau D = 0, mo xsadpamnoe ypasnenue ax® + bx +
+ ¢ = 0 umeem odun xopens, xomopwi Haxodumcs no popmyne
b

x= =g

HoxazaTenscTso. Ecau D = 0, To ypaBEeHne (1) npnanmMaer
2
20 b _ =2 _ i
BUI [x + 2a) = 0. 3uaunr, x + 2 = 0, T.e. x = 2 eIHHCT
BeHHHH KOpeHb YPABHEHHA.

Jamevanue 1. IlomHHTE I BH, 9TO X = -—% — abenueca

BeDPIIMHE! N1apabolbl, KoTopasd cayxuT rpadmixomM GyHEknun y = ax? +
+ bx + ¢? IlodeMy FMeHHO 5TO 3HAYEHHE OKA3AJOCH €NHHCTBEHHERIM
KODHEM KBAJAPaTHOTO ypaBHeHHA ax’ + bx + ¢ = 0? Jlapuuk or-
KpHIBaeTca mpocto: ecan D = 0, To, KaK MH paHee YCTAHOBHIIH,

2 H
= = bl _2 _ KA
y-ax‘+bx+c-a(x+2a] o a(x+2a).

I'pahukom xe GyHKIMA

2
= b
y= a[x+ 2a)

ABAAETCA Napatosa ¢ BEpHIMHONH B TOUKE (-21; 0) (pue. 114). Taxnm
a

ofpasoM, abcrucca BEPINEHE tapaboibl U eIHHCTEEHHbINA KOPeHb KBaj-
PaTHOro ypasHerusa npn D = () — oJHO H TO e THUCHO.

IIpumep 2. PemET:r ypasue-

mme 4x2 - 20x + 25 = 0. 9Tl I

Pemenue, 3geces a = 4, b = \ /
= =20, ¢ = 25; .,'_‘
D= -dac=(-200-4-4-25= \ &

= 400 — 400 = 0. \ l.;:

Tak xax D = 0, T0 Mo Teope- \ / i
Me 2 naHHOe KBRPDATHOe YPpaBHeHHe \‘ :L
HMeeT OAMH KOpeHb, DTOT KOpeHb \ |/

R )

HaXONUTCA 10 HopMyle x = 55 5 > i
38agMT, X = 22—04 =2,5. 2a

OreerT: 2,5. Pne. 114
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4. KBALPATHBIE YPABHEHUS

3amevanue 2. O6parvre BEAManme, uTo 4x° — 20x + 25 —
RBONMHLIK KBaapart: 4x° ~ 20x + 25 = (2x — 5)°. Ecsam 6uI MBI 5TO 3a-
METUJIH Cpa3y, TO pemuan 6bl ypasHeHue Tak: (2x — 5)% = 0, spaunr,
2x — 5=0, orryna noﬂmrqaem x = 2,5. Boobme ecau D = 0, o ax? +

b
+bx+c=alx+ % -~ 3TO Mbl OTMETHJIA PaHEe B 3aMeyanmu 1.

Teopema 3. Ecau D > 0, mo xeadpamnoe ypasnenue ax® + bx +
+ ¢ = 0 umeem de6a xopnra, xomopsie RaxX0PAMCA RO GOPMYAAM:

_=b+JD . _ -b-D
Y= Tg ®T T34
HoxaszaTenncTro, [lepenmmem kBafpaTHOE YpaBHEEUe aXx> +
+ bx + ¢ =0 B Bage (1):

2

b D
+ _— = /.
[x 2a) 4a®

ITo ycaosuw D > (), aHauuT, NpaBas 4acTh YpPABHeHHA — NOJMO-
sureabHoe uynciao. Toraa u3 ypasHeHus (1) nonyuaeM, uro

b _ D
x+2a-:l:2a.

Taxum 06pasoM, 3axa4a CBeJack K PellleHHI0 ABYX YPaBHEHWH:

s+ b - VD, b _ _JD

2" 2° *t 2~ "2
M3 nmepBoro ypaBHeHHA HAXOANM:
-.b  ¥D _-b+yJD
*=~2% "2 =" 22 -

M3 BTOPOro ypaBHEHHS HAXOAHM:

2a 2a 2a
HT&R, 3J8/1aHHOC¢ KBaJpaTHOE VpABHeHHe HMeeT JBA KOpDHA.
-b + D =b — D
ry= 2B, o 22D, @)

Jamevwanue 3. IlpuBepém nmpaBaonoAofHYIO BepCHIO NPOMC-
XOMJeHNA TepMuHA duckpuMlHanm. BcnoMHHTE CIOBO « IUCKDUMH-
HauuAs. Yro om0 o3Havaer? OHO 03HAYAET YHWKEHHE OJHUX M BO3-
BHILIEHHE ADYTHX, T, €. PA3JMYHOE OTHOLICHHE K DA3SHEIM JKAAM.
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4. KBALPATHBIE YPABHEHMS

O6a caoBa (1 AWCKPEMUHAHT, ¥ AHMCKPHMUHAOUA) MPOMCXOAAT OT
JaTRHCKoOro discriminans — «pasnuuaommiis. JUCKPHMAHAHT pa3d-
Audaem KBAJPATHEE YPABHEHHA IO YHCIY KOPHeIl.

Npamep 3. Pemiuts ypasHenne 3x> + 8x — 11 = 0.

Pemenue. 3gecre=3,b=8, ¢ =—-11;

D=b-4ac=82-4-3.-(-11)= 64 + 132 = 196.

Tax xax D > (}, To Do TeopeMe 3 AaHHOe KBAJAPATHOE YpaBHEHHE

HAMeeT ABa KOPHA. JTH KODHH HaXOAATCA mo dopmynam (2):

gowbtVD _ 8+4196 _ 8 +14 _ .
1 %a 2-3 6 ’

-JD _ -8-196 _ -8-14 =1 _ g
2a 2-3 6 ~ 3

Xg = b

el

OrBeT: 13 -3%.

DaxTHYECKH M ¢ BAMH BEIpAGoTanu caefyiomee NPaBmio.

(" Ilpapnno pemenns ypasHemus ax’ + bx + ¢ =0 h

1. BoucanTs guckpuMuHanT D no Gopmyne

D =¥ - 4ac.
2. Ecan D < 0, To KBaApaTHOEe YPABHEHHe He MMeeT KOpHeii,
3. Ecan D = (0, TO0 KBaagpaTHOe YpaBHEeHHe MMeeT OANH KODeHb

xXr= =2
2
4, Ecnim D > 0, TO KBafgpaTHOe YPABHEHNe HMEeeT ABA KODHA:
xo=btyD . _b-JD
! 2¢ ' 2 22 Y,

\.

9T0 NIPABAIO YHUBEPCANRHO, OHO NIPHMEHNMO KaK K IIOJNHEIM, TAK
¥ K HENOJNHHIM KBAXPATHHIM ypabHeHHAM, OZHAKO HENOJHLIE KBaj-
paTHble yPABHEeHHA 0OBINHO II0 TOMY NMPABAJY He DEIAIoT, HX yAoOHee
pelaTh TAK, KAK MBI 9TO JeJAJH B NpPeguAVIOeM naparpade.

Hpuwmep 4. PeruuTe ypaBHeHHS:
a)x’+3x-5=0; B)2x-x+8,5=0.
6)—9x’+6x—1=0;
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4. KBAOPATHBIE YPABHEHMA

Pemenne. a)3necha=1,6=3, ¢ =-5;

D=b-4ac=3-4-1.(-5)=9+ 20 = 29.
Tax wax D > 0, To AanHOe KBajApaTHOe YpaBHeHHe UMeeT ABa
KOpHA, ITH KODHHM HaXOAHM 1o popMysaM (2):

yo= b+ VD _ -8+ 29,
1~ 2a b 2 *
yo= b=VD _ -8-29
2 2a 2

6) Kax moxasniBaeT omelT, yaoOHee MMeTh A0 C KBAAPATHBIMH
YPABHEHNAMH, ¥ KOTOPHIX CTApmMHUY# KoddDUIMEHT MOJOKUTENEH.
IlopTOMy CHAvYAZIA YMHOMKHM ofe YACTH YpABHEHMS Ha —~1, monydmm
9x - 6x+1=0.

Baece a=9,b=-6,¢c=1;

D=0 -4ac=86-36=0.

Tak kak D = 0, To AaHHOe KBAApPATHOE YpaBHeHUE MMeeT OAUH

KOPeHB. JTOT KOPeHb HAXORHUTCSA IO (opMyne X = —%. Cneposa-
-6 _1
TEIBHO, X = 55 = 3

910 ypaBHeHHe MOKHO GBLIO GBI DemINTH MHAYe: TAK Kak 9x% —
—6x + 1 =(3x — 1)?, T0 monyuaem ypasmenue (8x — 1) = 0, oTryza
HaxonxuMm: 3x - 1=0,T. e, x = %
B)3recha=2, b=-1, ¢ = 3,5

D=bp-4ac=1-4.2-83,5=1-28=-2T,

Tak xark D < 0, To fanAoe KBaJpaTHOe YpABHeHUEe He HMEeT
Kopmeii. B

TpuBeaéHROE BHIIE TPABIO PerueHAs ypasaenus ax’ + bx +¢=0
MOKHO 3a0MCAThL B BUfe ogHOU DOpMYJIBI;

2a :

Xy,2

Ecam oKaxeTcs, 9To AuckpumMuHanT D = b® — 4ac — oTpunaTens-
HOe MHCJO, TO 3amucaHHasa ¢GopMysa He HMeeT CMHBICIA (IOJ 3HAKOM
KBAJPATHOrO KODHA HAXOAHUTCH OTPHUIATEJBHOE YHCJIO), BSHAYHT,

150



4. KBAJPATHBIE YPABHEHMS

KopHel HeT. Ecam )Xe oKameTcfl, YTO JHCKPHMHHAHT paBeH HYJIO,

TO NMONYYaeM:
g ,=20 _ _b
L2 2 20

T. €, OAUH KOPEHEL (FOBOPAT TAKJKe, YTO B 3TOM CJy4Yae KBAJ[PATHOE
ypaBHeHHEe MMeeT 784 O0FUHAKOBLIX KODHA: X, = X3 = —-2% }. Haxo-
Herl, eCJH OKaxeTcs, uTo b* — 4ac > 0, TO MOAYYAIOTCH ABA KODHA:

%, B X5, CaMo umeno b2 - 4ac B 9TOM CAyHae MOMOKATERLHO (KAK
BCAKNA KBAADATHLIE KOPEHD M3 NOJOMKHTENILHOTO YHCa), 8 ABONHON
3HAK Ilepej HUM O3HAYUAET, YTO B OAHOM Cjayyae (HPH OTHICKAHUH X;)
3TO MONIOHUTEBHOe UNCJ0 npubapiaserca K uucay —b, a B apyrom
cayuae (IPH OTHICKAHUH X,) 3TO IOJOMRHTENBHOE YHCIO BRIMUTAETCA
U3 uueaa —b.

¥ Bac ecTs cBobGoma BhGopa. XoTuTe — pemaiiTe KBagpaTHOE
ypaBHeHHe NoAPOGHO, HCNIOAB3YA CHOPMYNHPORAHEOR BRIIIE IPARKIIO;
XOTHTe — 3aNHIIHTe cpaly GopMyay (3) H ¢ eé mMOMOIILI0 Aenaitre
He0BX0AUMEIe BBIBOALI.

IIpamep 5. PeuinTs ypaBHEEeHAA:
i +3:-T -0, 6)3?-02¢+277=0.

Pemernue. a) KoEHeUHO, MOMKHO ncuo.nbaona'rb dopmyny (3),

e
3" Ho saueMm

BLIIOMHATL AelicTBHA ¢ aApolamMA, Koria npome M NpHATHEEe HMETh
Aeso ¢ nenbiMu uncaaMu? asaiitTe ocBoboammMca oT 3HAMeHATe e,
Haa sroro ofe yacTn yparHeHHs HYXHO YMHOMXUTH Ha 12, T. ¢. Ha
HaUMeHBINHI o0muit sHaMeHaTeNnb Apodeil, cayxammux Koaddu-
NHeHTAMH YPaBHeHHS:

12[§-x= 5, l] =12.0;

YYKTHIBAA, 9T0 B JAHHOM CJIyd4ae ¢ = —. b= 6’ c=

L] 12
8x2+ 10x-7=0.
A reneph BOCTIONBL3YyeMcA popMyaoi (3):
-10 + /102 - 4-8. (-7)

Xy1,2=

2-8
£, = —10:J1oo+22 —101Jaz _=10:18
: 16
--10+18-l _—10-18__1
177 T Mt 1@ T 71
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4. KBAOPATHBIE YPABHEHMS

0)3gecra =3, b=-0,2, ¢c=2,77;
D=b -4ac=(-0,2*-4.83.2,77.

IIpukuaka nokaaniBaeT, 4TO AUCKPHMMHAHT — OTDHIATEBHOE
9HuCa0. 3HAUHT, YDABHEHME He mMeeT KopHeil. B

Npumep 6. Pemnurs ypasrenne 5x2 — 215 x + 1= 0.
Pemenue. 3aecka=5,b= —ZJE, c=1;
2
D=b-4dac=(-2J15) - 4-5-1=60- 20 = 40.
Tax xax D > 0, To KBagpaTHOE YPaBHEHHE HMeeT ABa KOPHM:

_-b+ VD _ 2415 + 2410 _
2 2a 10

_2B(G: ) _ E(B:VE) g
10 5 )

X,

Jo cHX mop MBI AKTUBHO ¢3KCOIYATHpPOBAIH» Gopmyny (3) ana
OTHICKAHMA KOpHEH KBajpaTHOTO ypaBHeHHA. Ho mMaTeMaTHKH Bce-
raa nuitaores o6nerdynTh cebe BhIMMCAeHuda., OHE OOHAPYXRHIH, YTO
thopmyay (3) MOKHO yOpoCTHTL B clydae, Koraa kKoaddunnenr b
(xooddunuent npu x) umeer sua 2k (Hanpumep, b = 10, b = ~20,

b = 2415). B caMoM aexe, nogctasus B dopMyay (3) 2k Bmecro b,

MOJIYIAM:
_ -2kt J@k)P -dac -2k JUFE-ao) _

1,2= 2a 2a -

_ -2k + 2k? - ac _ -kt B2 — ac
2a a '

Hrax, xopuu xeadpamuozo ypaenenus ax? + 2kx + ¢ = 0 MoxHO
HaXoauTs 1o dopmyie

X .= k% JR? - ac (4)
a

CpasHure 51y dopmyny ¢ popmyaoit (3). B 9ém e€ npeumymecTsa?
Bo-niepBEHIX, B RBaApaT (107 3HAKOM KBaAPATHOTO KOPHA) BOSBOJAUTCH

He upcaoc b, a ero mosormHa (k = %). Bo-BTOpHIX, BHYHTAETCH K3

3TOrO KBagpara He 4ac, a npocto ac. B-TpeTbux, B 3HaMeHaTeJe
coepuTcA He 2a, a mpocTo ¢. Kak BuauTe, mo Xpaitueil Mepe B
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4. KBAOPATHBIE YPABHEHUS

Tpéx MOMeHTaX MbI ofmeruaeM cefe BHIKIAAKK, A BOT KAK BBIFIARAT
dopMyaa (4) AnNA NPABEASHHOTO KBAAPATHOTO YDABHEHAs BHAA X° +

+2kx+c=0
xl,g = -kt Qka - C. (5)

Brime, B npumepe §, HaM BCTPETHIOCH KBagpaTHoe ypaBHeHHe
8x% + 10x — 7 = 0. Pemnanu ero Tax:

g o T10£J10°-4-8-(-7) _ 10+ 324 _ -10£18
1,2 2.8 16 16

B urore nonyaman: x; = %, Xy = —%.

Tenepr pellAM TO e KBAADATHOe YpaBHeHHe O dopMyse (4),
Y9UTHIBAA, YTO B AaHHOM cayqae b =10, 7, e. 2k =10, 2 = 5:

Bty5?-8-(-T) _-5+81 _-5+9
— —t 8 L]

8 8

Xy,2 =

B urore noayuunn: x; = %, Xy = -%.

Cornacurech, 4T0 Taxk paborare mpome.

HuLIMH caoBaMH, €ClIM BAM BCTPETHNOCH KBAAPATHOS YpPaBHEHUE
suga ax? + 2kx + ¢ = 0, coBeTyeM NoAL3oBATHCA GopMysol (4) (unu
(5), ecin g = 1), Tak KaK BEIUMCAeHNA OyayT mpomme.

Zamevanue 4. YV Bac MOMKeT CO3TATHCA BIeYaTJIeHHe, UTO
CYLIEeCTBYeT HECKOABKC GOPMYJI AMA OTHICKAHHA KOPHEel KBaAPATHOIO
rpéxunena ax® + bx + ¢ — dopmyast (2), (8), (4) uauz (5). Ha camoM
JeJe, 3TC JHIIEL HEKOTOpRe MoguduKAIUY (HOPMYIIE]

-b + JD
2a

X1,2 = ’

rae D = b® - 4ac.

HODpumep 7. Peminrs ypaBHeHHE

2 1_ _ 4
-z T 2 -
PemeHHne, 310 — pauuoHansHoe ypapHenue, IlepBoe 3HAKOMCTBO
¢ PAIMOHANLHEIMM YPABHEHHAMM COCTOAJOCHh Y HAC paHee, B § 5.
Ilepenumem ypaBEeHHe B BHAe
2 ,1__ 4
2-x 2 x(2-2x)




4. KBAOPATHbLIE ¥YPABHEHUA

O6muM sHamMeHaTeneM HMeromuxcd Apobeit cayxur 2x(2 - x).
PaccTaBEM ZONIOAHHTEIbBHBIE MHOXKHATEIH,
ﬂ 1|x!2 - x} 4@
2—x+§ T x(2-x)
¥YMuEOXKHB 06 YaCcTH YPABHEHNA HA o0IIHil 3HaMeHaTear 2x(2 — x),
DONYINM;

dx + x(2 — x)=8;
¥-6x+8=0,
HOnA oTEICKAHMA KOpHEH NOJYYeHHOrO MPUBEAEHHOTC YPABHEHHSA
C YéTHHIM BTODHIM K03($dUIHUeHTOM BOCIOJAB3YeMcA dopmynoi (5):

X12=8£437-1-8=81=8%1,

HUrak, x, = 4, x, = 2. Octanocky ana HaitfeHHBIX KOpHe#l mpobe-
pPUTH BHIIOAHEHUe ycioBua 2x(2 — x) # 0. UYncao 4 3TOMy yCIOBHIO
VAOBJETBOPAET, & YACAC 2 — HeT. SHAYHT, 4 — KOpPeHb 3aaHHOro
YpaBHeHUd, a 2 — MOCcTOPOHHUI KOopeHk,

OrseT: 4.

Bonpockl Ans camonpoBepios

1. Yro HA3WBAKT AUCKPUMHUHAHTOM KBAJAPaTHOI'O YpaBHeHHA
axg +bx +ec=0?

2. UTo BH MOKeTe CKa3aTh O YHCJEe KOpHeil KBaJpaTHOrC ypas-
HeHMA ax® + bx + ¢ = 0, ecaiu ero guCKpUMHHAHT D oTpuiarenen?

3. Yto BHI MOJKeTe CKa3aTh 0 YHCIe KOpHell KBaApaTHOrO ypaBHe-
Hua ax® + bx + ¢ = 0, ecan ero AuckpuMuHant D paseH Hymo?

4. YT0 BEI MOXeTe CKAa3aTh O WHCJIe KOPHEH KBaJpaTHONO ypas-
nenua ax® + bx + ¢ = 0, ecau ero AuCKpUMHHAHT D moNOKUTENIEH?

5. Kak pacnonoeH rpaduk ¢pysKoun ¥ = ax? + bx + ¢ oTHoCKHTE D
HO ocu abCIuce B 3aBUCUMOCTH OT 3HAKA JHCKPAMHHAHTA KBAAPATHOrO
TpéxuneHa ax® + bx + ¢?

6. Kak HaiiTh KopeHb ypanHenHua ax’ + bx + ¢ =0, eciu D = 07

7. Kax maiiTH KOpeHL ypaBHeHHs ax’ + bx + ¢ = 0, ecau D > 0?

8. OnumuTe AJIPOPHTNM PellleHHs KBaAPATHOrO yPABHeHUA ax’ + bx +
+ ¢ = 0. TIpumennuTe ero Ana pemennsa ypasHeHus 3x° + 10x + 3 = 0.

9. Karyto popmyay yaolHO HCTIOIL30OBATE IIPH PellleHUN KBaJPAaT-
HOTO ypaBHeHuda ax’ + bx + ¢ = 0, ecau b = 2k?

10. Pemmure ypaBHeHHe x° — 2x — 120 = 0 aByMsa ciocoBamu:

a) o obmeit popmyne (dopmyna (3) Ha ¢. 150);

6) mo 6osee mpocToit popmyne (dopmyia (4) Ha c. 152 uiau (5) Ha
c. 153).

B uéM BHI BUAUTE NMpeMMYIIECTBa BTOPOTO cirocoba?
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4. KBAZIPATHBIE YPABHEHUS

fl
|

§ 26. TEOPEMA BMETA

B sroM nmaparpade MB DOsHAKOMUMCHA ¢ JIOGONBITHLIMH
COOTHOLNCRHAMYU MEeXAY KOPHAMH KBaAPATHOIO TpéXuaeHa (KBaapaT-
HOTO YPaBHEHHSA) K ero Ko3hhUnHeHTAME. DTH COOTHOIIEHHAN BIIEPBhIS
onucan GppaHiy3cKnA MaTeMaTur Ppancya Buem (15640—1603).

Teopema 1 (TeopeMa Buera). Ecau x, u x; — xopnu xeadpam-

Koz0 ypasnenus ax® + bx + ¢ = 0, mo cymma xopued pasna —%,

a npouasedenue xoprel pasio -:—:
xl + xz = '—%,
[+

X1Xe = :-

HanpaMep, an1s ypapuennsa 3x2 — 8x — 6 = 0, ne maxoasa ero
KopHelt (a oHM ecTh, nockoasKy D > (), MOMHO, BOCHOJBIOBAB-

muchk TeopemMoit Baera, cpasy ckasars, 9TO CyMMA XKopHell paBHa §,

a mpoM3BefieHHe KOpHeil paBHO —%, T. e, —2. A ANA ypaBHeHHA
x%2 — 6x + 8 = 0 (3zech Toxke D > 0) 3aKmOUacM: cyMMa KOpHest parua 6,
OpoN3sBegeHMe KopHel paBHO 8 (KCTATH, 3AeCh HETPYAHO JOTANATHCA,
YyeMy PABPHBI KOpHHE: 4 u 2).

HokaszartearcTBo. Kopun x; 1 X, KBAAPATHOTO YPABHEeHHA
ax® + bx + ¢ = 0 paxoxsaTCcA No GopMyaaM:
~0+yD . _=b-JD
=gy o %2T T
rae D = ¥ — 4ac — gucKpEMpEHaHT ypaBHeHEMsa. CIOMKHB 3TH KODHH,
MOJIYIVIM;

x1+x2=

5+VD 4-JD _b+JD-5-VD _ - _ _b
2a 2a 2a b
IlepBOe cOOTHOIIEHNE AOKA3AHO: X T X3 = -2

Tenephb BHIYACAUM ITPOM3BEACHHEe KODHER X; B X!
2
_b+\D . b-VD _ P -(D) _
2 22 2a

%X

4q2
_¥-D - b? — (b® —dac) _ dac _ ¢
4a® 4a? T 4a® T @’

Bropoe COOTHOMIEHHE OKA3AHO: XXy = %.
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4. KBALDPATHBIE YPABHEHUS

3amevanue. Teopema BHera cipaBeA ilBa H B TOM CiAy4ae,
KOTia KBAJIpATHOE YPABHEeHUEe MMeeT OJHH KOpPeHE (T. ¢. Korga D = 0),
OPOCTO B 3TOM CIyYae CHHTAIOT, YTO YPaBHeHHe HMeeT JBA 0JUHAK08HIX
KODHA, K KOTOPHM M NPHMEHAOT YKa3aHHBIE BhINIE COOTHOIMEeHHS.

OcoGeHHO mpocTod BUA MPUHHMAT JOKA3AHHBE COOTHOMICHHSA
A7 OPHBEAEHHOTO KBAAPATHOTO ypaBHeHud x° + px + ¢ = 0. B arom
caydae

xtx=-p, X%=4¢,

T. €. CYMMAL KOPHEU NPUBGLIERRO20 KEaDPAMKROZO YPAEHEHUR PAEHA

emopomy Koaphuyuenmy, 63RMOMY € LPOMUGOTLORONCHWUM SHAKOM,
a npoussedenue Kopuell pasro c60600KOMY URERY.

C momomipio TeopeMbl BreTa MOMKHO IMOJYYHUTE M APYTHEe COOTHO-
NICHUs] MEMAY KOPHAMH M KoahdHNHeHTaMH KBagPATHOTC ypaBHe-
HAA. IIycTh, HanpuMep, X, ¥ X, — KODHH [IPHBEASHHOTO KBAZPATHOTO
ypasHenuda x° + px + ¢ = 0. Torga

22+ x2 = x% +2xx,+ X2 - 2xy%, =
= (x; + %5)° ~ 2x,%, = (~p)® ~ 2¢ = p* - 2¢.

Hrax,

¢ + x% =p*-2q.

YcTaHoBHM CBA3bL MeXAYy cyMMol Ky60B KopHell mpHBeAéHHOrO

KBAZPATHOTO YpABHEHHS H ero KoahdunmueHTaMu;
¥ + 2 =+ x)xf - xxp+ xf)=—plal + x5 —q)=

=-pp* - 2¢ - q) = -p(p* - 39).
Hrak,
x} + x3 =—p(p® - 3¢).

Bripaxcenne ¢ 1ByMA NMepeMeHHEIMH @ ¥ b Ha3RIBAIOT CUMMEMPU-
YeCKUM, €CJIH OHO He MeHAeT CBOI BUA OT OGHOBPEMEHHOH 3aMEHH @
Ha b m b ma a. Hanpmwmep, a + b, a® + b%, a® + b°, a®b + b’a — cmm-
MeTpHUYecKHe BHpakeHHs, B mpHHNUNeE 11000 cuMmMempuiecKoe 8bi-
PAWEHUE OMROCUMERbHO KOPHE X, U X3 RPUBEOEHNR020 K8adpammnozo
ypasnenus x° + px + g = 0 MowHO evipazumyv uwepes ezo KoIPPHu-
yuenmut p u ¢. Hanpuwmep:

xix} + x3xd = xixd (%) + %) = —pg’s

ﬂ+ﬂ=x“1’+x§=P2-2q.
X2 X X)X q
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4. KBALPATHLIE YPABHEHMS

Teopema 2 (obpaTnas reopeme Buera). Ecau vucna x,, x, maxosst,
wmo x; + X3 = —p, X;%; = g, MO IMU LUCLE — KODHRU YPUOSHERUR
X+px+q=0.

HoxasaTeascTso. PaccMOTpEM KBajpaTHBI Tpéxunen x° +
+ px + ¢ A BOCOOJL3YEeMCH TeM, 4TO IO YCJIOBHIO p = —(X, + X,),
a g = XX, INoayunm:

Brpx+qg=a- (2, + 2)x + x,%, = (x* ~ x,%) — (XX — X,%,) =
= x(x — %)) — XAx — %)) = (x — . ¥x — x5).

Taxum obpasom, kBazpaTHOe ypaBHeHume x2 + px + ¢ = 0 Mut
npeofpasoBajn K BHAY (x — x;{x — x,) = 0, OTKyAA cpasy cJeRyeT,
Y4TO €r0 KOPHAMH ABJAITCA YUCIA X; B X, Teopema aokasaHa.

C nomomgpio TeopeMsl, o6paTHOH Teopeme Bmera, MOXHO YCTHO
PEeNIaTh MHOTAE KBAAPATHEE YPARHEHUA, HE NOMBL3YACH MPOMOITKUMHA
topMynaMu KopHelf, 8 TaKKe COCTABAATH KBAZPATHHE YPABHEHHS C
3agaHHKMYE KopHaMu, IIpuBenéM pans nNpUMepoR.

1) 2 — 11x + 24 = 0. 3gecs x, + x, = 11, x,x, = 24. Herpyaso
AOrafaThCA, YTO

x,=8, x,=38,

2) % + 11x + 30 = 0. 3aech x, + X, = 11, x,x, = 30. Herpyaso

JOrafaThcs, 9TO
xl = —53 xz = _'so

O6paTuTe BHUMAaHNE: eCaH cBOGOAHHY WieH ypABHeHASA — ITOJIO-
JKHTEJbHOE YUCT0, TO 06a KopHsa anbo nono:xuTensHrl, aubo orpu-
TATeJNbLHEL; 9TO BAYKHO YYHUTHIBATH HpH noabope KopHein.

8) 2+ x - 12 =0. 3aecw x, + x; = —1, %%, = —12. Herpyaso
JOrafaThcs, 4TO

X = 3, X = -4,
ObpaTuTe BHIMaHHE: eclH ¢BOOOAHHIN 4/leH YPABHeHHS — OTPH-

NATeALHOE YHCJIO, TO KOPHH PAS/IIMUEK N0 3HAKY; 3T0 BaKHO YURTHI-
BaTh OpH noxbope KopHeil,

4) 52 + 17x — 22 = 0. HeTpyAHO 3aMETHTH, YTO X = 1 yHxoBier-
BODAET YPABHEHHIO, T. €. X; = 1 — KopeRb ypaBHeHRdA., Tax Kax

X%z = ‘%’ a ¥, = 1, To mosy1aeM, 4To X; = -%,

5) x* — 293x + 2830 = 0. 3aechb x; + x; = 293, x,x, = 2830, Ecau
obpaTuTh BHUMaHHe Ha TO, aro 2830 = 283 - 10, a 293 = 283 + 10,
TO CTAHOBHTCA ACHO, 4TO X; = 283, x; = 10 (a Temeps NMpeAcTaBbTE,
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4. KBALPATHBIE YPABHEHMSA

KaKHe BLIYMCJICHHMA NPAMWJICCH OB BHIIOJNHATH AAA PEIIEHHAA 3TOrO
KBaJPaTHOTO YPABHEHHUA C IOMOINBIO CTAHAAPTHRIX QOpPMYII).

6) CocTaBuM KBAJPATHOE YPABHEHHE TAK, UTOGLI €10 KOPHAMH CJIY-
MUY yHeaa X, = 8, x, = ~4. OGBYHO B TAKHX CIYYAAX COCTABJIHAIOT
[PABEJEHHOE KBAJPATHOE YPaBHeHHAE x4+ px+g=0. HMeeM x; + x5 =
=—p, sHa9UT, 8 — 4 =—p, 1. e, p=—4. [lanee, x,x,=¢,T.e. 8- (—4)=g¢q,
oTKRYAAa moayuaeMm ¢ = —32. Hrak, p = -4, ¢ = —32, caeAOBATENbLHO,
HCKOMOE KBaApaTHOe YpaBHEHHE TakoBo: x° — dx — 32 = 0.

Teopemy 2 yao6HO HCIOJB3OBATE AJA YCTHOIO PEIICHMA NpHBe-
ASHHBIX KBAADATHLIX ypaBHeHMIl ¢ menwiMu KoaddHIHeHTaMHA, KAk
aTo OBLIO B TONBKO 4YTO paccMOTpeHHBLIX mpumepax 1), 2), 3) n 5).
Jeno B TOM, 4TO €CAH ¥ TAKMX KBAAPATHHIX YPABHEHHH €CTh PAAO-
HaJbHBIe KODHHU, TO 5TO O0A3ATEJNBHO LieJbIe YHCJA, 4 IeJhe YHCIa,
CAyMHAalUIHe KOPHAMHU YpaBHEHHA, HETPYAHO YrajaTh (B 4éM paHee
MBI y:ke yOoeamance). PacCMOTpHM NIpUBeA&éHHOe KBAADATHOE YpaBHe-
uue x* + px + ¢ = 0, rge p m ¢ — Henme uneaa. Ero auckpuMuHaHT
D = p* - 4q — uéTHOe uMCJO, eclIH P — YETHOE, W HEUETHOE UMCJTIO,

ecau p — HeuérHoe, Torga u JD — uérmoe umcao OpH YETHOM P H
He4éTHOE YMCJIO0 NPH HeYETHOM p (MBI paccMaTpHBaeM cayuali, Koraa
3TOT KOPEHb — nesnoe uueao). CocraBumM GopMYyJIy KODHell ypaBHeHN:
-p T JD

2
JHATEeNb — 9eTHOe uucjo. TakmMm ofpasoM, APoSE MOXKHO COKDATHTD
Ha 2, a NOTOMY 00a KOpHA — IleJible YHCIA.

. 3aMevaeM, YTO ¥ IIPH YETHOM M NIPH HEeUETHOM p dMC-

MIpumep 1. He ncnonssya ¢opMyny KopHeil, pemuTh He-
DPHMBEJEHHOE KBAApATHOE ypaBHeHHe 6x% + 5x — 6 = 0.

PemeHue. YMHOXHM BCE YJEHH YPABHEHMS HA § — Ha Ko-
adpdunmenT npu crapmem unere. Ionyuum 36x> + 5 - 6x — 36 = 0,
Beeaém HoByI0 mepeMeHHY0 ¥ = 6x. Toraa ypaBHeHHe NpUMeET BUJ
IpUBEeAEHHOTO KBAApaTHOro ypasaeHus y° + 5y — 36 = 0, Herpyano
noaolpaTe ero menovucieHHbie Kopuu: —9 u 4. Ho y = 6x, sHa-
YUT, OCTAJOCH PEINHTH ABa ypaBueHHA: 6x = —9; 6x = 4. Ilonyuaem
COOTBETCTBEHHO x; = —-1,5, x, = % [ ]

NMpumep 2. He pemas ypasnenua 2x> + 5x — 6 = 0, cocraBurs
ypaBHEHHE, KOPDHM KOTOPOTO PABHBI KBaJIPATAM KODHEH saaaHHOro
YPABHEHHA.

Peme s ue. ByieM cocTaBIATE HHTEPECYIOLIEE HAC YPABHEHNE B
Buge y° + Py + @ = 0. Ilo ycIoBRMIO €ro KOPHH ¥, ® ¥, AOJHBI GBITH
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4. " KBALOPATHBIE YPABHEHMS

PaBEH COOTBETCTBEHHO X2 M Xi, THAe X; U X; — KODHH 3aAaHHOTO
KBafipaTHOT0 ypABHEHUS.,

TIpeoGpasyeM aajaEEOE YpaBHEHHUE K BHAY NPUBEAEHHOrO ypasHe-
HHSA; AN 3TOTO PA3JelHM BCe ero 4JeHnl Ha KO3DPMIHEHT IOpH
crapmeM wiere. oayaum x + 2,5x ~ 8 = 0. 3gecs p = 2,5, ¢ = -3.
CaenoraTensHO,

XXy = =3,
x? + x3 =p® - 29 =6,25 - 2(-3) = 12,25.
Teneps HeTpyAHO HaliTH KosdhduuuenTn P n @
P=—(y, + y))=—(x% + x3)=-12,25,
Q =y, = xix] = (0,2’ = (-8’ = 9.
3EaUHT, HHTEPECYIOIIee HAC KBAAPATHOE YPABHEHHE TAKORO:
P -12,25y+9=0, wm 45°-49y +36=0. W

Bonpochi ANR CaMOTIPOBEPIM

1. CoopmyanpyiiTe Teopemy Buerta.

2. Yemy paBHa cyMMa KOpHeif ypapHeHHA Xx° + px + q = 0 (ecam
OHH €CTh)?

3. Yemy paBHO Opou3ReJeRHe KopHe#l ypasHenus x° + px + g=0
{ecnwt oHH ecTh)?

4. O6bacHuTe, KaK, He NPAMeHAA PopMyay KODHE KBAADATHOID
VPaBHEeHHA, HafiTH YCTHO KOpHHM ypaBHeHHa: a) x° —~ 8x + 15 = 0;
6)x2+x-12=0.

5. He naxoas KopHeil KBAADATHOTO ypaBHeHmH x° — 4x — 7 =0,
HaliAnTe CYMMY KBAAPATOB ero KopHeil.

§ 27. PA3NONEHME
KBAZAPATHOTO TPEXUMEHA
HA JIMHEMHBIE MHOMMTENM

OcHosHOe HasHaueHHe TeopeMul Buera He B TOM, 49TO
o0HAPYHHANCE KAKHEe-TO COOTHOINEeHHA MEXAY KOPHAMH H Koaddn-
OHeHTAaMU KBRAPATHOI'O YPABHEHHS — 9T0, HaBepHOe, MIOBONKTHO
TOJMBKO MATEMATHKAM U TeM, KTO MHTEpecYyeTca MaTeMaTHKOi. ['opaszno
BajKHEe TO, UYTO ¢ NOMOINBIO TeopeMbl Buera BeIBOZUTCA (opMyna
PA3I0KEeHUA KBAAPATHOIO TPEXUNeHa Ha MHOKHTeaN, 6es KoTopo# B
BanbHeifureM He 000HTHCH.
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4. KBALPATHbIE YPABHEHHUA

Teopema 1. IIyemv x, 4 x; — KOPHRU K8aIPAMROZO MPEXIAEHA
ax® + bx + ¢. Tozda cnpasednuso moxdecmaeo

ax® + bx + ¢ = a(x — x,)(x — x3).

HokazarenscTso, [IpeobpasyeM KBAAPATHEIHA TPEXWICH K BUAY

a[xz +2x4 %] H HOJIOKHM % = p, % = ¢q. Hoayuum ax® + bx +
a

+e=a(x?+ px + q). B npeariaymeM naparpade npu JOKA3ATENIBCTEE

TeopeMsl 2 Mhi YCTAHOBHMAM, HWTO €CAH X, H X, — KODHHM TPEXUJeHA

2+ px+g¢, 0
224+ px+qg=(x— x)x - x,).
Ho Torja Ans kBajpaTHoro TpéxuseHa ax’ + bx + ¢ noayuaem:
ax® + bx + ¢ = a(x — 2, )x — x,). (1)
3amevarnue, Ecniu AUCKPHIMAHAHT KBAZDATHOrO TPEXUYJEHA

ax®+ bx + ¢ paBeH HYJIO, T. €. X; = X (KDATHEIH KOPeHS), TO AOKa-
saHHafd GopMyJa IPHHHMAET BHA

ax®+ bx + ¢ = a(x — x,)°.

Hrar, MBI JOKA3AJIH, YTO €CJAH KBAJPATHEIH TPEXY/CeH UMEET KOp-
HHU, TO €ro MOKHO DAZJIOKHTE HA JMHEHHBE MHOXHTeJNH. BepHo u
o0paTHOe YTBepKIcHHe: eCIN KBaAPATHEIH TPEXUNIEH DACKIAABIBACTCA
Ha JUHeHHEE MHOMHTEAN, TO OH HMEET KOPHH.

B caMoM aexe, nyeTh ax® + bx + ¢ = (kx + 1) (mx + n). Nonyuen-

HOE NMPOM3BEAEHHE MOMCHO [MePENHCATE TAK! k(x + £)m(:c + %)

k
3uaunr,
ax*+bx+c= km(x + i)(x + E-).
& m
Yucaa -—% u -2 — KopHH KBaApaTHOro TpéxuleHa.
m

@aKTNYECKH MBI JOKA3AJH CJICAVIOINYIO TEOpeMY,

Teopema 2. Ecau xeadpamuviii mpéxunen ne umeem xopred, mo
€20 HeAbIR PAINONUMD HA AUNCHHBIE MHONUMENU.

IIpumep 1. PasnoxuTs Ha MHOMXHUTEAH MHOTOYJICH:
a) 8x* - 10x + 38; 6) x* + 5x% + 6.



4. KBALPATHBIE YPABHEHMS

—
—

Pemenmne. a) Pemup ypaBuenue 3x* ~ 10x + 8 = 0, nHaiigém
KOPHH KBaAparHoro Tpéxumena 3x2 — 10x + 8: x, = 8, x, = % Boce-
noan3oBapmuch bopmysoii (1), moxyuum:

32 - 10x + 3 = 3(x - 3)[::-%).

3
322~ 10x + 3 =(x — 3X3x - 1).

Mexcy nmpouuM, 3adaHHLIA KBAAPATHLIA TPEXUNEH MOMKHO pas-
JIO)KUTH HA MBOXKHUTERH K Oe3 npuMeHcHus hopMyanl (1), BCOOIL30OBAE
cnocof rpynNUpPOBKH:

8x*-10x+3=8x*-9x-x+ 8=
=3x(x—3)-(x—3)=(x—3)3x - 1).

Ho, xax BHAHTE, NDH 3TOM cnocofie ycmex 3aBUCHT OT TOTO, AO-
AYMAEMCs MH [0 YAAYHOH IPYNIUPOBKH HIAH HET, TOTAA KAK ACIONb-
sopanme GopMyiaH (1) rapaETHpYeT ycuex.

6) BeeaiéM HOBYIO IePeMeHHYIO ¥ = x°. DTO IOSBOMUT NepemncaTh
3a/lAHHOE BHIDAXEHME B BHJE KBAAPATHOI'O TPEXTIEHA OTHOCHTENBHO
nepeMeRHo# Y, & MMEHHO B Buje y° + 5y + 6. Haliném xopau 3toro
Tpéxwiena: y, = -2, y; = —3. 3HauHT,

y+oy+6=(F+2)y+3).
OcTantoch yuecTs, uto ¥ = x°. Taxum obpasom,
X+ 5 +6=(x2+2x*+3). =
Hpumep 2. Coxkparurs Apobh:

2x% + 5x + 2, 6)2‘”‘5“3
X2 —4x-12° x -x

EcTb CMEICT BMECTO S[x - l) HamEcaTh 3x — 1; nonyaum:

a)

Peme uue. a) Uz ypasuenns 2x° + 5x + 2 = 0 gaxogmm: x, = -2,
X, = —%. CaegoBaTesIbHO,

24 + Bx + 2 = 2(x — (—2))[x - (_%}] -
= 2(x + 2)[x + %] = (x+2)02x + 1).

Ha ypaBHeBRA x° — 4x — 12 = 0 maxogum: x, = 6, x, = -2, IToaToMy
¥ -dx-12=(x - 6}x - (-2)) = (x ~ 6)}(x + 2).
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4. KBAQPATHBIE YPABHEHMA

A Teneps COKpaTHM 3afaHHYI0 Apobs Ha X + 2 (npu ycaouu x # —2):
2x% + Bx + 2 _(x+2)2x+1) _ 2x+1
x2-4x-12 (x -6)x +2) x-6"

6) BeegéM HOBYIO IEPEMEHHYIO Y = \/; 9T0 NO3BOJINT MEepPENHCATD

2L,
381AaHHOE BHIpA’KeHUe B BHIe 20°+¥ -3 pemus ypasHeHRe 2y° +

v-y
+y~-3=0, moayunm: y, = 1, y; = —%. 3HAYHT,
22 +y-3=20-Dy+3) =w-1Ney +ax

2y +y -3 _ (y~1N2y+3) _ 2y +3

v -y P -1 7
Ocranoch y4ecTs, 4To y = Jx. HrTax, 2x + \x — 3 - 23Zxx+ 3
XNX — X

CoxpallieANe BMIOJHEHO NpH yeaoBuu ¥ # 1, T, e, Je =1, x#1.
Ecxu roeopurs 06 06aacTH AONYCTHUMEIX 3HAYEHNI IIepeMeHHOH X, TO
caeayer AOGABHTH emé onHO ycaosue: x > 0, B

BoOnNPOCs! ANS CAMONPOBSPIH

1. Banmmnre GopMyay pasio)keHUA KBAJAPATHOI'O TPEXuJieHAa
ax? + bx + ¢ Ha JMHEEAHBIe MEOMKATE/H. IIpuMerHTE 2TY QOPMYIY AAA
PA3I0MKEeHUA HA MHOKHTENN TpExuwieHa 2x° — 5x + 2.

2. B xaxom ciyuyae KBaJApaTHbIA TpéxuwieHn ax® + bx + ¢ Henb3ds
pPa3IoxUTh HA JUHeHHbEIe MHOMKHUTENUH?

3. Kaxoil Bua npuHuMaeT GopMyJa PasloKeHHS KBaJpaTHOTO
TPEXUJIEeHa HA MHOMKHTEAH, €CHH JUCKPDHMHHAHT KBAAPATHOTO TPEX-
ynena ax® + bx + ¢ paBen HyaI0?

§ 28. PAUMOHANLHBLIE YPABHEHMS
KAK MATEMATHMYECKME MOZENM
PEAJIbHBIX CUTYALMH

HanoMuuM, uto anrebpaudeckoe BbBIpa’keHMe, COCTAB-
JeHHOe M3 YHCeJ H HePeMEeHHBIX ¢ MOMOINbK ONepalliii CJIOXeHHH,
BHYHTAHUA, YMHOXKEHUA, AEJCHNA U BO3BEACHHMA B LEJYIO CTEMNEHD,
HA3MIBAIOT payuoraibhbis, Ecau r(x) — pasuoHaJbHOE BhIpaXXeHUe,
TO ypaBheHHe r(x) = 0 HABHIBAIOT PAULOHARbHLIM YPasHeHueM, BOpo-
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4. KBAOPATHLIE YPABHEHUA

yeM, yaoGHee DONH30BATHCA HECKOALKO GoJiee INHPOKAM TOJKOBAHHEM
TePMHHA ¢ PALHOHANBHOE YDABHEHHE » , IOHAMAS NOJ 9THM YPABHEHHE
BuAa A(x) = g(x), rae h(x) n ¢(x) — panHOHAJBHLIC BLIDAXCHUS,

To, uTo panHOHAALHEIE YPABHEHUA MOrYT CJAYIKHTH MaTeMa-
THYECKMMH MOJEJIAMH pPeaJbHBIX CHTyamuii, BAM H3BeCTHO; HeJnIid
PAA COOTBETCTBYIOINHX HpUMepoB GHLI paHee paccMoTpeH B § b m
B yueGHHKe «AnreGpa-T7s. Tenepr moroBopuM 06 aroM Gonee moa-
po6Ho.

IIpumep 1. Tleperon B 60 KM noesn JoinieH 6L MpoexaTh C
HOCTOSHHON CKOPOCTHIO 38 ONpeAeéHHOe pacnucanueM Bpems. IIpo-
CTOAB mepejl IeperoRoM y ceMadopa 5 MUH, MAUNTHHHCT BHHYXKAEH
Or1n1 YyBEIHYHTL CKOPOCTH MPOXOMKAHHA neperona Ha 10 xm/4, uyro-
On HaBepCTATH X OKOHYAHHIO IPOXOMACHHMA IepPeroHa NMOTePAHHEIE
5 Mun. C Kaxoif CKOpOCTEIO Noe3fl Ao/MxeH OLu1 npoliTH meperoH mo
pacnAcannio?

Pewmenmne,

Ilepphiil aran, Cocmasaenue xamemxamuseckoii nodeau.

ITycTe X KM/4 — CKODOCTH moeafa Mo pacnucaguio. Tak Kak npo-
TAMEHAHOCTE neperoHa pasHa 60 KM, To BEpemA, oTBeAS8HHOES pacnuca-

HYEM HA ero NpoxoxjeAne, paBHO 6—3 u, PakTHUYCCKH N0e3] NpoIméa

neperok B 60 kM co cropoctnio (x + 10) kM/4, clefoBaATEILHO, BPEMA,

60
x +10

4 nepBaa 0oJbIoe BTOPOH Ha

3aTpaueHHOE HA MPOXOXKACHYE NePeroHa, PaBHO

60 60
Hs aByx BeauuMH = T2 2075

5 MuH, T. e, Ha 1—12- 4. 3HAYHAT, MLI OPUXOAHM K YPABHEHHIO

ql

6 _ _60__ 1
x x+10 ~ 127

MarteMaTHYeCKa® MOAeNh 38JaYM COCTABJEHA, OTO — PamMo-
HAJLHOE YDABHEHHe.

Bropoit atan. Pa6oma ¢ cocmaenrennoit xodenvo.
OcpoGopgmMca OT 3HAMeHaTeNed, yITA, YTO oOHIAM 3HAMEHATeIeM
cnyxuT 12x(x + 10), H paccTaBUB JONOIHATENEHBIE MHOKATENH:

@uzgxuo! . ﬁoug;; lix§x+10!

x x+10 12
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4. KBAQPATHBIE YPABHEHWS

IMonyumm;
720x + 7200 — 720x = x* + 10x;
2% + 10x — 7200 = 0;
x, = 80, x,=-90.

06a aHayeHma yaoBaeTBOpaloT yenosuwo 12x(x + 10) = O, cxae-
AOBATENBHO, 9TH 3HAYEHUA — KOPHH COCTABJICHHOTO PAIMOHANBLHOTO
ypaBHeHUS.

Tperuit yran, Omeem una sonpoc 3adarnu.

Copamnpaercda, ¢ Kakoli CKOPOCTBIO Toes ] AomKeH Owln mpoiiTu
neperoH no pacnucapuio? IMeHHO 5Ty BeJIHYMHY MBI 0G03HAYHIH
6ykBoit x. Ioayunaocs, uro aubo x = 80, aubo x = —-90. Bropoe
3HAYEHHE HAC ABHO HE YCTPAMEBAET, NHOCKOABKY CKOPOCTH JBHMKEHHA
noezna (B peayibHON HefCTBHTEJIHRHOCTH) He MOMKET BBHIDAMATHCHA OT-
PHUIATENILHEIM 9HCJIOM, 3HAUHT, BHOnpaeMm 3HaveHHe x = 80, aro
M €CTh OTBeT Ha BOMPOC 3afAatH.

OrBerT: 80 KM/u.

CHenaeM HEeKOTOPHIE KOMMEHTAPHMH K BEINOJHEHHOMY PeIlCHHIO.

1. Koneuno, paccMOTPEeHHAA CHTYALHMA HECKOJNBKO HAEATU3INPO-
BAHA: BPAA JU B PeANLHON HU3HHA H0e3f OPOHAST BeCh HEPETOH ¢
OOCTOSAHHOH CKOPOCTBIO, BeAb BCEerJa €CTh M YCKOPeHHMA, H 3aMelje-
HHMs1. Ho Ha Takyo HaeaiMsamuio MaTeMaTHKAM IDHXOAHTCA HATH
CO3HATENbHO,

2. B ouepepHoil pa3 ofpaimaeM Balle BHMMaHWe HA TO, HUTO MBI
BOCIOJBL30BAJIHCH NPHBHYHON cxXeMoil paccy:IeHHI: COCTABJIeHHE
MaTeMaTH4ecKoll Mozenu, pabora ¢ cOCTABJIEHHON MOAENBLIO, OTBET
Ha BONMPOC 3amad,

3. [ToguepkHéEéM, YTO NepPBHIA 3TaM, T. €. COCTABJICHHEe MATEeMaTH-
yeckoif MOZenn, — KJAIOUeBOH B pelleHUM 3amadn. Ha aroM arame
OCYIECTBAAETCA NEPEeBOj YCIOBHA 3aaud ¢ OOBIAGHHOrO A3LIKA HA
MaTeMATHYECKHIl, T. e, BHINOJHAETCA cephé3Hasg TBOpUecKas pabora.
OcuoBaTenbHana paGoTa NpOBOAUTCA H HA BTOPOM dTane, HO aTa pabo-
TA He TBODYECKAs, a YHUCTO TeXHUUECKad, NMOCKOJBLKY, AeHCTBYA Mo
ANTOPUTMY, OCOOEHHO He MPHUXOAUTCA AYMATE.

BepHéMca K paccMOTpeHHO 3aave H NPOAHANHIHPYEM, KAK
OCYINECTBASAETCA [IepeBoy ¢ OOBEHHOro A3KKA HA MATEMATHYECKHH.

HexoMyo BenmunBEy MEI 0003Haunau GyKBOH x. 9TO AaJ0 HaM
BO3MOYCHOCTH ONEPHPOBATE HCKOMOM CKOPOCTERIO, BeAh ¢ TOUYKH 3pe-
HusA anrefppl He BaXKHO, MMeeM AU MEI eI0 ¢ YUCAAMH HIM ¢ OyK-
BaMH.



4. U KBAOPATHBIE YPABHEHMS

8rasa nyTes (60 xM) M cKOpoCcTh (X KM/9) B HCOONB3OBAB (H3H-
YeCKHid 3aKOH PABHOMEDHOrO ABMKeHHA § = vt (§ — nyTh, ' — CKO-
pocTh, ¢ — BpeMsA), MhEl HAII/IM BpPeMHA, IPEAYCMOTPEHHOE DacIHca-

60

HHAEeM, — OHO BbIpaskaeTcs Apolpio > T

Ilo ycaopuic neperon O mpoiifien co cKopocThio, Ha 10 KM/u
Gospuedi, yeM npeanosaranocs pacnncarueM. Ileperon aToro yesosua
HA MATEMATHUECKHH AIRIK AAJ caegylomee: (x + 10) kM/u — darxTn-

9eCKaA CKOPOCTh IPOXOKAEHKA MePeroHa, a %

BpeM#A ABHIKEHUS NOe3fa Mo neperony B 60 kM.
Hdanee, cOrnacHO YCIOBHIO HA PACCMATPHBAEMOM MeperoHe Ma-

7 — (haKTHYECKOE

INMUHUCT HABEPCTAN § MuH, T. e. vy, URRMM cI0BAMH, BpeMA,

1
12
NpeAyCMOTPERHOe PACTIHCAHHAEM (% q), Goapnre GakTHYECKOrQ Bpe-

60 1

MeHH (m Y) Ha iz * Ha MaTeMaTHYeCKOM A3LIKe 3TO O3HAYAET,
aro 80 - 60 _ L (u3 Sonpmelt BeIMYUMHK BRIYJIM MEHBIIYIO H
x x +10 12

OOIYYHIN YKA38HHYIO B VCIOBHH DPASHOCTD).

OfpaTuTe BEHHMAHKE HA TO, YTO B 00eUX YacTAX YPABHEHASA HOJXK-
HBI COZIEPHATHCA BEJIMYMHEL 001020 U MO20 He HAUMEH08anuR (B AaH-
HOM YPaBHEHHHK 9TO — YACHI).

Npemep 2. Ilpucranu A u B pacmono:keHH HA peKe, NPHYEM
B — na 80 kM Hmixe no Tedyenno, yeMm A. Karep mpomés nyre H3
A B B u ofparno 3a 8 u 20 Mun. 3a xaxkoe BpeMA KaTep Ipomen
paccrogrue or A g0 B u paccrogHue oT B n0 A, ecIH M3BECTHO,
4yTO ero cof6cTBeHEHAA CKOPOCTE (CKOPOCTHL B croavell BOAEe) paBHA
20 xm/a?

Pemenne.

IIeppritt sran. Cocmasaenue mamemamuveckoii modeau.
IlycTe x KM/4 — cKOpoCTh TeueHMA pexkH. Torpa:

(20 + x) xM/9 — CKOPOCTEL ABHIKEHHS KaTepa M0 TeUeHHUIO;

(20 — x) xM/9 — CKOPOCTH ZABH)KEHUA KATEDA IPOTHB TEYCHUA;

80

70 ¢ £ 1 BPeMS ABIKEHNS KaTepa IO TeYeHWUIo;
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4. KBAAPATHbIE YPABHEHUA

80
20 - x

ITo ycaoBuio Ha OyTh TyAA H o6paTHO KaTep 3aTparui 8 4 20 muH,

T. €, 8% 4, WJIH 25 4 Ho BpeM#, 3aTPAYEHHOE KATE€POM HA OYTh M3

3
" 80 80
A B B u ofpaTHO, BHpaxXaeTca cyMmoit apobeit ( 0+7 30 x) 1,

Taxum ofpazoM, MRl OIPHXOAHM K YPABHEHHIO

80 . _80 _ 25
20 + x 20-x " 38°

9 — BpeMA ABHXKEeHHA KaTepa ODPOTHE TedeHHHA.

Bropoii aTan. Paboma ¢ cocmaéierioit modeasvio.
EcTb CMEICH PASAETHTS O0e YACTH yPaBHEHNA NOYIEHHO Ha § XOTA
OBl AnA TOro, 4TOOK O6JerYuThL AadbHeHIIIHe BHIYHCICHUA!

16 16 5

0+x " 20-x "3
OcBoGoguMca oT 3HaMeHATEeNSH, YUTd, YTO OOMUM 3HAMEHATEIEM
cay:xHuT 3(20 + x}(20 — x), 1 paccTaBHB JONOJHHTEIbHbEIE MEOMKATEIH:

1 6@120 -x) 16@(20 + x) 51(20 - W20 + x)

W0+x T20-x 3

-

BrimonauM JanbHellinpe npeofpa3oBanua:

48(20 - x) + 48(20 + x) = 5(400 — x3);
5x2 - 80=0;
xl,z =14,

O6a aTH 3HAYEHUA YAOBIETBOPAIOT yeaoBHIo 3(20 + x)(20 — x) # 0,
3HAYHUT, 0064 OHH ABJIAIOTCHA KOPHAMH COCTABJISHHOrC PAIIMOHAJIBHOrO
YpABHEHHS.

Tperuit aran, Omeem na éonpoc 3adavu.
Bo-nepBHIX, 38 X MH OPHHANM CKOPOCTH TeYEHHS pPEKH, & CKO-

pPOCTh OTPHMUATEIbHBIM YHCJAOM BHIPAXKATHCA He MoxeT. Ilosromy
H3 JBYX 3HauyeAuid 4 H -4 MH BuOHpaeM mepRoe m oT6pachiBaeM
BTOpOE,

Bo-BTOpPRIX, HAC He CHPAILIMBAIOT, Y€MYy PABHA CKOPOCTh TeUeHHA
PeKH, a COPAIIUBAIOT, KaK0e epems KaTep naula M3 A B Bu us B s A,

80

Bpemsa asuxeHHA U3 A B B BHIpakaerca Apobbio 0

. Ioacra-
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4. KBAOPATHBIE YPABHEHUA

80 10

BHB BMeCTO X 4HC)IO0 4, monyIuM 7 T, @, 3 B 3%. YuréM, 9TO

3% y =34y 20 MuH.

Bpemsa apukeHus xartepa ns B B A Bupakaerca ApoGsio 2&%.

IoxcTaBUB BMECTO X YHCHO 4, MOMYIHM %, T. €. 5 u,

OrseT: 3 u 20 MunH; 5 4.

PasyMeercs, He cleayeT ZYMATH, YTO MLl ¢ BaMHA OyAeM pemiaTh
3aa9A TOJLKO HA PABHOMEpHOE ABH:KeHHe, Kak OHJO B nmpuMepax 1
1 2. CaMue pasHble CHTYAIIMH MOASNHPYIOTCA ¢ HOMOIIBIO pamuo-
HANBHBIX YpapHeHNH, H 00Iqana cxeMa peIIeHAA TAKHUX 38789 00 CYTH
Bena oAua ¥ Ta xe. B 3ToM Mu ceiiuac yGeaumced.

Opumep 3. IlepuMerp NpAMOYroAbHOrO TPeyrojlbHAKA DaBeH
48 cM, OfHH ero KaTeT Ha 4 ¢M GosbIne Apyroro. eMy paBHE! CTOPO-
HEBl 2TOTO TPeYTOABHHKA?

Pemenue.

Hepshili aran. Cocmasacnue MamemamurecKoi Modeal.

Ilyers x cM — MeHBMNY KaTeT TPeYroAbHHMKA, TOrAa Oonpminit
KaTeT paBeH (x + 4) cM (Beas oH Ha 4 cM Gonpme). Taxk xax nepuMerp
TpEeYroJbHHKA paseH 48 cM, To rHIOTEHY3a paBHa 48 — x — (x + 4),
T, €. (44 — 2x) cm.

Ha pucynke 115 npeacrapieHa reoMeTpHYecKas MOZRAL 3aJa9H —
NPAMOYTOALHEI TPEYrOJAbHHK ¢ 0003HAUEHHHMH ANMHAMH CTOPOH,
IIpuMeHUB K 9TOMY TpeYroJabEHKY Teopemy IIudaropa, noayaum

2+ (x + 4)* = (44 - 2x)%
MareMaTHgecKaA MOAENDL BaHAYH COCTABJICHA.

Bropoi#t aran. Paboma ¢ cocmasaennoli modenvio.
Pemus ypaBHeHUe, noAyuHM: X, = 80, x, = 12,

Tperuit aTan, Omsem na sonpoc 3adavu.

Hac cnpanmeaioT, 4eMy PABHH CTODOHE! »,‘1”'
TpeyroabEHKA. Menpmuii xarer Mul ofo3Ha-
yran GykBoit x. Jlna x CyIjecTBYIOT ABe BO3-
MoxHoCTH: Aubo x = 80 cm, aubo x = 12 cM. x+4
IlepBoe 3HAYeHne Hac He ycTpanBaeT. [Touemy? Puxe. 115
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4. KBAZPATHBIE YPABHEHMS

Ja nmoToMy, 4To OHA CTOPOHA TPEYrOAbLHUKA HEe MOXKeT OGhITh GoAkIe
€ro nepuMeTpa, & HePUMETP TPEYTroJbHUKA IO YCIOBHIO paBeH 48 cm.
Ocraérea ogHa BOBMOMXKHOCT: X = 12 ¢cm. Toraa sropoit KaTeT, KOTOPHLA
Ha 4 cM Gonbme, paBeH 16 cM, a rumoTenysa paHa 48 — 12 — 16 =
= 20 cm,

OrBerT: 12 cM, 16 cM, 20 oM.

3amevanue MaTeMATUUECKYIO MOJENE TOABLKO YTO peIméHHOMN
3aZa9M MOXKHO Op1io 6B cocTaBUThH HHAYe, HauHéM Tak xe: x ¢cM —
MEHBIHHH Karver, (x + 4) cM — OoJBINUII KaTeT TPeyroasHuKa, I'uno-

TeHy3Y BhIpasuMm no teopeme Iludaropa: ,fxz + (x + 4y cmM. Tar xag
IO YCJIOBUIO IEPUMET]P TPEYrOJBHUKA (CYMMA TPEX ero ¢CTOPOH) paBeH
48 ¢M, mIoNVIAeM YDaBHeHHe

x+(x+4)+ ,/x3+(x+4)3 =48

u aamee 2x% + 8x + 16 = 44 — 2x. B aroM VPaBHEHHH NepeMeHHasA
COEePIKHTCA oA 3HAKOM KBAAPATHOIO KOPHA, TAKHAE YPABHEHHSR
HAJBIBAIOT Uppallionaivibimi. Ho Kak MX pemaTh, MBI ¢ BaMH emd

He obcyxjanu, BepHéMCA K DEILOIeHHI0 3TOr¢ ypaBHeHMA IIO3fiHee,
B § 38.

IIpumep 4. B paiinedTpe ABa KnHoTeaTpa: ¢«Pakeyn» H «Cia-
Ba», nepBui#i — Ha 400, a BTOpoii — Ha 600 mect. B 3purearHOM
sajse KHHOTeaTpa «CiaaBas Ha 4 paja OoJjibllle, UYeM B 3PHTEJIbHOM
3ajie KHHOTeaTpa «PaKen», U, KpOMe TOTO, B KAXKJAOM PAXY MecT Ha b
6oabine, yeM B KUHOTeaTpe «®Parens. CKRONBKO PAZOB B 3PUTEIABHOM
aaje KuHoTeaTpa «dakess, ec/IM UIBECTHO, YTO B KAXKAOM PAAY KHHO-
TeaTpa «Caasa» Gonee 25 mecr?

PemeHnne,

Ileprmiit aTan. Cocmasaenue mamemamuveckoii modeau.
IIyers x — uucno pagor B KmHoTearpe ¢«®axken», Toraa:
x + 4 — yucao pAKOB B KHHOTeaTpe «CnaBas;

4;_& — YHCJIO MECT B KaXKAOM DALY KUHOTearpa ¢Daxes»;
x_6204 — YHCJIO MeCT B KasKqoM pPAAY KuHoTeaTpa «Cxnabas.

IIo ycnoBsHIo B Ka)KA0M pagy K/T ¢CnaBa» Ha § MecT Gosbine, 4eM
B KaXKaoM pany K/1 «Daken». ITo 3HATUT, UTO

600 _ 400 _
x + 4 x Y
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4. KBAOPATHbLIE YPABHEHNS

MareMaTHuecKad MOAeNb COCTABJEHA. DT0 — DANHKOHANBHOE
YPaBHeHUE.

Bropoit aran, Paboma ¢ cocmasneinoii modeavio.
Pemns ypaBHeHHe, TONYUHM: x, = 20, x, = 16.

Tpernil sran. Omeem Ha eonpoc 3adatu,
3a x MBI IPHHANH YKUCIO pAAOE B K/T «Daken». B cooTBeTcTBHE C

TMOAYYEeHHEIMH KOPHAMH MBI JOKHB] TPOAHATUSHPOBATE ABA CAYUAL:
aubo B x/T «Parkens 20 paxos u, ciregopaTeabHo, 20 MecT B KaxK-
BOM paAy (mocKoaeKy B K/T «Daxenr Bcero 400 MecT B 3pHTENLHOM
aanre), TH60 B 9TOM KHHOTeaTPe 16 pAAOB No 25 MeCT B KaXKIOM DAAY,
B nepsomM caryusae B K/T «Cnasas Gyger 24 paaa (no yesosnio B K/T «Cra-
Bas» Ha 4 pazga Gossire) mo 25 MecT B KaXKAOM pAAY (110 YCAOBHIO B KAXK-
oM pagy k/T «Cirasas Ha 5 Mect Gonbnte, 4eM B X/T «Paken»). Ho no
YCHOBHIO B KaXKAOM PAAY K/T +Caapas Gonee 25 Mecr, 3HauuT, mepsrii
CAydaii HE YAOBIETBOPAET YCIOBHIO 3a8a4Yi. PaccMOTpHM BTODYIO BO3~
MOXMKHOCTDb: B K/T «®Paxren» 16 paaor mo 25 Mect B xasxaom. Toraa B
k/T «CinaBa» 6yzer 20 pagos no 30 MecT B Ka:XK0M. 3TO YAOBJACTBOPAET
YCROBUIO,

Hrak, B3 ABYX YVKA3aHHHEIX BO3MOXCHOCTe# BHOMpaeM BTODYIO, a
9TO O3HAYAET, UTO B K/T «Paken» 16 panos.

OrBeT: 186 panos.

IIpumep 6. [lBoe pabounx BRNOJHAIT HeKoTophl saxas, Ilo-
cne 45 MuH copMecTHOH paGoTH HMePBHI MOJAYYUI APYTOe 3alaHHe,
a BTOPOii 3aBepIINK BLINONHeHMe 3axasa uepea 2 u 15 mun, Ecau
O xamawi pabounii BEIDOJHAM 3aKA3 MO OTAEALHOCTH, TO BTOPOMY
noHanoOurock 68 AaA 3Tor0 Ha 1 u Goakine, yeM NepBOMY. 38 KaKoe
BpeMA OHM cMoran 6m BHIOJHUTEL 3aKa3 NPH NOJHOLEHHONR COBMECT-
Hoit pabore?

Pemenue,

Ilepeniif aran. Cocmaanenue mamemamuxecKoii moderu.

Ecnau peub MAET O BLINOJHEHHH HeKoTOpol paGoTm, He oxapak-
TEePH3OBAHHON B KOJMYECTBEHHOM IUIaHE (T. €. HE CKa3aHO, CKONAKO
AeTanefi HAKO H3rOTOBHTH, CKOJIbKO KyGOMeTpOB 3eMJH BHIHYTh,
CKOJILKO CTPAHHI, IepeneyaTaTs H T. A.), T0 061éM paboTH camTaroT
paBHBIM 1, a wacTH paGoTH BRIPAYRAIOT B AOAAX AMHMILEL,

Ilycre x — umeso uacos, HeOOXOZMMBIX NepBOMY paboueMy AnsA
CAMOCTOATENILHOTO BHIIOAHEHNA 3aKkas3a, Torka BropoMy nNoHagobuTCca
anga aroro (x + 1) u,
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4. KBAZIPATHBIE YPABHEHMS

Ecan 061EM Beeit paGoThl (7. €. 1) pasgesuTs Ha YUCAO YACOB, He-
o0XOAMMBIX JJIS BBLIIOJHEHHUA Beell paboThI, TO Y3HaEM A0XIO PaGOThI,
BhIDOJMHAEMYK 3a 1 4, Hrax,

% — Aona paGoThHl, KOTOPYIO BHIIOAHAET NepBLl pabounii sa 1 4,

T 11 Aona pafoTs1, KOTOPYIO BHINOJNIHAST BTOPOt paGounii 3a 1 u.

ITIo ycaosuio mepawiii otpaGoran 45 Mun, T. e. % 4. Jlona ero pa-

!

GOTHI 38 TO BpeMA BhIpa)kaeTca dopmynoit % o e % Bropoit

oTpaGoTan BMecTe ¢ NepBHM 45 MUH ¥ B oAuHOUYKY 2 4 15 Mun. Takum
obpazoM, oH paﬁo-ra.n 3 4, fona ero paboTh 3a 5TO BPEMA BRIPAIKALTCH

q’opMYJlOﬁ 3- Y+ ls T. €. T+ 1

ITockonBpKY BMecTe OHH BHIIOJIHHAH Bech 3akaa (T. e. 1), cocras-
JAEM YparHeHEHe

3 3 _
:l_;+x+1_l’

Bropoii aTan. Paoma ¢ cocmasaennoit modenvio.

Pemus ypaeHeHHe, IOAYIHM: X, = 3, X, = -1

4.
TpeTnii e1an. Omeem xna sonpoc 3adauu.
3a x MBI OpUHANA YHCJIO YACOB, HeOOXOAHMEIX mepBOMYy pabo-

yeMy A4 BLINMONHEHUA BCEro 3aKa3a B ofMAOYKY. U3 HaitgeHHRX ABYX
3HAYEeHNI BTOPOE ABHO HAC He yCcTpaupaeT., Takum o6pasoM, mepBriit
pabouu#t MoOMKeT BHIIOAHATH BCK pabory 3a 38 4. 3HAYHT, BTO-
pomy paGouemy Hy KHO Ang aToro 4 4. PabGoras BMecTe, OHM CAeNAlOT

3a 1 4 go0 paboTel, pABHYIO [; j}}, T. @. 172 Beeif paborm. Caepmo-
BaTeAbHO, BCA paGora GyaeTr BEIIOJIHEHA 3a %2- q,

OreeT: l% q.

IIpumep 6. HMeerca Kycok cnnasa Meau ¢ oJioeoM Maccoit 12 kr,

comepxkamqmii 45% Menu. CKONLKO YMCTOTO OJIOBA HAJAO NMPNOABMTE K
ITOMY CILIABY, UTOGH NOJYUYMBIIMACA HOBHIM CILIAB cogepskan 40%

Mequ?
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4. KBAAPATHBIE YPABHEHMS

Pemernue.

Ilepenili sran. Cocmaeaenue mamenamuyeckoii modexu.

Cunae cocTouT U3 Megn H onopa. Ilpocneaum sa cofiepsranmeM
ORHOTO N3 STHX BEINECTB, HAIDHMED 0/0Ba, B NEPBOBAYANLEHOM M 11O~
JAYYeHHOM CIjlaBaxX. 55

B 12 xr conasa 6ulto 55% onopa, T. e, 12 100 = 6,6 xr. Ilpn-

MeM 38 X KI Maccy nobaBieHHOro o108a. Macca HOBOro CILIABA DABHA
(12 + x) Kr, ¥ oN0oBA B HEM 60%, T. €.

_ 3
(12 + x) - 100 (12 + x) Kr.
Hrakx, ¢ ogsoit cTOPOHEI, Macca ON0BA B HOBOM CILJIaARe PaBHA

(6,6 + x) Kr, a ¢ gpyroii — BRIpaxxaerca dopMyaoi 3(12 + x) Kr.
3HauuT,

%(12 +x)=6,6+ x

Bropoii sran. Pafoma ¢ cocmaéaennoii mModenvio.
Pemrns ypaBHeHue, moayumm x = 1,5.

Tperuit oran. Omeem ra eonpoc sadaxiu,
3a x MBI OpUEANHE TO, 4TO HaZO HaitThn, 3HAYNT, K OTePBOHAYAJIL-
HOMY CILIARY cleAyer RobaBuTh 1,5 Kr ojoBA.

OTrseT: 1,5 KI.

Jamewarnue HavMeTuM KODOTKO XOJ COCTABJICHHA YPABHEHHH,
OCHOBAHHLIA Ha HPOCHCIKHBAHHM 34 COAEP:KAHNEM B OEPROHAYANL-
HOM U MOJYUEHHOM CIJIaBax He o.nona, a MeaHu. B meproRauanbLHOM

cinape MegH 66110 45%, 1. e, 12 - kr. B (12 + x) xr roBOTO CLNIA-

100
40

Ba Mexu craxo 40%, v. e. (12 + x) - 700 ¥ Iloayuyaem ypaBHeHHE

40 _1p. 45
A2+ x) - 12 . 106 + x.

NHpumep 7. H3 cocyra, cogepsxamero 54 A KHCIOTH, BRIIHIN
HECKOJBKO JHTPOB M HAJHUAH CTOJBKO YK€ JHTPOB BOALI. 3aTeM BEHI-
JINAK CTOJLKO e, CKOJLKO B NepBhlil pas, IATPOB cMecH, [I0C/e Yero
B ocTaBHI¢ica B cocyfe cMecH oxasanoch 24 a1 KuIOTEI, CKOABKO
KHMCJAOTH BLIIMJAHM B NEPBHM paa?
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4. KBAOPATHBIE YPABHEHMA

Pemenne,

Hepshpi aTan. Cocmasnenue mamemamiveckoli Modeai,

IIpuMeM 38 x T KOJIUYECTBO KHMCJIOTHI, BELTHTOH B mepBHIE pa3s,
nocji¢ 4ero B cocyge ocranochk (64 — x) a xuenorel, Joaue cocys
BOZOM, moyyuau 54 g cMeCH, B KOTOpOH pacTBopmaock (54 — x) J1 kuc-

54 — x

JOTH. 3HAYHT, B OAHOM JIATPE CMECH COASDIKMTCH BT

J KHC-

JIOTHL.
Bo BTOpOi# pa3 BRUIMIHM X J CMeCH, B KOTOPOH COmepRHTCA

5““_45; X . x 1 xHeaoTH, a Beero 3a 2 pasa BUIMIH 54 — 24 = 30 1

rucnoTel. CocTapnsaeM ypaBHeHHE:

54 -2 _ _

Bropoii sTag. Paboma ¢ cocmaanrenHoil Modenvo.
PemnB ypaBHeHNHEe, HAXOZUM JABa KOpHA: x, = 90, x, = 18.

TpeTnii aTan. Omeem na aonpoc 3adavy.

Ba x MBI OPHHATH KOJIAYECTBO KHCAOTHI, BELINTOH B nepBrHift pas.
IIo cMelcTy 3afiau}i JOJKHO BRIMOJHATHCA HepaBeHCTBO 0 < x < 64,
Ha RalifeHEHIX 3HAYEHHH# X 3TOMY YCJIOBHI YAOBJIETBOPSAET JHMb
sHaueHne x = 18,

OrperT: 18 1,

TEMA MCCNEAOBATENBCKOHM PABOTDI

CooTHOmeHHe MeXAY KOPHAME H KoadhdHIHeATaAMH KBaj-
PATHOT'O YPABHEHHSI.



TRNABA
5 HEPABEHCTBA

§ 29. JInneiivsie nepaseHcTsa

§ 30. Hesapparnwie nepasercrsa

§ 31. [foxasarenscrso HepaseHcTs

§ 32. NpnbmiKénHbie spuncnenns

§ 33. Crangaprhsisi sng NOROKMTENBHOIO YHCna

§29. NMHEAHBIE HEPABEHCTBA

CroltcTBAa YHCAOBLHIX PABEHCTB NOMOr&jJH HaM pemaTh
VPABHeHHH, T. €. HAXOANTE Te BHAYECHUA nepeMeHHOU, NPH KOTOPRIX
ypaBHeHMe ofpanjaeTcsi B BepHOE UHMCJIOBOEe paBeHCTBO, TowHO TakK
JKe CBOMCTBA UHMCAOBHIX HEPABEHCTB IIOMOTYT HAM DEIIATH HEPRGEH-
cmsa ¢ nepeMmenuoil, T. €. HAXOZUTh Te 3HAYCHUS nNepeMeHHol, npu
KOTOPBIX HEPABEHCTBO ¢ NEPeMeHHOH ofpamaeTcs B BePHOe YACAOBOE
HepaBeHCTBO. Kaskzoe Takoe s3HaueHUE MePeMeRHO 00BITHO HA3EIBAIOT
pelieruem Hepasencmsa ¢ NepeMernoli.

PaccMoTpHM, HANPDHMED, HEPABCHCTBO

2x+5<T.

IlopcraBue BMecTO x 3Hauenue 0, noaydum 5 < 7 — BepHOe He-
PaBeHCTBO; 3HAYHT, X = 0 — pemeHHe JAHHOTO HepaBeHCTBA. IlOX-
CTaBHE BMECTO X SHadeHUe 1, momyqauM 7 < 7 — HeBepHOe HeDABEHCTBO;
moaToMy X = 1 He ABAAeTCA pellleHHeM AAHHOrO HepawsencTBa. Iloa-
CTABHB BMECTO X 3HaucHWe -3, moayumM -6 + 6 < 7, 1. e. -1 < 7 —
BepHOe HEPABeHCTBO; CAeJOBATENbHO, X = —3 — pelleAre AAHHOIO
HepaBeHCTBa. [IoAcTaBHB BMecTo X 3HAYeHMe 2,3, mogyumm 2 - 2,5 +
+ 5 < 7, 7. e. 10 < 7 — HeBepHoe HepaBeHCTBO. 3HAYMT, X = 2,5 BHe
ABIACTCA pelllcHHEM HepABEHCTBA.

Ho BH e moHEMAaeTe, YTO 5TO — TYNHKORHI MYTh: HY OAMH
MaTeMaTHK He CTAHET TAK DellaTh HEPABEHCTBO, BeAb 6C€ YUCAQ
HeBo3MOXKHO nepebpars! BoT TYT-TO H HY)XHO HCIOJAB30BATE CBOMCTBA
YHACAOBRIX HEPABCHCTB, PACCY:KAAA CAeAYIOMHM o0pasoM.

Hac nHETepecyloT Takue Yucaa X, OpH KOTophiX 2x + 5 < 7 — Bep-
Hoe unucaosoe HepaBeHcTBO, Ho roraa m 2x + 5 — 5 < 7 — 5 — BepHOe
HePABEHCTBO: K 00eHM HaCTAM HepaBeHCTBa NpnlaBHAH OZHO U TO Ke
ancno —5. Ilomyenan Gosee npocToe HepaBeHCTBO 2x < 2. Pasnenus obe
€ro YaCT! HA HOJOKHUTENLHOe YHCJO 2, MOMYUNM BeDHOEe HEDABEHCTBO
<1,
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s
st

9TO 3HAMMT, YTO pellleHNEM HEPABEHCTEA ARJIAETCH JIofoe Yucho x,
Kotopoe MeHbmme 1. OTU uucka 3aNOJIHAIOT OTKPBHITHIN Jiya (—o0; 1),
O6rIuEO rOBOPAT, UTO ITOT JY9 — PewieHue Hepasenemea 2x + 5 < 7
(rounee 61RO OBI TOBODHTE O MHOMecmee pewieruii). Taxum obpa-
30M, MOKHO MCIIOJIB3OBATL JBA BADHAHTA 3alMCH peleBui JaHHOTO
HepaBeHCTBA: ¥ < 1 uim (—o0; 1).

CpofiCTBA YHCJAOBBHIX HEPABEHCTB IO3BOJAIOT PYKOBOACTBOBATHCA
IIPY pellIeHUN HEPABEHCTB CJAEAYIOUIMMH IIPABUJIAMH,

Opaswno 1. Jwboli uaer nHepaseHcmea MONHO neperecmu
u3 o0nolt yacmu HepasercmMea 6 Opyzyio ¢ NPOMUBONONONHHIM
FHAKOM, He USMEHUS NPU 3MOM 3HAK HePaseHCmed.

Ipasnno 2. Ofe zacmu HepaseHcMmea MONHO YMHOMKUMD
uau pasdeaums Ha 00HO U MO XKe NOAOKUMEAbHOE RUCAO,
He USMEHUG NPU IMOM 3HAK HEPaseHCmeaq.

IIpasuno 3. Ofe uacmu HePABEHCMEA MONHO YMHONUMD
uau pasfeaumsv Ha 00HO U MO He OMPUYAMERLHOE RUCRO, US-
MeHUB NPY 3MOM 3HAK HEPABEHCMEA HA NPOMUBOTIORONCHLL.

IIppMeHNM 2T NPABHJA LA PELUICHHUA JHHEOHNHIX HePARCHCTE,
T. €. HEPABEHCTB BHAA

ax+b>0(mmax+b<0),

rae ¢ U b — mobme yucaa, 3a OOHMM HCKAKYeHneM -- g # 0, u
HepPaBeHCTR, CBOAAINMXCA K YKA3AHHOMY BHAY.

IOIpumep 1. Pemturh HepaBencrso 3x — 5 2 Tx — 15,

Pemenue. IlepeHecéM uned 7x B JieBYI0 YacTh HEPABeHCTRA, a
WieH —H -— B NMPABYIO 9acTh HepapeHCTBA, He 3a6LIB IpH 3TOM M3MEHHUTH
SHAKH M Y 4YJeHa TXx, U ¥ uieHa —5 (PYKOBOACTBYeMCsT IPAaBHJIOM 1).
Torga moayuum:

3x —Tx>2-154+5H, T.e. ~4x = -10.

Pasgenum ofe uaCTH TMOCACAHEr0 HePABEHCTBA HA OJHO H TO JKe
OTPHUIATEJIBHOE YNCAO ~4, He 3a6LIB IpH 9TOM NepeiTH K HepaABEHCTBY
NMPOTHEBONIOJIOIKHOTO CMEICJIA (PYKOBOACTBYACH npasuaoM 3). [Tonyuum
x < 2,5. OTO H eCTh pelucHUe 3aAaHHOIC HEPABEHCTBA.

Kax MBI YCAOBUIHCE, JJIA 3aTIMCH PelIeHNA MOYKHO NCIOVIL3oBaTE 060-
SHaYeHHe COOTBETCTRBYIOUIETO NIPOMEXKYTKA YHCI0BOH pamoii: (—oo; 2,5].

OrBeT x = 2,5, wanm (—o0; 2,5].
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IIpumep 2. Periurs HEPABEHCTBO
X 2x -1 1
3 + 5 > 2x — T
Peme HEMe. YMHOKHNM ofe 4acTH HePABEHCTEA HA MONOKHTENLHOE
yucao 15, ocrapus 3HaKk HepaBeHCTBa (e3 MaMenenua (mpasmio 2).
910 mo3BOJHNT HaM OCBOGOAUTECA OT 3HAMeHaTegell:
x , 2x-1 1
15(§ + 2 ) > 15(2:: 15]
5x + 3(2x - 1) > 30x - 1;
S5x+6x-3>30x—-1;
11x-3>30x - 1.
Bocnoas30BaBMINCHE XA NOCAeAHET0 HEPABEHCTBA IIPABHJIOM 1,
NOAYIHM:

11x - 30x > -1 + 3;

-19x > 2,
HaxoHen, TpUMEHHE NPABMJIO 3, IONYUHM X < — 129
OrBeT: x < -%, HIHA [ 00} —%)
IIpamep 3. PelInTe cucTeMy HEPABHCTE:
a){2x-1>3, ){2x—1>3, B){zx—ma,
3x -2 < 11; 3x-2211; 3x - 2> 11.

Pemenune. a) Penlaa neproe HePABEHCTBO CHCTEMBI, HAXOAMM:
2x>4 X > 2; pemasi BTOpoe HEPABGHCTEO CHCTEMEL, HaxoauM: 3x < 13,

X< = 3 OTMeTHM 3TH IPOMEXXYTKH HA OAHON KOOPAURATHON IpAMOii,

MCIOJb30BAB AJHA BhIJeJeHHMSA NEePBOT0 NPOMEXYTKA BEePXHIOH
IITPUXOBKY, & AJA BTOPOr0 — HHIKHIOW HITPHXOBKY (puc. 116, a).
PermlerneM cHCTeMEI HePaBeHCTB OVIeT nepeceyenue peuienull Hepa-
éencme cucmembi (Ha depTeme 9TO NPOMEKYTOK, HA KOTOpoM ofe
MTPHXOBKH COBHAJNH). B paccMaTpuBaeMOM NpuUMepe NOJy9IaeM
HHATEPBAJ (2; %]

6) Pemaa mepBoe HepaBEeHCTBO CHCTE-

MEI, HAXOAHM X > 2, pemas BTOpoOe
HePABeHCTBO CHCTEMBI, HAX0AUM: 3x » 13, mﬁ»»)»»»)»»»; x

2 13
x> 1—33 OrMeTHM 9TH IPOMEKYTKH Ha OA- 3
HOM KOOPAMHATHOM! npAMoil, HcnoAL30BAR Pue. 116, a
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—WW JNA NMEePROTo MPOMEKYTKA BEPXHIOK IITPH-
*  XOBKY, & JAJIf BTOPOTO — HMMKHIOK IITPH-

2 % xoBKy (puc. 116, 6). PemmeaneM cHCTEMHE

Pue, 116, 6 HepaBeHCTR OyzeT Jgyq [%, +00).
m———m B) Pemasi mepsoe HepaBeHCTBO CH-
2 % CTeMEI, HAXOAMM X < 2; pemas BTOpoe
Puc, 116, ¢ HepPABEHCTBO CUCTEMbEI, HAXOAHM X # %

OTMeTHM 3TH IPOMEXKYTKH HA OLHOH KOODAMHATHOI IDAMOIL, HCIIOJE-
30BAR ANA EPEONO MPOMEXKYTKA BEPXHIOW LITPHXOBKY, & AJIA BTOPOTO —
HMAKHIOIO IITpuxoBKY (puc. 116, 8). PemieHueM CHCTEMEI HEPABEHCTB
6yner mepeceuenye pemieHWI HEPABEHCTB cucTeMEl. OHO MycTO, 3HAYHT,
CHCTEMA HEePaBeHCTB He MMeeT pelleHmit,

OrBera)2<x < %; 6)x > %.;3'; B) HeT pelleHuif.

Bonpocel AN CAMONPOBEPItH
1. ChopmynupyiiTe TpH NpaBHIA PEMEHUA HePaBeHCTBA ¢ OJHOMH
nepeMenHoik.
2. Kakue HepaBeHCTBA HABKIBAIOT JHHEHLIME HepABEHCTBAMH C
oxnoit mepeMeHHONH?
3. Kak, npnMenaa mpaBmja PenieHHs HEPABEHCTBA, Bbl PellINTe

HepABeHCTBO:
a)2x+7<0; 6)5x+6>Tx+ 107

§ 30. KBAAPATHBIE HEPABEHCTBA

KBaapaTHRIM HEPABCHCTBOM HASHIBAIOT HEPABEHCTBO BHAA
ax*+bx+c>0,raeaz0

(BMecTO 3HaKa > MoMeT GHITH, pasyMeercd, J0boit gpyro#l sHak He-

paBeHcTBa)., Beemu HeOOXOAMMBIMHE AJA pellleHWA TAKUX HEPABEHCTB

TEOPEeTHYECKUMH CBEICHUAME MBI ¢ BAMM PACTOJIATaeM, B 9€M celinac
n ybegumMmcs.

IIpumep 1. Pemnuts HepaBeHCTBA:
a)x?-2x-3>0; B)x2—2x— 32> 0;
6) x - 2x - 3 < 0 r)x*-2x-3<0.

176



5. HEPABEHCTBA

Pemeunune. a) PaccMorpum [7
napa6ony y = x* — 2x — 8, naobpa-
JKEHHYIO Ha pucyHKe 117. Pemnts
HepaBeHCTBO x° ~ 2x —~ 3 > 0 — aro \
3HAYAT OTBETHTh HA BONIpOC, IpPH
KaKHX 3HAYEHHAAX ¥ OPAMHATH \
ToUeK Mapabosbl MOMOMHETENBHE. |
Bameuaem, uro y > 0, T. e, rpaduk -1}0]
GYHKIME PACIONOXKEH BHIlle OCH X, A
npu x < —1 aau opu x > 3. Crego-
BATENLHO, PENICHUAMH HEPABCHCTBA |
CITY$AT BCE TOUKH OTEPHTOrO Jy4a T_“
(—o0; —1), a Tak¥xe BCe TOYKH
OTKpEITOro Ay4a (3; +o0). Henoub- Pue. 117
3ya sHaK U {3nax o0sedunenus MHONeCmMmE), OTBET MOMHO 3AIH-
caTh TaK:

M'_‘-

[ U=g2 ]
o™ 23

(—o0; =1) U (3; +00),

BropouemM, oTBeT MOXCHO 3ammMcaTh M TaK: x < —1; x > 3.

6) HepasercrBo ¥ — 2x — 8 <0, mmu y < 0, rae y = x* — 2x — 3,
TaK}e MOXHO PEIIMT: ¢ moMombio pucyHKa 117: rpadpux pacmono-
MKeH HHMe OCH X, ecan —1 < x < 3. I[losroMy pelleHMSMHN JaHHOrO
HEpPABEHCTERA CAYMAT Bce TOUKH mHTepBana (—1; 3).

B) HepaBeHctTBOo X2 — 2x — 3 > 0 oTXAMuAeTCA OT HePABEHCTBa
x% — 2x — 8 > 0 TeM, YTO B OTBeT HAAO BKAXYMTH M KOPHH YpaBHCHUSA
x2~2x-8=0,T. e Toukn x = -1 u x = 8. Taxum o6pa3oM, peliie-
HHUAMH JaHHOTO HECTPOroro HepaBEeHCTBA ARIAIOTCH BCe TOUYKH Jy4da
(—o0; —1], a Takxe Bce TouKn ayua [3; +00).

r) Hepasenerso x2 — 2x — 3 € 0 oTaEuaercd OT HepABEHCTBA
x% — 2x — 3 < 0 TeM, 4TO B OTBeT HAZO BKAIOYHTL U KODHH ypaBHe-
AEa x> - 2x -3 =0, 1. e. x = -1 1 x = 3. CnegoraTensno, penie-
HHAMH AAHHOI'0 HECTPOroro HepaBeHCTBA CHYIKAT BCe TOUKM OTPE3Ka
[-1;3]. m

IIpakTUYHEIe MATEMATHKH OORIYHO FOBODAT TAK: 3ayeM HaM, pe-
iilas HepaBeHcTBO ax’ + bx + ¢ > 0, akKypaTHO CcTPONTE napabory —
rpadmr KBagpaTmuHOll QyHKDEM y = ax’ + bx + ¢ (Kak aro Gnuno
caenano B npumepe 1)? HocraTouHo cuenaTk cxeMaTudecKmii Habpo-
cOK rpaduka, JAS HEro CeAyeT JHUIIL HANTH KOPHH KBaJPATHOI'O
TpéxuneHa {TOUKH nepecedeHus napabGoAarl ¢ OCBIO X) B ONpeAeNHTb,
KyZAa HalpapJeHH BeTBH napadosbl — BBEPX WJIH BHU3. ITOT ¢XeMa-
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———— S ———————

THYeCKHH HaGpoCcOR JacT HarjJAAHoe HC-
TONKOBAHHE PeIIeHNI0 HePABEHCTBA,

-L5 ¥ MIpumep 2. PemuTe HepaBeHCTBO

-2x2+3x+9<0,

Puc. 118 Pemenue. 1} Haliaém xopun xBag-
paTHoro TpéxguiaeHa —2x° + 3x + 9: x, = 3;
xg = _1 ,5.

2) TlapaGona, cayxaniaa rpadukom Gysxnuna y = -2x2 + 3x + 9,
nepecexaeT och X B TouKax 3 U —1,5, a BeTBH napaGoasl HAIIPABJICHE
BHU3, ITOCKOJBLKY CTAPIIKHA KOhPUOHEHT — OTPpHUOATEIBHOe YnCio —2,
Ha pacynxe 118 npeacrasien HaGpocok rpaduka.

3) Henonessya pucyHor 118, nenaem Buisoi: ¥ < 0 mHa Tex mpo-
MEXYTKaX OCH X, IrRe rpadMK pacnofoXeH HUMKe OCH X; B AAaHHOM
caydae 3TO KBa OTKPHITHIX Ayua (—oo; —1,5) u (3; +00).

OrpeT: x < —-1,5; x > 3.

IMIpumep 3. Pemurs nepasenctso 4x° — 4x + 1 € 0.
Pemenue. 1) Us ypasnenus 4x° — 4x + 1 = 0 naxoanm Xy 9= %

2) KsagpaTHHI TPEXTIIEH UMeeT OAWH KOPEeHb X = %; PTO 3HAUNT,

yT0 napabona, caymxamas rpaduxom Pynxnuu y = 4x — 4x + 1, ne
NepeceKaeT och X, a kKacaemcs eé B Touxke x = 0,5. Bersu napaboJkl
HampaBJieHbe! BRepx (puc. 119).

3) C noMompgio reoMeTpudeckoit Mozenn, npeacTaBleHRON Ha PUCYH-
ke 119, ycraraBjABaeM, STO 3aflaHHOE HepPABeHCTBO BBIMOJHAETCH
TOJBKO B TOYKe x = 0,5, MOCKOABLKY OPH BCEX APYruUX SHAUEHUSIX X
OpPANHATE rpadVKA TOJOKHTEIBHEL.

OrserT: x =0,5.

Brl, HABepHOE, 3aMeTHJIH, 4YTO Gar-
THYeCKHM B npumMepax 1, 2, 3 HcnoJeso-
BaJICA BIONHE OIpefeJeéHHR# anropurm
PelleHNA KBAAPATHHIX HEePABEHCTE BHAA
ax* +bx+c>0(ax®+bx+c<0)sm

0,5 % cjay4dae, KOrja XKBaJPATHHIN TpéxuiaeH
ax? + bx + ¢ MMeeT KOpHU, T. €. NDH
Pue. 119 D=0,
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4 ANTOpHTM pemeHus KBARPATHOTO HEPARCHCTBA )
ax*+bx+c>0(@x+bx+e¢<0)mpuD >0

1. Haittz XopHM KBagpaTHOrO Tpéxunena ax® + bx + c.

2. OrMeTuTH HaliiCHHHE KOPHH HA OCH X H OOPEAeNHdTh,
KyAa (BBepX WM BHM3) HapaBJAeHbI BeTBM HapaboJnl, caIyxa-
mei rpabuxom dyERmEE y = ax® + bx + ¢; caenars Babpocok
rpaduka.

3. C noMombI0o NONYVIEeHREON reoMeTpUUeCKO MOAENH olpe-
AEeNuTh, HA KAKHX IIPOMEXYTKAX OCH X OPAHMHATHI rpaduka
NOJOKHTE/IBEE (OTPHUATENLHE); BKIAIYHTL STH MPOMEKYTKH

\B OTBET, J

Ha mepsoM mare saToro airoputrma Tpefyerca HaliTm KOpHH
KBAAPATHOro Tpéxunena. Ho Begb KOPHI MOTYT H He CYIIECTBOBATH,
qT0 e Aeaars? Torga aJropuTM HENPHMEHHM, CJACIOBATENALHO,
IPUAETCHA PACCYyKAaTk HHaue., KAiou K pPaccyKACHHUAM AAIOT CAeAy-
0LIHe TeOpeMsl.

Teopema 1. Ecau xeadpamuuiii mpéxunen ax® + bx + ¢ ne umeem
xopued (m. e. e20 duckpumurnanm D — ompuyamensvunoe wucno)
% ecRU npu smosm a > 0, Mo npu 6cex IHAYCHUAX X GLINOANREMCR
Repagencmeo

a2 +bx+e>0.

HapiMu ciosamm, ecan D < 0, a > 0, To HepaBeHCTBO ax° + bx +
+ ¢ > 0 BHIOJHSAETCA NPH BCeX X; HAIPOTHB, HEPABEHCTBO ax” + bx +
+ ¢ < 0 He umeeT pemennit.

Doxasarenscrso. M'pabuxom dynrmun y = ax”> + bx + ¢
ArnAerca napabona, BeTBH KOTOPoOll HanpaBjeHH BBepX (IOCKONLKY
a > () 1 KoTopas He NIepeceKaeT OCh X, TAK KAK KOpHel y KBajgpaT-
HOro TpéxuieHa OO YcaoBu1o HeT. I'padHk mpeacTariieH Ha PHCYH-
Ke 120, a. IIpu cex x rpadHK pPacmosIoKeH BRIIIe OCH X, & 3TO SHAYMHT,
YTO OPH BCEX X BLINOJHAETCH HepaBeHCTBO ax’ + bx + ¢ > 0, uro ¥
TpeboBanoch A0KA3ATS.,

Teopema 2. Ecau xeadpamnuil mpéxunen ax® + bx + ¢ ne umeem
xopueli (m. e. ezo duckpumunanm D — ompuyamenvroe wucno)
U ecau npu smom a < 0, mo npu 4cex INAYEHURX X GLLNOARAEMCR
Hepasencmeo

ax* +bx +¢ <0,
179



5. HEPABEHCTBA

B_'A\ 77

Prc. 120

HuniMu ciaosamu, ecau D < 0, ¢ < 0, To HepaBeHCTBO ax® + bx +
+ ¢ < 0 BunoNHAeTCA NIPH BCEX X} HANMPOTHB, HepaBeHCTBo ax? + bx +
+ ¢ 2 0 He uMeeT peLIeHMNA.

Horasarenncrno. Mpapnrom pyaxouum y = ax® + bx + ¢ as-
JAserca napabosa, BeTBH KOTOPOi HampaBJieHEI BHH3 (IOCKOJABRY @ < 0)
H KOTOpas He NepeceKaeT OCh X, TAK KAK KOpHEH y KBajgpaTHOTO
TpEX4YJeHa 1o yeaoenio HeT. I'paduk npeacrariaen Ha pucynke 120, 6,
IIpu Bcex x rpadukK pacHoJoMeH HMMKEe OCH X, 8 BTO 3HAUMT, UTO
IPH BCEX X BBHINOJHAETCA HepaBeHcTBO ax® + bx + ¢ < 0, uTo M Tpe-
GOBANOCE AOKABATE.

Ilpumep 4, PemnTk HepaABEHCTRA:

a)2x2-x+4>0; 6)-x*+3xr—-8>0.

Pemenne. a) Haiiném JUCKDHMHHAHT KBaJPATHOTO TPEXUWICHA
222 — x + 4, Umeem D =(-1)* — 4 - 2 . 4 = —31 < 0. Crapmmuit xoad-
(uMeHT TpéxuwieHa (YHuca0 2) mosoKUTeNeH. 3HAUUT, O TeopeMme 1
IIPM BCeX X BRITIOMHAETCA HepaseHeTno 2x% — x + 4 > 0, T. e. penzeHHeM
3aJaHHOINO HEPABEHCTBA CIY)KUT BCA YHCIOBAS IpAMad (—c0; +00),

6) Haiigém ABCKPIMMHAHT KBRAJADaTHOTO TpéxwuaeHa —x° + 3x — 8.
Hmeenm D = 32 -4 . (~1) - (-8) = —23 < 0. Crapmmii koabduouenT
Tpéxunena (uucao —1) orpunarenen. CirefoBaresbHo, I0 TeopeMe 2
[IPH BCeX X BBHIOJHAETCSA HepaBeHCTBO —x° + 3x — 8 < 0. Sro 3HaunT,
4TO HepapeHCTBO —x° + 3x — 8 > 0 He BLINOJHSETCA HM OPH KaKOM
SHAYEeHHH X, T. €. 3aaHHOe HEPABEHCTBO HEe MMEeT pellleHHI.

OrBerT: a) (—o0; +o¢); §) HeT pemeHHH,

B caeayiomeM npuMepe MBI IO3HAKOMHMMCA eMmé ¢ OJHUM CIIOCO-
oM paccy:xaeHRN, KOTOPHI IPUMEeHACTCA IPH PEIICHNU KBAAPATHRIX
HEPABEHCTB.
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Ipumep 5. Pemuts mepasencrso 3x° — 10x + 3 < 0.
Penre s ue. Pasnoxum xsagparastii Tpéxunen 3x — 10x + 3 Ha

MHOxuTenn. KopHaMu Tpéxuliena ABASIOTCA IUCHA 3 B %, noaToMYy,
BOCIOJIb3OBABIINCH hopmynoik
ax® + bx + ¢ = a(x — 2, Nx — x;),
DOAYYHM:
8x*> -~ 10x + 8 = 3(x — 3)[:: - %)
1

OTMeTHM Ha YHUCAOBOHK NpAMoNf KOpHH Tpéxuiena: 3 u 3

(pmc. 121). Ilyers x > 3; Torpa x — 3 > 0 mw x — % > 0, 3HaymT,

u opouseepenme 3(x — 3)(:: - %) MOJMOXHTeNbHO. Janee, OycTh

1. x<3;roraax—-3<0,ax- % > 0. CnepoBaTeanHo, Ipou3Be-

3
aenne 3(x — 3) x (x - %) oTpunaTensHo. IlycTs, HakoHer, X < %;
Torga x — 3 <0 m x — % < 0. Ho B TakoM cayuse mpoHsBefcHHe
3(x — 3) (x - %] NOJIOYKHTEJILHO,

IlopBoAa MTOr paccy:XeHuaM, IPHUXO- + - o+
IHM K BHBOZY: 3H&KH KBaAPATHOT'O TPEX- 3 x

ynena 3x? - 10x + 3 nameHsaloTCH TAK,
KaK noxaszaHo Ha pucyHKe 121, Hac xe Pue. 121
HHTepecyeT, NPpH KAKHX X KBaapaTHBH

TPEXUNeH ODPUHUMAET OTPHLUATeABHbIe 3HaYeHMaA. C moMompbio reo-
MEeTpHYECKO# MOAenHn, HpeACTaBJeHHOM Ha pucyHKe 121, menaem
BHIBOA: KBaApaTHM# Tpéxunen 3x® — 10x + 3 mpunumaer oTpHua-

L3 Q

TeJbHEE 3HAYCHHA ANA Moloro sHaueHUA X U3 HHTEPBAJR (%, 3).

OrBerT: (%, 3), HIH % < x < 3.

Jamevanue. Metog paccy:kaernit, Koroprit MBI IpHMEHHAIN B
npuMepe 3, 0OLITHO HASLIBAIOT MeMOOOM UKMEPEaRos (ML memodom
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npomexymxos). OH MHPOKO HCHONB3YETCHA B MATEeMATHKe ANA
pemIeHNs PAalMOHANBHEIX HepaBeHcTB. B 9-M Kiacce MBI M3YUYHM Me-
TOA MHTEPBAJIOB Oojgee moapoGHO.

Ilpumep 6. IIpn xakux 3HAYEHWAX HapaAMeTPA P KBaApPaTHOE
ypaBHeHue x° — 5x + p? = O:

4) HMCeT JBA PASJMYIHBIX KOPHS;

6) uMeeT OANH KOPEHE;

B) He AMeeT KopHeii?

Pemenne, Yucio KopHe# KBaAPATHOTO YPaBHEHUS SABUCHT OT
3HAKA €To AucKpEMuHanTa D. B nannom cayuae D = 25 — 4p2.

a) KsagpaTHoe ypaBHeHHe HMeeT ABa PASJHYHEIX KODHS, €CJIH
D > 0, 3aavunT, 3aa4%a CBOAUTCA K pellleHHIo Hepasencraa 25 — 4p° > 0.
VYMHOXKMB 00e uacTH 3TOr0 HepaBeHCTBa Ha -1 (He 3a0BIB H3MEHHTH
NpH 3TOM 3HAK HepaBeHcTBa), moayuum 4p° — 25 < 0 u, gaiee,

4(p - 2,5)(p + 2,5) < 0.

3maxu BrIpaxkeHua 4(p — 2,6)(p + 2,5) yxasaHm Ha pucyHke 122,
HJenaeMm BEIBOA, YTO HepaBeHCTRO

4(p - 2,5Xp + 2,5) < 0

BHIOOJHAETCA AJLA BeeX sHaueHUH p u3 uaTepana (—2,5; 2,5). Hmen-
HO TIPH 3THX 3HAYEHHMAX NApPAMETpa P AaHHOE KBafPATHOE YpaBHeHUe
AMeeT ABa PASJIHYIHBIX KOPHA.

6) KpagpaTHOe ypaBHeHHe MMeeT OIMH KOpeHb, ecin D = 0, Kak
MBI YCTAHOBMJIN paHee, D = 0 opn p = 2,5 uau p = —2,5. HMenHo npn
9THX BHAYEHMUAX NapaMeTpa P AAHHOE KBAaJpPATHOe YPABHEHHME HMEET
TOJbKO OAUH KOPEeHb.

+ _ B) KBagpaTHoe ypaBHeHHe He HMeeT
o } o »  KOpHei, ecim D < 0, PemMM HEPABEHCTBO
-25 0 25 P a5 _4ptcp:
Pue. 122 4p% - 25 > 0;
4(p - 2,5)(p + 2,58) > 0,

otyaa (cM. puec, 122) p < -2,6; p > 2,5. Iipn atux sHaueHHAX
mapaMeTpa p AaHHOe KBAJpaTHOe YPABHeHHe He MMeeT KOpDHeii.

OCrBeT: a) opn p € (-2,5; 2,5);
6) npn p = 2,5 nau p = -2,5;
Byunpu p < -2,5amu p > 2,5,
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Bonpocsl AR CAMONPOBPKM

1. CoopmynupyiiTe onpegeneHue KBaAPATHOrO HEPABEHCTBA C
oAHOit mepeMeHHOIA.

2. Yro padr cxemaruuecKHil Ha6pocOoK rpadura KBaApaTHYEOH
GYHKIUHE OpY pPelleHHH KBAXPATHOrO HepaBeHCTBAa?

8. OnumnTe AIrOPUTM pelleHnsa HepaBeHCTBa ax” + bx + ¢ > 0,
rae a # 0. [IpuMeHETe ero AN pemieHHA HepapeHCTBa X2 — 5x + 6 > 0,

4. OnEmuTe alropaTM pelleHHs HepapeHcTBa ax’ + bx + ¢ < 0,
rae @ # 0. IIpuMeHUTE €T0 AJA pellleHUs HepABEHCTBA 2+x-12<0.

5. 3BeCTHO, 4TO AMCKPUMUHAHT D KBAADPATHOTO TPEX4aeHa ax’ +
+ bx + ¢ orpunarenen K @ > 0. Uto BRI CKa/ReTe O PellIeHHA HEPABCHCTRA?

a)ax®+bx+c>0; B) ax’+ bx + ¢ > 0;

6)ax’ + bx + ¢ < 0; rax®+bx+c<0?

TIosicHnTe CBO# OTBET ¢ HOMOMILID MeOMeTPHISCKON HIMIOCTPAIIANE.

6. MapecTHO, uTO AMCKpMMUHaHT D KBaApaTHOTO TpéXuaena gx? +
+ bx + ¢ orpuniaTenex 1 g < (0, Yro BBl CKaXKeTe 0 DEIlIeHUY HEPABEHCTBA:

a)ax® + bx + ¢ > 0; B)ax® + bx + ¢ > 0;

6)ax’+bx+c<0; r)ax® + bx + ¢ < 0?

IlosicHuTe CBOIt OTBET ¢ DOMOMUILI) MEOMETPHYECKOH MILMIOCTPATRH,

§ 31. ROKASATENBCTBO HEPABEHCTB

Brime, B § 11, MEI y:Re pPacCMOTDENH HECKONEKO PHMEPOB
Ha AOKAZATEJNHCTBO HEPABEHCTE. B OCHOBHOM MHB NMOJb30BAJNNCH
MemodoM OuerKu 3HaKa pasHocmu Ae6olt U npaeot wacmeli Joxasviea-
eMoz0 Hepaserncmea. PaccMoTpuM ené TpH mpuMepa NCNOAL30OBAHHA
3TOTO METOAA.

Npumep 1. doxazars, uro Ans A0OHX X, Y, Z BEIOONHAETCA
HepaBeHCTBO
2+ 42+ 822+ 14> 2x + 12y + 62,

Pemenne, CocTaBuM pasHOCTD JeBolt 1 npasoit yacteli Aoxask-
BAeMOT'0 HEPABEHCTBA:

(> +47 + 322+ 14)— (2x + 12y + 62) =
=(x*-2x+ 1)+ 4y’ - 12y +9)+B2-6z+3)+1=
=(x-1°+2y-3F+8(z-17%+1.

ITony4eHHAA CYMMAa NOJOKHTEJbHA IPH N00HX ZelfcTBRTeIBHEX
3HaYeHMSIX NEePeMeHHHIX X, Y, 2. OTO 3HAYMT, 4TO TpebyeMoe Hepa-
BEHCTBO Aokasano, A
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INIpamep 2. IlycTh a — nonokutensuoe uncjo. dorasars, utro
1
a+ - 2 2.
Pemesnne. PaccMOTPHM Pa3sHOCTh [a + %) — 2. Hveem:

a®+1 -2= a2 -2a+1 _ (a-1)
a a a .
Iony4uusn HeoTpHLATENBHOE YMEAO, 3HAYNT, & + ry » 2,

3amerumMm, uro a + % = 2 TOrga ¥ TOJALKO TOTAA, KOTAa & = 1; ecan

mea#l, To
a+;1‘—>2. [ |

INpumep 3. Ilycts a 1 b — HeorpunaTeJbHBle uNcHa. Joka-

3aTh, YTO
%’3 > Jab.

Pemenue. CocraBuM pasHoCTh JeBoi M mpabBoil wacreil Hepa-
BeHcTBa. HMeeM:

a_M_J;g=a+b—2Ja_b=(\/_-J5)2.
2 2

2
Ionyunsu BeoTpHIATENLHOE YHCI0, 3HAUHUT, 2 ; b > Jab.
3ameTHM, uTO g__g_b = Jab TOrAA M TOJLKO TOTHA, KOrAa @ = b
2
— /b
(torga Ja = Vb u, cnegorarensso, '(“\E'“QL) =0); ecniu e a # b,

mg__zt_b>\/5_ ]

a+ b
2
HHCJIO +Jab HA3LIBAIOT CPEeIHHMM reoMerpuueckum umncen ¢ U b. Ta-
KHUM 006pa3oM, HepPABEHCTBO, ACKA3AHHOe B NpuUMepe 3, 03HAYALT,
YTO cpeduee apu@memuieckoe 98Yx HeOMPUUAMERDHBLXY HUCER He
MeHbIUE Ux cpednezo zeomempunecxoz20. JJokazaHHOe HepaBEeHCTBO
MHOTAA HA3LIBAIOT HepaBeHcTBoM Komm B yecTs (paHIyscKoro ma-

TematTnka XIX B, Oriocra Komu.

Yucno HASBIBAIOT CPeTHMM ApH(PMETHICCKHM uHucea a U b;

Ja menanue. HepapercTso Kot HMeeT m060UBITHOS NeOMeTPH-
yecKoe HCTONKOBaHHe. IlycTs AaH NpAMOYTONBHBIA TPeyroJdbHHK
H IYCTH BHICOTA /i, IPOBeAEHHAA MG BEPIIMHEL IPAMOTO YIia, ZeJMHT
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5. HEPABEHCTBA

TAOOTEHY3Y Ha OoTpe3KH a u b (puc. 123).

B reoMerpuu f0Ka3aHo, 9TO & = Jab (Takx

9T0 HECAYYANHO AAA ITOrQ BHEIPAIRCHHA h
BBCJM TEPMHUH «CpejHee reoMeTpHue-

a+tbh

2

JIOBMHRKI runoTeHysel. Ho 3 reoMeTpan na-

BECTHO, YTC MEANAHA M NPAMOYIroALHOIO Pnc. 123
TPeYTOJNLHAKA, IPOBEAEHHAN U3 BepIIMHEI ONPAMOro yriaa, Kak pas H
paBHa NoloBUHE runoTeRyanl. TakuM of6pasoM, HepaseHcTBO Koy 0a-

HavuaeT, YTo JUIMHA MeABAHE, npoBeaAéHHOR K runoTenyse (T. e. aT"'b ),

CKoe»). A uTO Taxoe

-

? 9to pnuEAa IO~ — ;
a b

He MeHbINe AJMHE BHICOTHI, NpoBeAéHHol K runorenyse (T. e. Jab ).

Hedyrxmusnniit cnocol doxazameavcmea nepasercms. Cyre 3To-
ro cmocoba COCTOHT B caeAylomeM: TpefyeMoe HepaBeHCTBO BEIBO-
AAT B3 KAKOro-TO M3BECTHOrO (0NOpHO20) HEPABEHCTEA ¢ ITOMOINBID

pana npeobpasopannii, TaKEMHU ONMOPHHIMA HEpPABEHCTBAMU MOTYT

CAYIKUTE, HATIDEMeD, HEPABEHCTBO @ + % # 2 (BepHoe ana a6o-

ro @ > 0) u HepaBencTso Komu %—Q > Jab (sepnoe ana mobux
HEeOTPHIATEAbHBIX 3HAYCHHH MepeMEeHHBIX).

Opumep 4. Hokasats, uroecim a > 0, 5> 0, ¢ > 0, T0

1.1.1
(a+b+0)[;+3+z] =9,

Pemenne. BunAmeM TpH oNOPHLIX HEPABEHCTRA!
8,0 598,68 59,0,¢59
a ¢ a ¢ b

b
.8, b8, . b.¢ 34
Cnoxcunux,nomnu.b+a+c+a+c+b236,
a+c+b+c +a+b > 6;
b a
(1+25e) + (10 222) 4 (14258) 50,
b a c
a+g+c+a+b+c+a+:+c>9.

BrineceM 3a ckofSkH ofImuit MHOKHTENE @ + b + ¢ ¥ noayuHM:

1.1.1
(a+b+c)[;+3+z) » 9,
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3ameTHM, UTO 3HAK PABCHCTBA MMECT MECTO TOTAA H TOJLKO TOT-
A8, KOorga OH MMeeT MeCTO BO BCeX TPEX ONODHBIX HepaBEHCTBAX
ONHOBpEMeHHO, T. e. npu a=b=c¢. B

Cnocob doxazameasvcmea om npomuenozo. [IpOMILIIOCTPHPYEM 3TOT
cnocod Ha ABYX npuMepax. IIepBLIil H3 HUX CBA3AH ¢ AOKA3ATENBCTEOM
HePABEHCTBA, KOTOPOe MEI paHee ynoMAHyaHd B § 13.

Opumep 5. Jokazath, utro ecau g > 0, b > 0, o
Ja + b < Ja + b

Pewmenne. IIpegnonoxuM nNpoTHBHOE, YTO CYOIECTBYIOT TaKHe
NOJOXKHTENbHBIEe YHCAA ¢ U b, AN KOTOPRIX BRIDOJHAETCHA HEpa-

BEHCTBO Va + b » \/E + J!_J Torpa, HCIOAB3YA CROHCTBA YHCAOBLIX
HEePARCHCTE, NOCAeNOBATEABHO MOJYUAEM:

(Va+8) > (Va + vb)

a+b>a+2~/a_b + b;
Jab <o.

Ho no ycaosmio a > 0, b > 0, apauur, Jab > 0. Ionyuennoe
IpPOTHBOPEYHE 03HAYAET, UTO CAEJAHHOE NPEATIONOoKeHHe HeBepHO,
IO3TOMY [OKA3HIBAEMOe HEPARCHCTEBO BepHO, W

IIpumep 8. JokasaTh, uTo AJNA MIOOLIX HEOTPHUATENLHLIX 3HA-
uennit ¢, b, ¢, d cnpaBeAIMBO HEPABEHCTREO

Ja+ )b+ d) > Jab + Jed.

PemeHue. [IpegnoNoXuM NpoTUBHOE, YTO IS HEXOTOPOrO Ha-
6opa HeoTPHIATENABHHX YHCEN 4, b, ¢, d cCIIpABE/UIHBO HEPABEHCTRO
Ja + )b + d) < Vab + Jed.
Bossenda obe ero wacTu B KBaApPAT, MOJYIHM:;
ab + bc + ad + ed < ab + 2Vabed + cd;
be + ad < 2+abed;

besad < JibeNad).
Ho coranacHo Heparsedcrsy Komn
% > JJbe)ad).
IlonydeHHOe MPOTHBOPEYHEe O3HAYAET, YTC CAEJIAHHOEe NpPeAIoJo-
JieHNe HeBEePHO, MO3TOMY AOKA3bIBaeMOe¢ HEPABEHCTRO BepHO. B
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Bonpock! Ana camonposepi

1. Yro Takoe cpeanee apupmMeTAYecKoe ABYX uncesa @ u b?

2. Yro TaKoe cpefiHee reoMeTpHYECKOe ABYX uucesa @ u b?

3. Kakasa CBASH CYIIECTBYET MEMXAY CPeAHHM ApHPMETHYeCKUM H
CpPeRHMM reoMeTpHYeCKHM ABYX umncen a | b?

4, C xaknMu cnocofaMy AOKA3ATENbCTBA HepABEHCTB BEI IO3HA~
KOMAJIUCE B 9TOM naparpade?

§ 32. nPUBIMOKEHHBIE BLIMMCNEHMS

N B 7-M, 1 B 8-M KI1accax ME YACTO PeIlAJH YPaBHeHHSA
rpaduyecKn. 3aMeTHJAHM JH Bhi, UTO NPAKTHYECKH BO BCEX TAKMX
NpHMepaxX YPaBHEHHS MMEJH «XOopolimes Kopuu? 310 6niam Hejane
qHcaa, KOTOpHE 6e3 TPYAA OTHICKMBAIHCE C IOMOMIBIO TPAPHUKOB, 0CO-
Genno Ha Gymare B KiaeTKy. Ho Tak OuIBaeT Jaleko He BCerga, mpocTo
MBI IO CHX IIOP NMOAGHMPpAaJHE «XOPOIINes NMPUMepPhi.

PaccMoTpuM gBa YPABHEHHA: Jr =2-xu Jx = 4 - x, IlepBoe
YPABHEHHE HMeeT eAWHCTBeHHEI! KopeHb X = 1, NOCKONBKY rpaduiruy
dyERIRHd Yy = Jx B J = 2 - x nepecexalorca B oaHol Touxe A(l; 1)
(puc. 124). Bo BTopoM cayuae rpadpukn GyExoni y = Jx Hy=4-x
TOXKe TIepeceKaloTcA B ofHOM Touke B (puc. 125), HO ¢ enmoxXmMH»
KoopauraTaMu, ITo/L3yACE JepTexKOM, MOMKHO CANATE BRIBOX, UTO abc-
mueca TOYKH B npuMepHo pasHa 2,5, B nofo6HEX cayuadx roBOPAT He O
TOYHOM, & 0 TPpHOMHKEHAOM PelIeHNr YPABHOHHA U MHIYT TaK: X = 2,5,

7 7
—4
2 s Ty
_— - _-2
11 - —1
] iy
O] 1 & d O] 1 2 8 A\ *
\\‘_? @
Y ?\
b o >
Prc. 124 Pue. 125
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9T0 OZHA M3 NPUYUH, IO KOTOPOH MATEMATHKH DElTHIYX BBECTH B
paccMOTpeHHe NOHATHE NpuGIHKEEHOrO 3HAYCHHA ACHCTBHTEIBHOTO
yucaa. ECTh M BTOpas NMpuuMHaA, OPHYEM, MOMET OGBITh, Zaxe Goee
cymecTeeHHadA. UTo Takoe AedcTEHTeNAbHOe 4uHcJa0? Yalne Bcero —
GecKOHeYHAdA JEeCATHYHAA Apo6h. Ho MpoH3BOANTL BRIYHCICHUA ¢ Gec-
KOHEYHEIMH JeCATHYHBLIMHA APOGAMH HeyaolOHO, TO3TOMY Ha IIPAKTHKE
NoAB3YIOTCA NPUGAMIKEHHBIMM 3HAYEHUAMN ACHCTBHATEBHEIX YHCEJ.
Hanpuwmep, gaa uucaa ©t = 3,141592... noasayiorea IpuGIHKEHHBIMA
paBeHcTBAaMH Tt = 3,141 mau n = 3,142. IlepBoe HasBIBalOT HIpUGIH-
JKEHHBIM 3HaveHNeM (uau npubiImxKeHneM) YuCKa T no Hedocmamyy
¢ moxnocmyio do 0,001; BTopoe HasmMBalOT NPUOIHKEEHEIM 3HAUCHN-
eM (mpubankeHneM) Yucaa T RO udbsimKy ¢ mowHocmeio do 0,001,
MoxHO B3aTh foslee TOUHBIe TPNGIHMXKEHN s, HATPUMED, Tt = 3,1415 —
opubaukeHne o HeAOCTATKY ¢ TOUHOCTRIO Ao 00,0001, n = 3,1416 —
npubnnixerue no usbuiTKy ¢ TowHoCcThIO A0 (,0001. MoskHO B3dATH
MeHee TOYHEE NpHOAMKeHHA, CKa)XeM, ¢ TouHocThi0 Ao 0,01: mo
HeJOCTaTRyY T = 3,14, mo nabuTKY 7t = 3,15.

3Hak UpHGIHXEHHOIO PABEHCTBA =~ BBl HCNOJB30BATH M B Kypce
MATEeMATHKH D—6-ro KJIaccoB U, BEpOATHO, B Kypce GHSNKH, A2 H MBI
paHee MOJBL3OBAANCH MM, HanpuMep B § 9.

Hpumep 1. HaiitH npulau:kéannle 3HAYCHNUA N0 HEAOCTATKY N
no uz3beITKY ¢ TourOoCcThIO Ao 0,01 Ana qucaa:
a) V5; 6) 2 + 5; B) é

Pemenue, a) Mu zHaeM, aro +5 = 2,236... (cm. § 9). Cre-
JAOBATEJILHO, Jg = 2,23 — 3T0 NpHUOANKEHHEe NC HEAOCTATKY € TOY-

HocTelo mao 0,01; \/5 = 2,24 — 3T0 NpHOIMIKeHHe N0 M3GHITKY ¢
TourocThio go 0,01,

0) 2+ J5 = 2,000... + 2,286... = 4,236.... Bnauur, 2 + J5 =
= 4,23 — aT10 npubauiKerue OO HEZOCTATKY ¢ TOYHOCTBIO Ko 0,01;
2+ JE = 4,24 — »T0 NpubaM:KeHHe N0 H3OGLITKY ¢ TOYHOCTBLIO
ao 0,01.

B) IMeem 212- =0,31818... (cm. § 7). CnegoBaTenbHo, E’Zz- =0,31 —
aTo npubankeHUe IO HEFOCTATKY € TOUHOCThIO A0 0,01; % ~0,32 —

ar0o nprlanxKeHne N0 MIGKITKY ¢ TouHOCTRIO A0 0,01, &

IIpubanxkenue no HefoCcTATKY M OpuGAMKeHWEe [0 UIOHITKY Ha-
3LIBAIOT MHOINA OKPY2ACHUCH XUCAE.
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Onpedenenye. llorpemmoctnio npuGanxennn (aGcomornoit mo-
TPEINNOCTHI0) HASLIBAIOT MOAY/IL PASHOCTH MEKAY TOYHLIM 3HAYCHHEM
lnenmrrnu x ¥ eé npubamKEHHEIM 3HAYEHAEeM ¢: NOrPEIHOCTE — 3T0
x—ap.

Hanpumep, NOrpeIMEOCTE NPUOAMKEHEHBIX DABEHCTE N = 3,141 nnn
1 = 3,142 pripaxaerca Qopmyso# {n — 3,141| uam coorsercTBeHHEO
dopmysol |1 — 3,142|.

Bosnukaer 4ucTO NpaKTHIeCKHil BONPOC: KaKoe NMpubiauiKeHHe
JIydIne — IO HeROCTATKY WK mo H30hITKY, B KAKOM CJAydae norpet-
HOCTh Gynmer Menbme? 310, KOHEYHO, 3ABUCHT OT KOHKPETHOTO YUCJA,
ANA KOTOPOTO cocTaRNAOTeA npuban:xerana. O6LIMHO OIPH OKPYTIeHHE
HOJOKRHATENBHBIX 9HCE] NOJAL3YIOTCA CISAVIOIINM NPABHJIOM.

IIpanuao oxpyraenna. Ecau nepeas omopacvieaeman yuppa
MeHvuie B, mo HYyNHO Opamb npubruxeHie no Hedocmamxy;
ecau nepeas omopacwviégemasn yugpa Oorvlie uru pasua 5,
mo RYyMHO Opamb npubauxicenue no usbsimxy.

[IppMeRnM 2TO DPABMJIO KO BCEM PACCMOTPEHHBLIM B 5TOM WApa-
rpate uncaam, BrifepeM A8 PACCMOTPEHHEIX YUCEA Te NPpUOIMIKeHU,
BJIA KOTODHIX GyZeT HAMMEHbIIasA HOTPEeImHOCTS.

1) n=3,141592.... C rounoctrio a0 0,001 umeem n = 3,142; 3pecs
nepeasa orbpackBaemMad uudpa paBHa 5 (Ha YeTBEPTOM MecTe IOCJeE
3anAToi), MO3TOMY B3AAU NpHOAMKeHHe N0 M3OHTKY. C TOUHOCTLIO
zo 0,0001 umeem n = 3,1416 — = TyT B3AIH DPHOGAMKEHNE IO H3-
6HTKY, DOCKOJABKY NepBaa or6packBaeMad nHdpa (HA OATOM MeCTe
nociye 3anAToM) pasHa 9. A BOoT ¢ TouHOoCTEIO A0 0,01 caenyer B3ATH
npubaneHnae 10 HEAOCTATRY: T = 3,14,

2) Jg = 2,236.... C Touroctsio go 0,01 ameem VB = 2,24 (opm-
Sanxerne mo n3GRITKY).

3) 2 + /5 = 4,286.... C TourocTsI0 A0 0,01 MMeenm 2 + 5 = 4,24
(apubauxenne no HIGHTKY).

4) é = 0,31818.... C ToarocTbo Ko 0,001 HMeeM 5712- =~ 0,318

(npubauskeEne N0 HEAOCTATKY).
Paccmorpum nocnesrmii npumep noapobnee. BosnMéM yKpyn-

BEHHHH tparMeHT KoopamEaTHOH npamoii (pmc. 126). Touka A

22
IpHHAAIKUT oTpe3Ky [0,318; 0,319], smaunr, paccToaHMA OT Heé A0
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ogiq

' —
0,318 0,319
Puc. 126

KOHIIOB OTPE3KA He PEBOCXOAAT AHHEI oTpe3ka. PACCTOAHUSA OT TOUKH %

A0 KOHIOB OTpe3Ka BRIYACIAAKTCA N0 opMyiIaM COOTBETCTBEHHO

'275 - 0,318'. |§7§ - 0,319|, a aauHa orpeaka [0,318; 0,319] paBua

0,001. CnenosarennHo,
7 _ 7 _
|-2-§ 0,313[ < 0,001 u |ﬁ 0,319| < 0,001.

TarkuM oOpasoM, B 060Mx caydaax (B Ans npHOIMIREHAA 4UCIA

% [0 HEeJOCTATKY, M AJA NPHOJHIKeHHA quUCIa 2—72- 0 H30HTKY)

ODOrpemrHOeTh He npesocxoaut 0,001,

Hrak, nouyeMy ke BaXXHO YMeTh HAXOAHTEL NPUOIHKEHHBIE 3HA-
yenua qyucen? Ja moToMy, UTO ONepHUpOBaThL ¢ GECKOHEUHLIMH Jecs-
TUYHBIMH APOGAMH HpaKTHYECKH HEBOZMOYKHO, PABHO KaK H HC-
NOJb30BATh MX AJA M3MepeHMsa BenuuyuH. Ha OpakTuke BO MHOrMX
CIy4asx BEMECTO TOYHHIX 3HaYeHHH OepyT npmOAH)KeHUS ¢ Hame-
péa 3afaHHOM TOYHOCTBRIO (DOTPEIIHOCTBHIO). JTA HAESA SAJNIOJKEHA H
B KAJBKYJIATOPAX, HAa AWUCIJIEAX KOTODHIX BBLICBeMHBAETCH KOHed-
Had AeCATHYHAA APoOB, T. e. NpHGAMHIKEeHHe BRIBOZHUMOrO HA 3KDaH
wHCaa (38 TEM peAKHM HCKIOUEHHEeM, KOrfa BEIBOAUMOE UHCJO eCTh
L[eJI0e YHMCAO HJIM KOHeYHAA ACCATHYHAA ApoOb, YMEIAMINAACHA HA
SKpaHe).

Jo cux mop MH rosopuian: npubamixeRud ¢ TouHocTsio Ao (0,01,
Ao 0,001 n 1. x. Teneps MBI MOKeM HABeCTH HOPAJAOK B ymoTpelbie-
HWUH TEPMHAHOJOTHH,

Ecan a — npubamxénnoe 3HaueHHE uMCJIa X ¥ |x — a| < A, To
TOBOPAT, YTO ROZPEULHOCTL NPUBAUNECRUA He npesocxodum R UIH 4TO
YHCA0 X PABHO YHCAY 4 ¢ MOYHOCHbI0 0 A.

IepeBeAEM aHAMTHYECKYO Mofenb |x — a| € h ma reomeTpH-
YeCKHH AIBIK: YHCAY X HA KOODAMHATHOH HpAMOH COOTBETCTBYET
TAKAA TOYKA, KOTOpas YAOBJETBOpAET yeaoBuio plx, a) < A, T. e,
yAaJIeHA OT TOYKH @ Ha PaccTOSHHe, MeHblilee HaH paBHoe A. Ha pac-
CTOSIHHE, paBHOe }, yAaNeHbl OT TOUKH 4 TOUKH & — i 1 @ + h, 3HaUHT,
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TOYKA X NIPHHAANEXKHUT oTpesky [a — h; a + h}. HHoraa B TAKKX cayda-
AX MCHOJL3YIOT 3amuch X = a + h. OBa yao06HA A M3MepeHnii, ecau
X — TOUYHOe 3HAYEeHHEe U3MepAeMol BeNUYHUHE, & ¢ — 60onee yaoOHOe
ANA NPaKTURYK NPUGINKRERHOe 3HAMEHUe TOH e Benuunnkl. IIpu sroM
OORITHO MAYT emé AaNbINe: PACCMATPHEBAIOT OTHONICHHe a6GconioTHOIM
DOrpeMHOCTH /i ¥ NPpUOAMKEHHOMY 3HAYEHHIO ¢; OTHOLIEHUE % Ha-
3BHIBAIOT OTHOCHTEILHOH DOTPAIIHOCTSIO,

Hagectno, uro 9,3 u 9,80 — aBe pasauuHnle GOPMH 3aNHCH
OAHOTC H TOrQ e YHucja. A ecTh JH PABHHMIA B 3amncax x = 9,3 n
x = 9,30? IIpoapanusupyeM 3TH NpHOIHAKEHHEIC PABEHCTBA. JAMHACH
x = 9,3 osHauaer, uro 9,25 < x < 9,35, 1. e. x = 9,3 £ 0,05. 3amuces
x = 9,30 osHauaer, 9TO 9,295 € x < 9,305, T. e. x = 9,3 £ 0,005.
TakuM ob6pasom, samucu x = 9,3 1 x = 9,30 HepaBEO3HAYHEI, BTOPAA
BaéT sEaYATeabHO (0JIee TOURLIe OHEHKA A4 Tucyaa x. OrHocHTe LHAA

NOrpellIHOCTE TPHONMKERHOrO pABeHCTRA X =~ 9,3 paBHa %’—03—5 =0,0054,
TOTAA KAK OTHOCHUTEJIbHAA MOTPRIDHOCTE NPHOAMIKEHHOrO paBeHCTBA

x = 9,30 paBEa %ﬁ% = 0,00054.

Ecau nponssoaaTca apudMeTHUeCKHe ONEpPAIlMH He € TOUHLIMM
3HAYCHHAAMH BeJMUUH, a ¢ HX NIpHOIMKEHHEIMU 3HAMCHUAMH, TO IO-
JIE3HO SHATL HOTPEIHOCTh MPROIMIKEHUA NOAYYeHHOTO Pe3yJbTATA.
TIycTh AN NONOKUTENBHLIX BIMYMH X B §J MB HAILTH NpUOAmkEéaHbIe
3HAYEHNA @ U b ¢ TOYHOCTHIO COOTBETCTBOHHO By M By, OTO 3HAYHMT, UTO

Toraa aAng CyMMB TIOJYIAEM:
@+d)-(h,+th)<x+y<(a+b)+(h + hy).

910 IBOMHHOE HePABEHCTBO 03HAYAET, YTO ¢ + b — nmpubam:xénnoe
3HAYeHHe CYMMH X + ¥, a abCOJIIOTHAA NOTPeIHOCTh NPHOTHXKeHNA
paeHa k, + h,. Takum ofipasoN, npu croxenuUu NPUOAUNERRBLY FHA-
YeRull ux a6CcorOnHbie NOZPeULHOCY CKAGIVEAIOMLR,

Jna PasHOCTH X — Y mOJAyYaeM:

a-h<x<a+h,
—b-h, < -y< -b+h,,
(a-b)—-(h+h)<x~y<(a—-b)+ (h + hy).



5. HEPABEHCTBA

IT0 ABOIIHOE HEPABEHCTEO O3HAYAET, UTO 4 — b — npubamxEéHHOE
3HaUeHHe PA3SHOCTH X — I/, a a6CoI0OTHAA NOrPeITHOCTD IPHOIHIKEeHU A
paBHa Ak, + h;. TaxuM obpasoM, npu svivumanuu NPUSAUNERHLIX
guavenitit ux abcoriomnsvie nozpewnocmu cikaadviealomes.

[lepeMnoxur HepaBeHeTBa (1) (cumras, YTO Bce MX 4acTH TOJIO-
JKUTENbHH), ODOJYUYNM:

ab — (ahy + bhy) + bk, < xy < ab + (ah, + bh,) + hh,. (2)
OORIYHO AOCTATOYHO MAXYW ReJUYWHY A k; oTGpachiBaloT U
NepeNKCHIBAIOT HepaBeHCTBo (2) B BUAe
ab - (ahg + bhl) < xy ( ab + (ah2 + bhl).
970 3HAUMT, 4YTO a6COMIOTHAA MOTPEIHOCTh NPOU3IBEeIeHUA pABHA
ah, + bh. Orciona, B JacTHOCTH, CJEOyeT, UTO €CAW 4 — npubdau-
JHEHHOE 3HAMEHHE BeJJHUHMHBL X ¢ TOUHOCTRIO A, TO @ — NpudnmrénHoe

3HaYeHHe Aaa x", OpAYéM abCoJIOTHAS MOrPEeNIHOCTE NPHOIHKEHHA
paBHa nah.

IIprmep 2. Buunciaurs 731—& ¢ TouHocTbio 0,01,

Pemenue, OcBoGoagnMca OT MppPAaIlMOHANBHOCTH B 3HAMEHA-

Tese: ) ) Gl B3
VB-v2  (B-V2)s+V2) 3

HasecTno, uro 5 = 2,236..., crenosaTensHo, \fg = 2,24, opu-
yéMm abCcoNIOTHAA OOrPelIHOCTH 3TOr0 NpUOIMKEHHOrO pPABEHCTBA
hl = 0,01.

HzBectHo, uTo +v2 = 1,414..., auavwur, V2 = 1,41, opmyém ab-
COJIIOTHASA IOrpelIHOCTs 2TOro npubnruxénnoro pasencrsa ki, = 0,01,

IIpu cnomenny NpUGNMMKEHHBIX 3HAYEeHHI aGCOJIOTHEIE mOrper-
HOCTH CHKJAAbIBAKTCHA, CACIOBATENBHO, Jg + \/5 = 3,65, npuuyém ad-
COJIIOTHAA HOTPElIHOCTD TOr0 NpuGIMIKEHHOrO paBeHcTBa A = 0,02,
Toraa afcosoTHAA TOrpelIHOCTh A NPpHOANKEHHOro paBeHCTBA

%(JE +42) = % . 8,65 papHa % .0,02, 1. e. k < 0,01.

Hrak, ¢ roynocteic 0,01 numeem:

1 1
~1.365=1,21666... ~1,22. =
== =5 3,65 66

3aBepuniaa maparpad, DOrOBOPMM 0 OpUOIMIKEHHOM BBIYMCIEHHH
KBAApaTHHIX KOpHei#. Buime, B § 15, MBI DTO3HAKOMHIM Bac ¢ auro-
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PATMOM H3BIEUYCHHA KBAAPATHOrO KODHA U3 mMoYKoZ0 Keadpama,
T. €. U3 umcaa suza nl. Ha caMoM fiese yKa3aHHLIE ANTOPATM MOYXKHO
NPHMEHATh HE TOABKO AJA OTHICKABHSA TOYHHIX, HO M JJIH OTHICKA-
HAA nprOaHKERHLIX SHaAYeHH# KBAAPATHRIX KOpHei. MuI rosopmim
(cM. § 15), uTo AnA M3BJIEYCHUA KBAJPATHOrO KOPHA B3 HATYPAJILHOTO
YyHcia Hy:RHO 9TO YHCJ0 pa3zbuTh HA rpaHA — OO ABe hEQpLl B KaxK-
ROl IpaHM NpM ZBIMXEHHMH 0O nudpaM IHCJIA cnmpaBa Hajiepo. Ecam
KOPeHb HE HIBJEKAeTCH, TO mocile MUAPH eAHHHD, 3aJAHHOMO YHCIA
CTABAT 3ANATYIO B o0pasyioT fancHe¥IINe rpaHn, RaXKARA H3 KOTOPEIX
nmeer Bax 00. IlocnegoBaTenbHule UAPPH pPesyAbTATA HAXOAAT IO
ODpaBuay, onucanuoMy B § 15. B aToM cayuae mpomecc M3BaeUYCHHUA
KBAJIDATHOrO KOpHA (ecKkoHeYeH, ero OpeKpamalT Torja, Xoriaa zo-
CTHrHYTA TpefyeMad TOUHOCTD.

Npumep 3. Boruucante J5 ¢ TounocTrIO 0,01.
Pemenune. [Ipeacraum uncao 5 s sage 5,00°00°00.... Mmeen:

J/5,00'00'00 = 2,236...
T4
(42 l‘ 100
2 84
443 | 1600
X 8] 1829
4466 |_27100
6 |~ 26796
304

HArak, ¢ TounocTsio 0,01 moayuaem V5 = 2,24. B
Huoraa ana mpubam;kEéHHOrC BHIYHUCAEHUS KBAADATHHX KopHelt
HCIOABL3YIOT GOPMYAY

a*+b=a+-§%(3,uecha>0). (3)
b 2 o
Ecau uynchao ¢ + 3 BOBBECTH B KBAAPAT, HoJdyuuM a° + b + yveR

3HAYAT, TOYHOE PABEHCTBO HMEeT BHJ

2 B _ b
a +b+4a3 a + %"

193



5. HEPABEHCTBA
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K ykasannoMy Bhillle TpuONAKEHHOMY DABEHCTBY HMeEeT CMBIC]

NepexXoAHTL IPH AOCTATOUHO MAJHIX (10 MOAYJIK) 3HadYeHHAX b,

Korja caaracMhIM -4% MOMHO npeneﬁpetlb.

Hanpumep,
4l =J2+01 =2+ % = 2,025,
C noMoImBIo KANLKYAATOPA MOAy2aeM

V4,1 = 2,0248... = 2,025,

Kak suauTe, HCOOAB30BAHUE B JAHHOM cayuae hopMyas (3) aano
BIIOJIHE NIPHEMJIEMYIO TOYHOCTD.

Bonpocul ANA CAMONPOBEPKM

1. YTo HA3BIRAIOT NpUOJIMKEHHLIM 3HAYCHUEM YHCI8 MO HeZo-
CTaTKy?

2, YT0 Ha3HEBAIOT NPHOAVKEHHLIM 3HAUYeHHEeM YNCIA 0 N3GEITRY?

3. YTo HA3RIBAIOT OKPYIJIEHHeM YHCaa?

4. ChopmyaupyiiTe onpeiesieHHe NOrPEINHOCTH NpHOIHMEeHAA
(aGconrTHON NMOrpelHOCTH).

5. ChopmysmupyitTe n1papnio OKpPYTIeHN,

6. 3aroHunTe mpeanoxenue; « Ecau a — npubmmxénnoe spayeHme
uMcaa x ¥ |x — a| € k, TO rOBOPAT, UTO ...».

7. OxpyranTe unecno 3,4582165 Ao gecATHIX; COTHIX] THICAYHBIX)
AecATUTHICAYHNX. HaiiguTe B KaXKA0M ciayuae abCOMIOTHYIO morpein-
HOCTD,

8. Haliaute npubanxénnoe saHadenne ynucaa 2,31872 ¢ TouHOCTHIO
ao 0,01

a) 0o HeA0CTATRY:; 0) mo M3OBITRY,

§ 33. cranpaPTHLIA BMA
NONOMMTENLHOTO HYMCIIA

BeIllle MiI OTMEYANH, YTO H& ONPRKTHKE ANA BhIYHCICHHH
HUCIIOABL3YIOTCA KOHEeYHBle AeCATHYHEIE ADOOH, KOTOPLIe CIYXKAaT Anéo
TOUHBIMU, AUl0 DpuOINKEHHEIME 3HAYEeHNAMA BeauuymH. Ilpm sToMm
BJIA yE0OGCTBA BEIYHCICHHE MOMOMKHTEIBHYIO KOHEYHYIO JeCATHYHYIO
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5. HEPABEHCTBA

Apobb MHOTAA NPEeACTABAAIOT B cmandapmuoM eude. UTo aTo Takoe?
PaccMOTDHM HECKOJBLKO NIPHMEDOR.

1. Yucno a, = 274,35 mMoxHoO 3anucarh Tak: 2,7435 - 10%,

2. Yucno a,= 5434 Moxuo zanucaTs Tak: 5,434 - 10%,

8. Yucino ag = 0,273 Mo:kHO 3anucars Tak: 2,73+ 0,1=2,73- 107",

4. Yneno a, = 0,0013 moxuo 38mMcaTs Tak: 1,3 0,001 =1,3 107,

5. Yucao a; = 3,62 MoxHO sanucaTh Tak: 3,62 - 10°,

Bo Bcex cayuaax Mul DPeACTABHIIN 33TaHHOE MOJ0XKHTEILHOE YHC-
JI0 g, B BUAe NpoH3BeAeHUA ZABYX MHOMuTeNell. B KadecTBe mepBoro
MHOMRHUTe A MBI Gpanu ymcro ¢ ogHo# sHavameld oudpoit ao sanaroi,
T, €. YHCAO, Iead YacTh KOTOporo — oAHo3HavYHoe yucyo (ot 1 xo 9).
B xauecTBe BTOpDOro MHOXKHTeAA Opanu uncao 10 B nenoi cremeHmu.

Onpedencrye. CTAHNAPTHLIM BHIOM IIOJIOXHTEIBHOTO THCAA &
HA3EIBAIOT €I'0 NPEACTABJIEHHE B BHJe dp - 10™, rae 1 € a, < 10,
a m — nmejioe YHCJAO; YACAO M HA3LIBAKT NOPANKOM JHCAA Q.

Tak, B paCCMOTDEHHBIX BHIIIIE MPHMEPax MMeeM:

1) mopagok unciaa 274,35 paBen 2;

2) nopaaok uyncaa 5434 pasen 3;

3) nmopaaok umcna 0,273 pasen —1;

4) nopaaok umcaa 0,0013 papen —3;

5) mopagok uncaa 3,62 pasen 0.

[Iepexoa K cTAaHAADPTHOMY BUAY YHCJ8 MHOTAA HCOOAB3YIOT LA
BRIMUCAeHHAM,

IIpuMmep. Baunucaurs:

a) 2734 - 0,007; 6) 24,377 : 0,22; ) (0,0043)".

Pemenue, a) 2734 - 0,007 = (2,734 - 10%) - (7 - 107%) =

=(2,734-7)-(10°-107% = 19,138 - 10° = 19,138 - 1 = 19,138;

6) 24,377 : 0,22 = (2,4377-10): (2,2- 10 Y)Y =

=(2,4377 : 2,2) - (10 : 1071) = 1,10805 - 10*- ¥ =

= 1,10805 - 100 = 110,805;

B) (0,0043) = (4,3 - 10732 =4,3% - (107%° = 18,49 - 105 =

=1,849-10-10"% = 1,849 - 10° = 0,00001849. =&

OauaKko OCHOBHAA NMOJNB34 OT CTAHAADTHOM 3aIHMCH YHCJA 3aKII0Ya-
eTca B caeaywomem. IIpeacraesre cebe, 4TO BH MPOM3BOAUTE BHIYUC-
JIeHHA WIH ¢ o4YeHb GONBPIIAMHE, HAH ¢ OYeHb MAJeHBKHMH IOJOKH-

TeJLHBIMH uncjaMi. BaM HY>XHCO BBIBECTH, CKaXKeM, Ha AUCIel
KaJaeKyaaTopa yucaa a = 217000000000 u b = 0,0000045412 u nepe-
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MHOKHUTDH HX, A HA 5KpaHe yMellaeTcA TOAbKO 8 sHakoB. BoT TyT-TO
¥ NPHrOAATCA CTRHAAPTHHE 3amuch gucen., Mmeem: a = 2,17 - 10!,
b=4,5412 - 10°%; Toraa

a-b=2,17-10"-4,5412 - 10 %= 9,854404 - 10° = 985440,4.

Bonpochl Ans camonpoBepKM

1. ChopmynunpyiiTe onpenelieHUe CTAHZAPTHOTO BHJA TONOMKH-
TEILHOID 9YHUCIA 4.

2. YTo HA3BIBAIOT MOPAAKOM THCIA a7

3. B uémM 3aKII09aeTCA NOAB3A OT CTAHAAPTHON samucH aucaa?

4, 3anummuTe B CTAHZAPTHOM BHAE THCJIO:

a) 25,437; B) 7,222; x) 0,005,

6) 2013; r) 0,48;

TEMA UCCNEAOBATENLCKOM PABOTDI

JloKa3aTeNsCTBO HEPABEHCTB.



FTNABA
6 ANTEBPAMMECKME YPABHEHMS
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§ 34. Mwuorounens: or ogHONH nNepemeHHON
§ 35. YpasHeuus spicuwinx creneHes

§ 36. Paysmonansueie ypasHenus

§ 37. YpasHenns c mogynamm

§ 38. Mppaumonansssie ypasHeHus

§ 39. 3agaum ¢ napamerpamu

§ 34. MHOrOUNEHM!
OT OfiHON MEPEMEHHOW

1. ApubmeTHUECKME ONEPALPSI HAZL MHOTOMACHIMM

OT ORHOMH NIepeMeHHON

Ilycte p(x) — MBOrOWIEH, NpeAcTABAAIOMAIA cobolt cyMmmy
ORHOGNEHOB Gy, 41X, GsX7, asx?, ..., a,_ 12", a,x", rae n — HATYpPAIDL-
HOE YACHO, & G, O,y O3y Ogy ...y &,_1, ¢, — NPOASBOJIbHEIE TACHA (K03-
duyernmo), TpaueM a, # 0, Yca0BUMCH PACTIONATATE 3TH OXHOYNEHH
[0 YORIBAIOHINM CTeNeHAM NepeMeHHo x, T. . 3AUACHBATE MHOrOWIeH
B BUAAe

Px)=a,x"+ a, . x" 1+ ...+ ax" + ax +ax+ a

¥ HA3EIBATH 3Ty BJANMCH CTAHZAPTHHRIM BMAOM MHOrouaeHa p(x).
OaHounen 4,x" Ha3HNBaOT CTADIUIMM YJIEHOM MHOrodjaeHa p(x),
koapdunuerr a, — KodbdunnenroMm npu crapmem aaene, Ecau
@, = 1, To MHOTOYJIeH HASBHIBAT NPHBLASHHBIM, €CaM XKe 2, # 1 — To
HenpuBenA€ERLIM. OAHOUNEH @, HASKIBAIOT CRBOGOHLIM WISHOM MHO-
rounena p(x). UHcao n — NOKa3aTeJb CTENCeHH CTAPIIEro WieHa —
HA3HIBAIOT CTOMEHLI0 MEOroYAena. Hanpumep, x + 3 — npusenéaanit
MHOTOWIeH HepBoii cremenm, —0,6x° + 314 — 4 — menpuBeaSHERI
MHorouwJIeH naroit crenenn. Bee uncia yA06GHO CUNTATE MHOZONACHAMY
Rynresoli cmeneny; HAIPHMED, YACAO 3 MOMKHO IPEACTABATH B BHAE
3x°, tax xax x° = 1 (ecan x = 0).

Muorounenn oT ogHoll nepeMeHHOM, KaK M A00ble MEOTOY/ICHH,
MOYKHO CKJIAZLIBATh, BEHIUATATEH, MEPeMHOMATH, BO3BOAUTE B HATY-
pANLHYI0 CTENeHb; MPH STOM CHOBA MTOJAYYaeTCs MHOrowJeH oT ogHol
nepeMerHON. Ecin CKIAABIBAIOTCA HMAH BHUYHTAKTCA MHOIOUJIEHEI
pasHoO# CTEemeHN, TO B Pe3yJbTaTe MOJYYHTCA MHOrNOWIeH, CTeNeHhb
ROTOpOTO papHa Govsboleil m3 BEMelomuxca creneHell. Ecam cxaagw-
BAIOTCA MNY BRIYUTAIOTCH MHOIOYJIEHH! OBHOR H To# Ke cTemeHH, TO

197



6. AJTEBPAUYECKME YPABHEHMA

—

B Pe3yJAbTaTe NOJYIATCS MHOTOWJCH TOH e MW MeHbllleld cTeleHu,
Hanpumep, c10KHE MHOMOWICHB! [IEPBOK cTeneHu X + 3 u naTol cre-
nenm —0,5x° + 3x% — 4, noayunm —0,5x° + 322 + ¥ — 1 — MuHOTOWIEH
naT0i creneny. C/I0KUB JBA MHOTOYJIeHa TpeThell crenenn 2x° + 8x% — x
u -2x° + 3x ~ 4, nonyuum 3x% + 2x — 4 — muOrouwrer Bropoil cre-
IeHu; eCJIN e COCTABATH PASHOCTH ?TMX MHOTOWICHOE, TO MOJMYUUTCA
(2x® + 8x% — x) - (—2x% + 3x — 4) = 4x® + 3x* — 4x + 4 — MHOTOUNEH
TpeThel CTENMEHU.

Ecan MHOrOuIeH p(x) ymHOXaeTca Ha MHOro4€wIeH $(x), TO cTap-
I YIeH IPOUSBEAeHUA PaBeH MPOM3BEACHHUIO CTAPIINX UJEHOB MHO-
rouneHoB p(x) # s(x). IloaToMy eciu MHOro4wIeH p(x) UMeeT CTENeHb 7,
a MHOTOWIeH 8(Xx) — CTemeHbL m, TO UX Mponssegerue p(x) - s(x) umeer
cTenedb m + n. HanpuMep, nepeMHOMKHUB MHOI'OWIEH HIATOH CTENEeHH
—0,5x°% + 3x% — 4 u MHOrOuUNeH MepBoil cTemeHu x + 3, MOMyUHM:
(-0,5x% + 3x® -~ 4)(x + 8) = ~0,5x% — 1,5x + 3x® + 9x® — 4x — 12.
310 MHOrounen mecroii cremenn (5 + 1 = §). Of6parure BEHUMaHUe,
YTO CTAPIIUHA UJeH MOJYyYEeHHOTO MHOTOWIEHA MeCcToil cTeneHy paBeH
NPOH3BEeeHUI0 CTAPHINX YJEeHOB IIePeMHOKAEeMBIX MHOIOYJICHOB!
-0,5x% = —-0,52° - x.

Ecnu MHOrOYNEH p{x) CTENCHH 1 BOSBECTH B CTelleHL m, TO IIO-
JYIATCA MHOro4YJeH creneHHM nm. Hanpumep, Bo3Beds MHOrOYJIEH
naTo# crenenu p(x) = —0,5x° + 3x° — 4 B KBagpar, NOJAYUHM:

(P = (-0,5° + 3x% - 4) =
= (—0,5x% + 3x% — 4)(—0,5x°% + 3x% - 4) =
=0,25x1° — 1,527 + 2x° — 1,527 + 9x* — 12x% 4+ 22° - 12x% + 16 =
= 0,25x1° — 3x7 + 4x° + 9x* — 24x% + 16.

910 mEOrOuNeH 10-i crenenn (5« 2 = 10).

Hroraa BRINOJHHMO H AeJeHHE MHOrodjJeHa Ha MHOTOYJEH.
T'orOpAT, 4TO MEOTOWISH p(X) AGAHTEA Ha MHOTOYJICH 8(Xx), ecaH cy-
IeCTBYeT TAKONR MHOrOWIEH ¢(X), YTO BHINOJIHACTCA TOXMAECCTBO

plx) = s(x) - q(x). 1)

IIpn aToMm ymorpebasderca Ta Ke TEPMHAHOAOIUA, UTO U IPH Je-
JIEHNH qucex: p(x) — Oenumoe, s(x) — Oerumens, g{x) — wacmuoe.
BupoueM, ToXzecTBo (1) MOXKHO HmpovYecTh MHade: s(x) — UYacCTHOE,
a g{x) — peaurensn.

Hanpumep, MHorouwaeH x° — 3x2 + 5x — 15 genuTcsa Ha MEOTOYJIEH
x? 4+ 5 u Ha MHOTOWIEH X — 3, OCKOJIBKY

x% ~ 3x% + bx —~ 15 = (% + 5)(x — 3).
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Mrorounenn x* + 5 u x — 8 — geauvesn mBorouwnena x® — 3x? +
+ Bx - 15.

2. lenenme MHOTOUNEHA HA MHOTOUNIEH C OCTATHOM

Kakx ¥ Ana neanix umcesl, AJA MHOTOWIEHOR PACCMATPHBAIOT d¢e-
HUe ¢ OCmameom.

Teopema 1. Ecau cmenens muozowaera p(x) ne MeHbvuie cmenenu
MHOZOURERA 8(x), MmO cyugecmeyem napa mMurozounenos g(x) u r(x)
maxas, ¥mo GbLnOANREMCR MONDeCmEo

P(x) = 8(x) - g(x) + r(x), (2)

RPUSEM CIIENERD MHOZOUACHA I'(X) MEHDULE CMENERU MHOZOUAEKE 3(X).

B dopmyae (2) MHorounen p(x) HasHBAKT desumbim, s(x) —
Oeaumenen, q(x) — wacmuoim (MIH HENORHLIM YACTLHHM), & I{X) —
ocmamikom. Ecm r(x) = 0, T. e. p(x) neanrea Ha g(x) Ges ocraTka,
dopmyna (2) opuEEMaeT BUA p{x) = 8(x) - g(x). Taknm ofipasom, aa-
nucagEaA Bbime dopmyna (1) — vacrHLIE caygalt dopmyant (2).

CremeEk He PABHOTO HYJAK OCTATKA B opmMyae (2) AomxHa GHITH
MeHBINle cTeneHn AenuTendA. Ecam B KauecTBe AeNATENA BHCTYHAET
MHOIOWIeH NepBoit cTeneHH, TO B OCTATKe OyAeT MHOrO4YNeH HyneBoi
CTENeHH, T. €. YHCHAO; €CJIH B KadeCTBe AGJNHATENA BHICTYNAET MHO-
rowieH Bropoll cremeRH, TO B OCTATKe MOXeT GLITh IMCIO WJIH MHO-
rowieH nepsolt crenern. CreneHn 9acTHOTO ¢(X) paBEA Pa3HOCTH CTe-
neHell Feaumoro p(x) u geaurenn s(x).

Hpumep 1. BUOOAHUTE AefieHHe ¢ OCTATKOM MHOTOY/CHA
2x? — x — 3 Ha x - 2.
Pemenne. Mmeem: 2x> — x - 3 =2x -4x + 3x -6 + 8 =
=2x(x - 2)+ 3(x—-2)+ 3=(x—-2)2x + 3) + 3.
Hrak, 22 - x — 3 = (x — 22x + 3) + 3.
3aeck 2x° — x — 3 — aeaumoe, x — 2 — peaurens, 3x + 3 — yacTHoe
(BemoaHOe uacTRoe), 3 — ocraToK. M

Teopema 2. Ocmamox om denenus mHozouaena p(x) na dayunen
x — a pasen p(a) (m, e. 3navenuw muozounena p(x) npu x = a).

HAoxkasareabcTso. Ecau p(x) — AenumMoe, x — @ — JeIHTEIb
(MHOTOUIEH mepBoil cTeneRn), g(x) — YACTHO® M ' — OCTATOK (MHO-
rowieH HyJeBo#t cTemeHH, T. €. YHCJAO), TO o dopmyae (2)

P(x) = (x — a)g(x) + r. (3)
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Ecau B dopmyny (3) DOACTABUTE BMECTO X 3HAUYEHHE &, MOJYYHUM
pa) = (a — a)g(a) + r,
T. €. (@) = r, 4TO U TPebOBAIOCE AOKAIATH.

OTy TeopeMy OOBIMHO HA3BIBAIOT Mmeopexmoit Besy B uects ¢pan-
Oy3cKoro MareMaTuxa 9teeHa Besy (1730—1783).

IMpuamep 2. HaliTu ocTaTok OT Aenenus MuorouneHa 2x% — x — 8
Ha AByaJeH X — 2.

Pemenne. Ilo Teopeme Besy ocTaTOK OT AeeHMS MHOTOUJICHA

p(x) = 2x® — x — 8 na aByunen x — 2 paped p(2). 3naqur,
r=p(2)=2-22-2-3=3. 0

CpaBHHUTe 3TO pemenue ¢ pemeHueM npumepa 1. TaM ME mo-
JAYUHIH TaKOH e OCTATOK, HO IO-APYroMY, KCIOJL30OBAB NPH 3TOM
Gosree CAOMHEIE PACCYKACHUA.

Ecau npu x = @ muorounen p(x) obpaillaerca B HylAb, T. €. BH-
NOJHAETCA paBencTBO p(a) = 0, TO YMCI0 ¢ HASEIBAIT KOPHEM MHOrO-
yaena. Ecau p(a) = 0, To B dopmyie (3) r = 0 ¥ 0HA NpUHNMAET BUA
plx) = (x — a)g(x). 310 3HAUUT, YTO MHOrOUNEH P(X) AEAUTCA HA X — @,
Tem caMBIM JOoKa3aHA CAeAVIOIIAA TeopeMa.

Teopema 3. Ecau wucno a Reasemca KopRem mHozouaena p(x),
mo p(x) deaumcs na deyuaen x — a.

Ans ReneHnsa MHoToOWIeHa p(X) Ha MHOrouneH $(X) MOXKHO NIPH-
MEHATH OPABHUJIO AeNeHUs YroJaKoM, MOXoXee HA MPABUJIO JeJeHuA
MHOTO3HAYHEIX YHCeJ. YTOGH NOMYUHTH CTAPINNI 4JieH YACTHOTO,
crapmiuit 4iaeH gearMoro p{x) AeJAT Ha CTApPIINE WieH JeauTens s(x).
Ilosyuenntiit unen yactHOrO (2TO OYyAET CTAPIIMIT UNEH) YMHOMKAIOT
Ha JeJUTeNb M INPOU3BeAeHMe BBHIYNTAIOT U3 Aeaumoro. Pasgeans
CTAPUINI Y/leH MoJydeHHoit mepBoli Pa3HOCTH HA CTAPIIHA uleH je-
JUTEeNA, HAXOAAT BTOPOH WieH YacTHOrO, YMHOXKAIOT €T0 Ha JeTHTENb,
a mponsBefieHHe BEMUUTAIOT U3 IepBoii pasHocTH. C nosiyuyeHHo# BTOpOit
PA3HOCTRIO DOCTYIAIOT TAK XKe: JEJAT €8 cTapIilvi YireH Ha ¢crapmrnii
YIeH AeJHTEeNd, TeM CaMBIM HAXOXAT TPeTHH WIeH YacTHOro, 3aTeM
YMHOKAIOT er0 Ha AeJUTeNb, IIPOH3IBEIeHHe BEIYHTAIOT U3 BTOPOMH
Pa3HOCTH ¥ T. A. ITOT mpomece JAUbO ODPHUBEAET K ACNEHHNIO MHO-
rounena p{x) Ha MHorouseH s(x) 6e3 ocrarka, 100 Ha HEKOTOPOM IIare
IOJYUHTCR PA3HOCTE, CTENIeHb KOTOPOH MeHbllle CTeIeHN AeJINTeJIA, —
3Ta PasHOCThL U GyAeT ocTaTKOM r(x).
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6. ANTESPAMHMECKME YPABHEHMS

Hpumep 3. BHNOIHUTD JeJCHAE C OCTATKOM MHOTOUJeHA 2x° —
— x — 3 HAa EBYUWIeH X — 2,

Pemeunne. Kak Buaure, (paxTHUeCKH MBI B TpeTuif pas ofpa-
maeMcsa K OAHOMY H TOMY e npumepy. Ho #a 3TOT pas BRIDOJTHHM
HEJICHHEe YTOJKOM:

2x*-x-3 |x-2
2x2-4x 2x+3
_38x-3 (mepBast pa3HOCTD)
3x—6
3 (BTOpas pagHOCTh, OCTATOK)

Hrak, 2x* - x-8=(x-2)(2x+3)+3. B
Dpumep 4. Pazaenurs Muorownen x* — 3x% + 5x — 15 na muo-

rowreH x° + 5.
_x‘—8x’+5x—15 x2+5
x3 + bx x—-38

Pemenmne.

—-3x* 15
—3x2 _ -15
0

Hrax, MEI BHIIOAHMIN Aejenne Ges ocraria:
-8 +5x-15=(x*+5)(x-3). ®

3. Pa3noXeHHe MHOTOUNEHE HA MHOMHTENM

Bl 3HaeTe MHOTHe HPHEMEI DASJIOKeHHA MHOrOWJIeHA HA MHO-
JKHATENH, HAIPDHMEep: BHHeCeHHe 00Imero MHOMHTEAA 3a cKOOKH,
HCIOJAB30BaHNe (POPMYJ COKPAINEéHHOTO YMHOMKeHHH, FPYINHPOBKA,
pasyiosKeHHe KBAZPATHOI'O TPEXYJIEHA HA MHOKATENA ¢ TOMOIILIO ero
KOpHeit x,, x; (Deus BAET 0 dhopMyne ax® + bx + ¢ = af{x — x,Hx — x,)).
9TUM MH HeOAHOKPATHO NOAL3OBAJIMCH B MPEeABIAYINHAX riaaBax. Mo-
HASAHHAA BHINE TEOPEMa 3 BOODYIKAET HAC emlé OJHMM NpPHEMOM:
€CJIH YHCJIO @ ABNAECTCA KOPDHEeM MHoro4wieHa p(x), To p{x) AeIUTCA HA
ABYYJIEH X — @, T. €. MOKeT OHITHL IpeACTaBMNeH B BAAe {X) = (x - a) X
X g(x). Ho 9T00BI COCTABATH TAKOE PAIIOKEHHe Ha MHOMCHTEIH, HAZO
yMeThk HAXOAMTH KOPEeHb MHOroWwIcHa p{x). OTMeTHM OAHY TeopeMy,
KOTOpasg NOIBOJAT HAM MHOTAA MOJb3IOBATHCA YKASAHHBIM NPHEMOM
pasNo;KeHAd MHOTOWJIEHA HA MHO)KHTENH.
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Teopema 4. Mycmov e6ce xosPPuuuenmve mrozounena p(x) —
uenvie wucaa. Ecau yenoe wicno a a6anemes KopHem MHoOZ0LAERA
p(x), mo a — deaumenv 606031020 wneHa MHOZOURCHA P(X).

JoxkazaTenbCTEO NPOBEAEM JUIA CIIYIas, KOrga p(x) — MHOrousIeH
rperbeil crenenn: p(x) = bx® + ¢x? + dx + m, rae sce KoadPUDHEHTH
b, ¢, d, m — npensie uncna. Ilo ycaoBMIO Ienoe YHCJIO @ ABIACTCH
KOpHeM MHorowieHa p(x). 9to aHavar, 4to p(a) =0, T. e.

ba®+cab+da+m=0.

IlpeoGpasyeM momyueHHOEe pPaBeHCTBO K BHAY m = a(—ba® — ca — d)
¥ obosHauuM nejoe umneao —ba’ — ca - d Gyxmoii k. Torna mocaex-
HEe PABEHCTBO MOJKHO IIEPENHCATL B BHAE M = @R, 4 ?T0 1 O3HAYAeT,
YTO YHCJO ¢ — AeJHTeNs UMcAa m, T. . AeAnTe]b ¢cBoSOAHOrO uNeHa
MHOroujeHa p(x).

AHANOIHYHO TMPOBOANTCA AOKAZATEJLCTEBO TEOPEMH JJA CAydad,
Korjga p(x) — mHOrowieH 4-ii, 5-if m Boo6me n-ii crenenn.

Ilpumep 5. PasnoxHTh Ha MHOKHTEJIA MHOTOWIEH
plx)=x°—4x* + x + 6.

Pemenue, [lonpobyem nHaiiTn nemoyucicHHLIE KOPDHHA 3TOrO
MHOrowieHa. EcjiH OHM ecTh, TO IO TeopeMe 4 HX CIEAYeT HCKATDH
cpeniu RenuTeneit cpoboAHOro UjeHa 3aJaHHOTO MHOI'OMJIEHa, T. €,
cpeaM geaureseidl uncia 6. BuinumeM 9TH AIMTENN — «KAHAUAATHL
B neJIOYNCIeHHue KopHus: 11, 12, 13, +6. Byaem noacTaBasATh BBI-
NHNCAHHBIC 3HAYCHNA NOOYEPENHO B BHIpaKeHUe Ana p(x):

pl)=4=0;
p(-1)=0.
Hrak, x = -1 — KopeHbp MHOrOUJEHA p(X), BHAUHT, p(X) AeIHTCH
Ha x + 1.
PazfiesM MHOTOYNECH p(x) Ha AByujden x + 1:

X -4x?+x+6 [2+1
—Hx?+x
" —Bx?—5x
_6x+6
6x+6
0
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6. AJTEBPAVMECKME YPABHEHWA

HTax, x® — 422 + x + 6 = (x + 1)}(x? — 5x + 6). MTanee,
x2-5x+6=(x—2)x — 3),
HOCKOABKY 2 B 8 — KODHHE KBa[paTHOTO TPéxXunera x° — 5x + 6.

TaxnmM obpasoM,
B-4x’+x+B8=(x+1)x—-2)(x—-3). B

4, Obuive aemmrenn H OGUWHE KPATHLIE HECKONBKMX MHOTOUNEHOB

Ecau mEOroaneH p,(x) genurca HA MHEHOTOWIEH §(X) U1 MHOrOYJIeH
P»(x) ZeNUTCA HA MHOTO4YJIEH £(x), TO MHOrOWIeH §(x) HASHIBAIOT OOmpIM
AEJINTE/IEM MHOTOMACHOB Dy(x) 1 py{x). Uro6sl HaltT obmuit reIUTENH
ABYX MHOTOYJIEHOB, HYXHO MX Pas/JIOXKHTE HA MHOXKHTENH,

IIpumep 6. Haiithm ofmnit pesmTe/ b MEOTOUICHOB
Pix)=x*—3x*+ 5x — 15 u py(x) = x% - 6x + 6.
Pemenne. Brme (cM. npuMeprt 4 U §) MKl BHJCIH, UTO
Pi(%) = x® — 32 + Bx — 15 = (x - 3)(x% + 5),
pax) = x2 — bx + 6 = (x — 2)(x — 3).
CpaBHMBaAA 3TH DASNOKEHNA HA MHOXKHTEH, AENacM BRIBOA: X — 3 —
obmmii AeMATeIN: 3ANAHRAEX MHOTOUACHOB., I

OO6GEIMHO cTapaIOTCA HANWTH Haulborswiuil o6ujuii deaumers — MHO-
ro4jieH MAKCHMANBLHO BO3SMOMHOH CTemeHH, HAa KOTOPBIM JAenaTcs
JaHHBIe MHOrouIeHL!, Eciu, HampuMep,

Pu(x) = 23(x* + 1)(x — 3)(2x + 1),

pa(x) = x%x* + 1)(x - 3} 2x + 1),
T0 OBmuMH genHTensMu SyayT x, x2, (x* + 1)(x - 3}2x + 1) u 1. A.
HanGonpmnii ofmmuit gemmrens — ero oGosEavalor D{x) — poxkeH
BKJIIOYATDL B cefa Muoxurerm x2, x* + 1, x — 8, (2x + 1)°. Bmaunr,
D(x) = x*(x* + 1)x — 3)(2x + 1)

Ecin mHOrO9NIEH g(X) AeNHTCA HA MHOrOWIEH p,(X) H HA MEOTOWICH
Po(x), TO MHOTOWIEH ¢(X) HABHLIBAIOT OOGIIMM KPATHBIM MHOTrOW/ICHOB
Pi(x) 1 py(x). Camuiii mpocToil cnocol oTHICKAHHAA OOIOEr0 KPATHOTO
ABYX MHOTO4YJIEHOB — IIeDEMHOMKHUTD 3aTAHHEIe MHOTOYJIEHEI: ACHO, YTO
MHOTOUNER ¢(X) = py(xX)py(x) — obimee KpaTHOe MEOTOWICHOB p(X) B
Pxx). Ho o0eIaHO DHTAIOTCA HAUTH HaUMeHbluce o0ujee KpamHuoe —
ero obosaaualor K(x) — MHOro'wIeH MHHEMAJIBHO BOBMOYKHON cTemeHn,
KOTOPEIA JeJIMTCA HA AAHHBIe MHOTOYNEHEI.

IIpumep 7. Hailtrm mamMensmee o611jee KPATHOE MHOTOYJICHOB
Di(x) = X°(x* + 1)(x - 8)X2x + 1)%,
Pa(x) = %(x* + 1)(x - 3)(2x + 1)°,

203
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P e m1e 5 1 e. Maorounen K(x), xoropsiii 6yfer cayxuTh HAUMEHE-
mAM OOIIMM KPATHEIM 38JAHHBIX MHOTOYJIEHOB, AOMKEH BKJIOYATD
B ce6a Muoxmreau x°, x* + 1, x — 8, (2x + 1)°. CxenoBarensHo,

Kx)=2%x*+1)}x-3)2x+1)°. B

Bonpochl gns camonposepKy

1. 3anummTe B CTAHAAPTHOM BUJAE KAKOI-HUGYAL MEOTOIEH IATON
CTenEeHH OT OAHOH nmepeMeHHOH.

2. ChopmynnpyiiTe TeopeMy © AeJeHUH ¢ OCTATKOM MHOTOYJIEHA
HA MHOT'OYJIeH.

3. Ciopmyanpyiite Teopemy Beay.

4, HaitauTe 0CTATOK OT AeneHus Muorousnena 2x° + x* — 8x2 + x +
+ 1 Ha aABywIien x ~ 1.

5. He nponssoasa AejleHAA, BHACHUTE, ASAUTCA JU MHOTOYIEH X° +
+ 2x% + Tx + 6 wa gByqnen x + 1.

6. HapecTHo, uTo MEOrowIeH x° — 2x% — 5x + 6 UMeer menounciIeH-
HH¢ KOpPHH. Kakue 13 yRA3AHHEIX HUMKE YHCE]N MOTYT GhITH KOPHAMH
AsHHOro MHOrowiaesa: 1, -1, 2, -2, 3, -3, 4, -4, §, -5, 6, 67

7. Haitaure KopHM MHorouneHa x° — 2x% — 5x + 6 u pasnosure
ero Ha MHOXKHTEIH.

§ 35. YPABHEHMS BbICLIMX CTENEHEH

B sToM maparpade MEI TOrOBOPHM O PeIIeHNH YPaBHEHWIA
BuAa P(x) = 0, rge P(x) — MHOTOWIEH, CTeneHb KOTOPOre BEIIIE
Bropoit. IMeloTca ABa OCHOBHEIX METOJA pelIeHHs TAKUX YpaBHe-
HHI: MeTOJ pPasNoKeHUA HA MHOMHUTENH H METOoA BBeACHHA HOBOM
epeMeHHOoA.

Yro racaerca memoda eeedenusn nosoii nepemenHoli, To 0OH BaM
3HAKOM, MBI HE Pa3 ¢ YCIeXOM NPHUMEHAJM ero B aarefpamueckmx
npeofpasoBaHNAX, A4 HUME HA MPUMEpPAX OOKAMKEM, KAK OH npHMe-
HAETCA IIPH pellleHUH YPABHEHHN.

CymuoCTs Memoda pas3romerus Ha@ MHONUMENL COCTOHT B CJie-
ayiomeMm. Jlano ypasaeane P(x) = 0, rae P(x) — MHOrOUNEH, CcTENEHD
HOTOpOro Buiie BTopoil. IIpeanonosxuM, YTo HAM YAAIOCE PA3JIOKATE
MHOro4JIeH Ha MHOKATeaN: P(x) = P(x)P,(x)P4(x). Torpa saganHoe
YPaBHeHME NPUMET BHA

Pl(x)Pz(x)Pa(x) = 0.
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— ——mr

3raunr, mbo Py(x) = 0, aubo Pyx) = 0, aubo Py(x) = 0. O61unO
B TAKNX CJAYYaAX IMOBOPAT, YTO MOJYYHIN COBOKYNHKOCMb YPasHenuli:

P{x)=0; Pyx)=0; Py(x)=0.

MnuoscecTso xopEeik ypapHenua P(x) = 0 npeacrasnder cofoi 06%-
edunenue MHONXECTE KopHel: ypasnenuil:

Pi(x)=0; Pyx)=0; Pyx)=0.

Auxa pasnoxeHHd MHOTOYJEHA HA MHOMKHATENAHM HMCHOJb3IYIOT
A3BecTHEIe NPHEME! (BHIHeCeHMe 00IIero MHOMKMTeNAA 3a CKOOKH,
bopMyABl COKPAMENHOTO YMHOXKEHNAA, TPYIINEPOBKY), & TAKMKE HEKO-
Topuie GAKTHL TeOPHH MHOTOYNCHOB, 0 KOTODHX MH rosopuiu B § 34,

HobapnM elllé OAHO MoJe3HOe YTBEPIKACHHE,

Teopema. Ecau npueedénnoe ypaenenue ¢ yenwuny xospduyu-
enmamu uMeem paYUGHAAGHWI KODERy, MO IMOM KOpeKd 06a3a-
MERLHO ROAREMCA UEABM YUCAOM.

JlokasaTeabcTBO (HpOBeAEM €ro Ha NMpHMepe YDABHEHHA
Tperneii crenenn). lamo ypapaeHne x° + bx®* + ¢cx + d =0, rae b, ¢,
d — peawme uucna. IlpeamonostmM, UTO OHC MMeeT PAIMOHAABHEIR

KOpeHb X = E, rnreg#1lmn E — HecoKpaTuMan Apobe. Iloacraesus

9TO JHAYEHHE B YPABHCHHe, HOJNYUHM.

3 2
(-P—) +b(£) +eZrd=0
q q q

p® + bp’q + cpg® + dg® = 0;
p* = g(-bp* — cpq — dg*).
O6Go3HAYHE YUCN0BOE BhipaskeHne B CKOOKAX OYKBO# m, mOJydHM
p® = qm. Dro suawmr, wro p* i ¢*, 7. €. p - p - p | ¢. MH npeanmoONOXKA-

JH, 4TO 5 — HecOoKpaTuMasn Apobs, T. €. YHCAA P H ¢ HE UMeloT 06-

mux geanreneil. Ho Toraa coorHOmeRue p - p - p i ¢ He UMeeT MecTa.
B cuay B3auMHOR IPOCTOTH YHCEa P ¥ ¢ NOCHEAHee COOTHOMIEeHUe BO3-

MOKHO JHMIOb B CJIy4ae, KOTAa ¢ = 1, H, CIIeJOBATEABHO, X = g =p—
LeIOYHCJACHHN KOpPeHs YPABHEHUA.

* BMecTo ¢paskl ¢4 genurca Ha bs B MATEMATHKE HCHOABSYIOT 3aIIHECH 4 : b,
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Kax noxasaHHasA TeopeMa npumeHseTCH Ha mpakTike? Ecnu mamo
NPABEAEHHOE YDABHEHME ¢ HeNLIMHA K03t¢hGdHONEeHTAMU, TO METOAOM
opo6 cnexyer HalTH OelOYMCASHHBIH KOpeHb YpABHeHUA CPeAu AeH-
reneit ¢cBobogHOTO WwieHa., Ecau 910 He yaaérea, IPEXOANTCH KOHCTA-
TUPOCBATE, YTO PanMOHAJLHAKX KODHEH Yy yYpaBHEHUA HeT W, 3Ha4YHT,
JJIA €r0o pellleHHA HaAC JU00 IMOJL30OBATHCA TOTOBRIMH (opMyIaMnA
(oHUM M3BeCTHH AJA ypaBHeHUH TpeTheil M ueTBépToit cTemeHeil, HO
JOCTATOUHO CJCMKHBI, Mbl MX He IPHBOIHM), JH60 YTO-TO M300peTaTh
(packaaAEIBATH HA MHOXKHTEJIH, BBOAWUTL HOBYIO IepeMeHHyio). Ecan
JKe JaHO HeIIDUBeASHHOe YpPABHeHUe, TO CYIIeCTBYIOT CIOCO0hl 3aMeHb]
nmepeMeHHOit, ofpaniaionide ypaBHeHHe B IPUBeAEéHHOe, — MBI HX IO~
KasKeM B mpumepax 6 1 7.

Npumep 1. Pemuts ypasuenue x° + 2x2 + 8x + 6 = 0.
PemeHue. PasjoxNM JEBYIO YACTh YPABHEHHA HA MHOMKHTENH:
x(x + 2) + 3(x + 2) = 0;
(x + 2)(x* + 3) = 0;
x+2=0; x*+3=0.
W3 mepBoro ypasHeHNMA NoaydaeM X, = —2. Bropoe ypaRHeHHNe He
HMeeT AeiicTBUTENbHBIX KopHeil,
Orsem: -2,

Mpumep 2. Pemurs ypasuenne x* + x* + 3x2 + 2x + 2 =0,
Pemenue, AveeMm:

(*+ 2+ 2+ 2x*+2x + 2)=0;

M +x+ D)+ 22 +x+1)=0;

(+x+1)x2+2)=0.
OcTaérca pentuThL CORBOKYNHOCTE YPABHCHMIA:
2+x+1=0; x2+2=0,

Hu oxno 13 HMX He MMeeT AeiCTBUTEJIbHMX KOPHEIl.
O TBeT: HeT KopHeif.

Hpumep 3. Pemuts ypasnerne x°® + 4x2 — 24 = 0.

Pemenune. [Jlonpobyem HAHTH meJBid KOopeHb 3amaHHOIO
ypaBHeHHA. LleabIM KOpHeM MHOTOYJIeHA C LeJbIMH Ko3thdHIIMeH-
TaMH 110 Teopeme 4 u3 § 34 MoxKeT OLITL TOALKO AeNNTENb CBOGOZHOIO
YJIeHA, B JAHHOM cay4dae yHcaa 24. BrimHineM genuTesH ¢BoGOJHOTO
qiaena: £1; +2; +3; +4; £6; 1£8; £12; +24. IlogcTaBHE BMECTO X B JAHHOE
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ypapHeHHte 3HaveHme x = 1, mosyuaem: 1® + 4 - 12 — 24 # 0; Takum
obpaszoM, x = 1 He sBIseTcA KOpDHeM ypaBHeHH:. [lanee, npu x = -1
Hx=2nmeen: (-1)° + 4(-1) - 2420, 2% + 4 . 22 - 24 = 0. Hrax,
X, = 2 — KOpeHb YPABHEHHA.

Mu 3HaeM, YTO €C/IE @ — KOpEeHs MHorounesa P{x), To P(x) ge-
auTcA 6e3 ocTaTKa Ha X — a (cM. Teopemy 3 H3 § 34). BocnioabzoBap-
mACh 3THM, Pas3fe/IAM MHOTOWIeH x° + 4x° — 24 ga x — 2:

2 +4x -24|x—-2
X -2x Ix’+6x+12
6«
T6x’—12x
12x-24
12x - 24
0

Taxum obpasoM, x° + 4x% — 24 = (x — 2)x* + 6x + 12), caexoBa-

TeJBHO, HCXOZHOE YPABHEOHUE NPHEHMACT BUAX
(x - 2)x*+ 6x +12) =0,

ITO YpABHCHHME CBOAMTCA K COBOKYNHOCTH ypaBHeHHM (ogHO M3
KOTOPHIX daKkTHdecKH yike pemeno): x — 2 =0; 22 + 6x + 12 = 0,
Bropoe ypaBHeEHe He UMeeT KopHel.

OrseT: 2.

Mpamep 4. Pemurs ypasrenne x* + x* — 20 =0.
Pemenue. Beeaém nosylo mepemenuyio y = x°. Tak kak x* =
= (x%)® = y%, To BaIAHHOE ypaBHeHMe MOKHO TIePeNHCATE B BHJe
y+y-20=0.
I70 — KBAAPATHOE ypaBHeHHe, KOPHH KOTOpOro Haliaém, Hc-
noAB3YA UaBecTHHe GopMyasl: y, = 4, y, = —b.
Ho y = x%, 3nauuT, 3ajava cBeJach K pellleHHMI0 ABYX ypaBHeHH:
x2=4; x*=-5.
W3 mepporo ypaBHeHNA HAXORUM: X; p = 12; BTOpOe ypaBHeHne He
HBMeeT KopHOH,
OrBer: 12,
YpaBHeHHe BHAS
ax*+bx*+¢=0

HA3HIBAIOT OMKBAAPATHRIM («6M» — fBA, T. €. KaKk OM «ABAKAN
KBaApaTHOe» ypaBHeHMe)., Tonapko uUTO pemIéHHOEe YpaBHeHHe ORLIO
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naMeHHO GEKBazpaTHRIM, JIbOoe GHKBAIpaTHOEe YPABHEHHE peHIaeTCH
TaK K€, KaK ypaBHeHHMe U3 mpuMepa 4: BBOJAT HOBYIO mepeMeHHYIO
Y = x°, penmialoT moJyvYeHHOE KBAAPATHOE YPABHEHHE OTHOCHTEILHO
nepeMeHHO! ¥, a 3aTeM BO3BPAILAIOTCA K HEepeMeHHo# x.

B npuMepe 4 meTol BBeleHAA HOBOH nmepeMeHHON ORI ajgeKBATEH
CHUTYamHH, T. €. Xopowo e cooTBeTcTBOBAN, 1louemy? Jla moToMy 4TO
OKHO U TO K€ BEIPASKEHHE ABHO BCTPEHANIOCH B 3alACH YpaBHeHHS
HECKOJLKO pa3 U Or pedoH 0003HATUTE 3TO BRIpAKEHUE HOBOHU OVK-
Boii. Ho Tak OniBaeT He BCerjJa, MHOTRA HOBAS IIeDEMeHHAHA «OpOAR-
JAfAeTca» TOJBKO B Iponecce mpeobpasoBanmii. MmenHo Taxk Syger
o0CTOATH AeJNe B CAEAYIOIEM npUMepe,

NDpamep 5. Pemurs ypasrenue x(x — 1)(x — 2)(x — 3) = 24.
Pemenne, Umeem:
x(x — 8) = x% — 3x;
(x - 1)x —~2)=x>—-3x + 2.
Tarum 06pazom, sagaHHEOe YpaBHEeHNEe MOXKHO NEPeIHCATh B BUAE
(x® — 3x)(x* - 8x + 2) = 24,
BoT Temeps HOBaA mepPeMeHHAS «TpOABHJACh»: ¥ = x° — 3x.
C ¢é nOMOmMBI0 YPABHEHHE MOXKHO IIepenucaTs B euge y(y + 2) =24 u,
aasee, y° + 2y - 24 = 0. KopHAMHM 9TOTO YPABHEHUSA CIYMKAT YMCIA
4u—-6.
Boaspamasck K MCXOAHON NMepeMeNHOH| X, MOJydYaeM JABa KBax-
PATHHIX ypaBHeHna: x° — 3x = 4 n x2 — 3x = —6. W3 nepBoro ypas-
HeHUSA HAXOJUM: X, = 4, x, = —1; BTOPOE ypaBHeHHe He HMeeT KODHel,

QrseT: 4, -1.

Npumep 6. Pemurs ypasnenue 21x° + x2 ~ 5x - 1 =0.

Pemeunne. Beau coboausiil uwieH ypasHeHusa pases 1 mnu —1,
TO 3HaueHHe x = (0 He ABAAEeTCA KODHEM ypPaBHEHUA, 4 MOTOMY MOXK-
HO ofe JacTH ypaBHEHHS pa3fesMTh MOWIEHHO Ha X°, & 3aTeM BBECTH

HOBYIO IIEpEMCHHYIO [f = -:'l;:

yP+oyt-y-21=0,
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6. lL AJTEBPAMMECKME YPABHEHMA

Cpezum penmreneif uncna —21 merogom opoG (kak B npuMepe 3) Haii-
M meJOYHCIeHHNI KOpeHDb NOCAeAHEr0 YpaBHeHuA: ¥, = —3. Paage-

aus Muorounex y* + 5y* — y — 21 Ha y + 3, moayuMM KBAaZPATHHIN
tpéxunen ¥y + 2y — 7 ¢ kopRAMHA Yy 3 =-1 % 2.2, Tak xax, nanee,

X = '!1;, TO HAXOANM COOTBETCTBEHHO.

1 1
xl:; =—§;
= Ll=_1 22 +1 _ 22 +1,
- - - - ;]
B 2y2-1 (242 -1)2y2+1) 7
1 1 1-2/2
x == - - .
T -afz-1 7

Hpumep 7. Pemuts ypasuenne 4x® — 10x% + 14x - 5 = 0.
PemeRne. YMHOXHNB 00e yacTH YpaBHEeHHS HA 2, MOXyquUM:
8x% — 20x% + 28x — 10 = 0;

(2x) -5 -(2x)* +14 - (2x) - 10 = 0.

BBeaéM HOBYIO HepeMeHHYIO ¥ = 2X, mOJYyYHM IpHBeAEéHHOEe
ypasrerne y® — 5y + 14y — 10 = 0. Llesouncnennslit Kopens ypas-
HeHHS o4eBMjAeH: ¥, = 1. Pasgesne muorounex y° — 5y° + 14y - 10
Ha y — 1, monyyuM xBagpaTHL Tpéxwien y* — 4y + 10, He uMeomumi

BeHcTBUTeNbHEEX KopHell, Tak kKak x = %, TO X; = % = % — eOguH-

CTECHHHH KOpeHb YPABHEHHH.
OrserT: 0,5.

Vpasrenus puzna ax® + bx® + cx? + bx + a = 0 (rae Bee KoadPUNHEHTH
OTAWYHEL OT HYJIA) HABKIBAKOT 8038pamubiMii (IepBEle ABa Ko3dbAIEEHTA @& N
b Kax Ol o3spaiyaomes B NOCACKHNX ABYX uleHaX ypapHeHAx). [lokamem
cnocod pelleHnsa BOSBPATHMX VDABHCHWH,

PasjlelM IOYJEHEO Bee WieHb: YPABHCHHSA HA X° (TTO BIOZHE 3aKOHHO,
TAK KAK 3HaveHue X = 0 He ABAAeTCA KOPHOM YDAPHEHHA); OOAYIHM!

1, (1Y
ax2+bx+c+b—+a[—) = 0;
X x

a(x2 +$] +b[x+%] +e=0. )



6. u AJITEBPAMHECKUE YPABHEHUA

2
INonowum y = x + -Jl? roraa ¥ = (x + %] , OTKYAa HAXOINM, YTO

2+ % = y* - 2. C nomompio HOBo# mepemenuoit ¥ ypapEenue (1) MOKHO

nepenucath B uge a(y’ — 2) + by + ¢ = 0. IIpeAmONOKIM, UTO 3TO KBAAPAT-
HOe ypaBHeHHMe MMeeT KOPHM ¥y H ¥,. Toraa, BosBpamancs K nepeMeHHOM X,
OCTAETCH JMMIOb DELTHTH ABA YPaBHeHNA:
1 1
+ = =y + = =y,
X U x P ¥

VYpasHenus suaa ax® + bx® + cx® + kbx + k%a = 0 (rae Bee KosDPHIEEHTH
OTINYHKI OT EYJA) TAK)Ke HABKIBAIOT 8036PAMHsIME. 3lech TIoce IOYICHAOTO
HeNeHHA HA X° mONyyaeM:

2
ax2+bx+c+b£+a(£) =0
x x

a(x* +§]+b(x+§]+c=o. @

2
Ec.rmy=x+%, 'roy2=(x+%), OTKYAR

C moMomp10 HOBOM DepeMeHHOI ¥ ypaBHenHMe (2) MOXKEHO HeDEeNHCATE B BHAE
KBAIPATHOPOG YPARBEHKA

a(yz—zk)+by+c=0.
Ecau ato ypaBHeHWe MMeeT KOPHU Yy M Y, TO OCTAETCA PEINIHTL [BA
ypaBHeHRA:

E_. . k.
x+x—y1, x+x—y2.

NDpumep 8, Pemute ypapaeaue
3x*—2x" - 9x* - 4x+12=0.

Pemenue. 3aech -4 =-2 -2, 12 =3 - 22, SHAYHT, KoaddunaeHTH
MHOTOYNeHa AMelOT Buj a, b, ¢, 2b, 2%g. Bro — BO3BpaTHOe ypasHenue, [lo-
Aennp ofie YACTH ypaBHeHMSA NOWICHHO HA x%, nonyuum:

2
32 -2x-9-22 +3[3] =0;
x x
2 4 _ 2)_o-
3(:: +x2) 2(x+x] 9=0, (3)
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2
MonoxemM y = x + %, Torma ¥° = (x +%) , OTKYRA HAXOQHM, 9UTO

22+ % = y* - 4. C moMompi0 Hopoli nDepemenHoft y ypapmenne (3) MoxHO
mepemmcath B Buae 3(y° - 4) - 2y — 9 = 0, . e. 3y - 2y — 21 = 0. Haigém

KOpHH 2TOT0 KBAZPATHOTO YDARHEHAA: §; = 3, Iy = —%. Bosepamaacse

K ImepeMeRHOH X, OCTAETCA PENTR ABA OPOCTHIX YDAEHEHHA: X + % =3

nx+ % = —%. H3 neprore ypasHeHMA HAXOAMM: x; = 1, x, = 2; BTOpOE

YpaBEeHHE He HMEeT AeHcTBHTeALHBIX KOpHel.

Orrer: 1, 2.

Bonpoce! Ans camonposepi

1. Moxxer sn Kaxaa-BHGYAb HecOKPaTHMAA Apobb GHITE ROpHeM
mMEOrowIena x° - 2x? — 5x + 67

2. Yro raxoe SExBaapaTHOoe ypaBHeHHe? OmHMUIMTe METOA ero
pemenna. IIpaMeHnTe onmucaHubft METON AN# PElieHUS YpaBHEHMS
xt-6x2-7=0.

3. HasoBpuTe ABA OCHOBHHIX METOZAS PeIIEHUA YPABHEHME BLICIIHX
cTemeHeii.

§ 36. PALMOHAMBHLIE YPABHEHMS

PanpoHaNnbEEIe YPABHEHMA MEI YiKe PellajH B IPexbixy-
mmax naparpadax (¢M., Hanpumep, § 5, 25, 28). 3gecs paccMOTPHM
HecKONbKO GoJice CAOKHERIX IPHMEDOB.

IIpamep 1. Pemurs ypaBHerUe

2x% - Bt +.3 __1
x2 -1 2x -2 2x + 2°
Penienne.
2x% - Bx? 3 1

G-z+D) T 2= 2z+n %
4x® -10x* + 3x+3-x+1
2x -1}x +1)

203 - Bx2+ x+2 _
(x-1x+1) 0. M

=0
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6. AJITEBPAMHECKUE YPABHEHAA

[IpupaBHAB HYMIO UMCAUTENE APOGH, coAep:Kalieiica B JeBoil va-
CTH ypaBHeHud (1), moayuum:

2x*-522+x+2=0, (2)
Paccmorpum mMuorowten p(x) = 2x® - 5x% + x + 2. Bamernm, uro
2 =1 — KOpeHb 3TOT0 MHOTOWIEHA, NOCKONBKY p(1)=2-5+1+2=0,

CnenoBarenbHo, no TeopeMe 3 ua § 34 muorounen p{x) aeaurca 6e3
OCTATKA HA AByWIeH x — 1:

2 -5x*+tx+2|x-1
2x3 — 2x? |2x"—3x—2
_—3x+x
-3x%+ 3x
-2x+2
T-2x+2
0

Hrak, p(x) = (x — 1)(2x* — 3x — 2). Kpagparustii Tpéxuien 2x? —
— 3x — 2 umeer kopHY 2 1 -0,5. HTaK, ME HalOJ¥ KODHH ypaBHe-
s (2): 1, 2, -0,5.

Ho (BauiManuie!l) yTBepsRAaTh, YTO ypapHeHue (1) yace pemiero (a ¢
HYM M 3aflaHHOS YPABHEHWE) NOKA HEJB3f, BeAb MEI He NPOBEpPHUAH
BTOpOE YCJIOBHE paBeHCcTBa Apobm Hymw. HymHO ybeauThca B TOM,
YTO OPM Hali/leHHWX 3HAYEHUAX NEPEMEHHOH X 3HAMEHATE B ApobH,
cozepsameiics B epoi uacTy ypapHenud (1), He ofpalrjaeTca B Hyb.

3ameyaeM, uTo npu x¥ = 1 3HaMeHaTens (x — 1)(x + 1) o6paiaerca
B HYJb, T. €. 3T0 3HAYEHME He ABJHETCHA KOpHEeM ypaBHeHHa (1);
x =1 — nocmoponnuil KopeHb.

ITpu sHavenmax x = 2 uanm x = —0,5 aHameHarenp (x — 1)(x + 1)
B HYJIB He ofpamaercd. 3TH 3HAYEHMA — KOPHHM MCXOAHOTO YPaBHEHNUA,

OrserT: 2, -0,5.

INIpumep 2. Pemurh ypapHeHUe
1 2 _71
x?+3xr-3 x2+8x+1 5
Pemenue, Bpepém HOBYIO IepeMeHHYI y = x° + 3x. 3ro mo-
SBOJINT LPEACTABMTH ypABHeHHe B 6ojee mpocTOM Buae (UTo, cobCer-
BeHHO I'OBOPA, M COCTABAACT HEJb BBeAeHHs HOBOI mepeMeHHON —
340MCh YNPOINAETCA M CTPYKTYPA YPABHEHHSA CTAHOBHUTcA OoJee
ACHOH):

1 2 7
7-s T y+1" 5
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6. lL AJITEBPAMMECKME YPABHEHUSA

O0IHM 3HaMeRaTeNeM BMermuUxcsa Apobelt cayxaAT
5(y — 3y + 1).
IlepenuieM YpaBHeHHAe, PACCTABUB JONOJTHHTENIBHEIE MEOKMTEN:
8o+ 1) v -3 7l(y-8)(_y+_ll
y-3 + y+1 =%
YMHOXHUE 06e YaCTH ypaBHeHuA Ha o0uiHit saHaMeHaTexs 5{y — 3) %
X (y + 1), momyumum:

Ty? — 29y + 4 = 0;

1
nh= 4’ Ya = ?’
Temeps ana BalkgeHHEIX KOpHER HAIO IPOBEPHUTH BLEINOJHEHHNE YCJI0-

Baa My — 3)(y + 1) # 0. O6a xopHA 3TOMY YCJAOBHIO YAOBJIETBODAIOT.
Ocranocs, BOSBpaIIAACh K NEPeMEeHHOM X, PEIIMTh ABa YPABHCHHUA:

x* + 3x=4; x’+3x=%.

KopHAME NepPBONO YPABHEHUA ABAAIOTCA 9HAcaa 1 ¥ —4, KOpHAMH

BTOPOI'0 — YHCHA -21:;—4 V469
Orser: 1, -4, -“El_i;.;r_“
Ilpumep 3. PemmnThk ypaBHeHHE
Ox 2
P+ == GraF = 27. (3)
Pemenmne. Jepaa yacts ypasHeauda (3) npeacrabaser coboii

3x

+8
BeIYecTb M3 ofenx uacrell ypapHeHHA YABOCHHOC NPOKRIBEACHAE YHA-
3aHHEIX BbIpDAYKeHHR, YTODLI JeBas YACTh YPaBHEHHSA CTANA MOAHBIM
KBaapaToM pasHoctu. Urax, npnbapum x ofenumM yacram ypasnenua (8)

OTO HATAJKHBAET HA MEICHADH

CYMMY KESJAPATOB BRIpAXKeHNH# x H p

. TonyuaM ypapEeHHnE

) =27 - 6%,

BHID&YKeHUE —2X - 43

O

IIpeolpa3oBaB BHpakeHHe B CKOOKAX, MOAYINM:

2 2 2
[x ) + X
x+3 x+3

x+3
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6. AJWEBPAMMECKME YPABHEHMA

2
ITonoxkuM Temeps y = x—i_-—g Toraa ypaBHenne mpHMeT BHJA
y* + 6y — 27 =0, otryaa y, = -9, y; = 3. Bagaua csenach K PEIICHUIO
COBOKYIIHOCTH YpaBHEHHIl:
x2 o 2 _
x+8 B

> x+8
ITepBoe ypapHeHMe He HMeeT KOPHEH; M3 BTOPOTO HAXOAMM

_ 30z 5)
1,2 2
x + 3 # 0 1 ABAAOTCA KOPHAMHM HCXOZHOrO YDABHEHHA.

. Ofa HalfilecHAKIX SHAYCHHUSA X YAOBIECTEOPSIOT YCIOBHIO

Orser: ﬁz—@

Bonpocsl ana camonpoBepKM

1. Kakne ypaBHEHUsS HABHIBAIOT PAIIHOHANBHEIMA YpPaBHEHHAMY
¢ ORHOH NepeMeHHOH?

2, OoumuTe ANrOPHTM pellleHHs PAIMOHANLHOIO YPABHEHUS.

3. PacckaxkuTte, IOYeMY OPH PeIIeHHN PAIIHOHANLHOTO YPABHEHUSA
MOTYT MOABHTHCA NMOCTOPOHANE KOpHU., Kak BX oTceaTs?

§ 37. yPABHEHMS C MOAYNAMM

Brime, B § 16, yace ropoprJIOCh O PELIEHAN YPOSHERUL ¢
»MoOyaamu, T. . O DeUIEHUH YpAaBHEHUM, COAEPKANUX NEPeMEHHYIO
IOA 3HAKOM MoAyJa. TaM peus IIIa O PEIIEHHK NpocTeHIIMX ypaB-
HEeHHit ¢ MOAYNAMM — ypaBHeHWil BHAa |ax + b| = ¢. M noxazanm
cnocod peIneHnA TAKUX ypaBHeHNH, OCHOBAHHBIA Ha reOMEeTPHYECKOM
cMbic/ie BHpakeHns |x — a|. Tenepr paccMoTpuM Gosee CIIOMKHBIE
NPHMEpEI.

NDpumep 1. Pemuts ypasmenne x° + 2jx - 1| - 6 = 0.

Pemenne. Ecik x — 1 2 0, To |x - 1| = x — 1 u saganmnoe
VPABHEHHE NPHHEMAaeT BAJ

2 +2x-1)-6=0,7.e. x*+2x-8=0,

Eciu e x — 1 <0, mo |x — 1| = —(x — 1) u 3agangHOe ypaBHEHUE
OPVHAMAET BHX

¥-2(x-1)-6=0,7.e. x*-2x-4=0.
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6. ANTESPAMMECKME YPABHEHMS

Taxkum ofpasoM, 3aflaHHOE YPABHEHHE CISAYET PACCMOTPETH IO
OT/EIHOCTE B KAKAOM H3 JBYX VKA3AHHEIX CIAYYaeB.

1) Oyete x - 120, T. e. x > 1, Va ypassenna x* + 2x —8=0
HAXOMUM X, = 2, X, = —4, YcaosH0 X # 1 yAOBNeTBOPAET JUIOEL 3HA-
qyemne x; = 2.

2)Hyetb x — 1 <0, T.e. x <1. ¥a ypasrenna x> - 2x -4 =0
HaxoamMm xg =1 + V5, x,=1- 6. Yenosumw x < 1 ymosaersopser
MG 3HAYeHHe X, = 1 — J5.

OrBem 2,1 - Jg
Famevanue 1. Cnocod, KOTOpPEIA ME HCOOALIOBAJH TPH

pemeHny NpuMepa 1, WHOTAA HASKIBAKIOT TAK: PACKPbIMUE MOOYAR NO
onpedererur,

IMpumep 2. Pemmurs ypasuenue |x* — 6x + 7| = 5x3— 9,

Pemensne.

IlepBrIfl cnocob (packpuimiue modyrs no onpederenur). Paccyn-
BZas, Kax B npaMepe 1, IpUXOAMM K BHIBOAY, UTO 3aAaHHOE YDABHEHHE
HY#HO PACCMOTDETH B ABYX CIYUaAX:

1)x2-6x+ 72 0; 2)x*-6x+T<0.

1DEcmm x2-6x+7>0, rolx! —6x+ 7|=x"-6x+7Tmu

3a/AHHOE YPABHEHHe mMpHHEAMaeT BHA x2 — 6x + 7 = 5’:3— 9. T, €.

8x? — 28x + 30 = 0. PemuB 310 KBajpaTHOe YDABHEHHE, NOAYIHUM:
x,=6,%x= g.

BLIACEMM, YXOBNETBODPSAET JU SHAYCHNE X, = 6 yeaosuio x2 — 6x +
+ 7 # 0. Ilna sToro NMoACTABMM yKA3aHHOe 3HAYEeHWEe B KBAADATHOE
HepapeHcTBo. Ilonyuum: 62 -6 - 6 + 7 > 0, T. e. 7 > 0 — BepHoe
HEpPABEHCTBO. 3HAYAT, X¥; = 6§ — KOpeHL 3aAHHOrO YpaBHEHHA.

BLIAACHUM, YAOBJETBOPAET JIA SHAUCHNE X; = g yenoBmio x° — 6x +
+ 7 # 0. lna oTOor0o NOACTABMM YKa3aHHOE¢ 3HAYEHYE B KBAADATHOE

5V _ s 25
HepaseHCTBO. IlonyuumM: [5] ~ 3 »6+7>0,'r.e.—6——3>0—

HeBepHOE HepABEHCTBO. CleJ0BATENBHO, X, = g HE SABJIAETCH KOpHEeM
3AJAHHOTO YpaBHEHNA,
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6. AITESPAMYECKME YPABHEHMS

D Bemm x> -6x+T7<0,10|x?-6x+ 7|=—(x*-6x+7)
bx -9
3

3x% — 13x + 12 = 0. PemnB 570 KBAADPATHOE YPABHEHHE, ONYUHM:

H 3aJaHHOe YPABHEHHe NPHHHMaeT BUA ~(x% — 6x + 7) = s T. e,

x3=3,x4=%.

BBiACHIM, YAOBIETBOPAET N JHAUCHHE X3 = 3 YCIOBHIO X° — 6x +
+ 7 < 0. Ina sroro nogcTaBuM YKA3aHHOE 3HAYEHUE B KBagpaTHOe
HepaBeHCTBO. IToayunm: 32 -6 -3 + 7 < 0, T. e. -2 < 0 — BepHoOe
HepaBeHCTBO, 3HAUMAT, X3 = 3 — KOPEeHb 3aJlaHHOrO yPABHEHHA.

BoisicHH1A, yAOBNETBOPAET U 3HAUEHUE X, = % yeqaopuio x% — 6x +

+ 7 < 0. Ona aroro noAcTaBUM yKaszaHHOE 3HAYEHHE B KBAADATHOE

A 16
HepaBeHCTBO. [losyuum: (E) -3 6+7<0,T. e 5 1<0—

HeBepHOE HEePABEHCTBO. TAKNM 06p330M, Xy = % HE ABJAECTCA KODHEM

3aAaHHOrO YDaBHEHMS.
BruiBoa: 3apaHHOE ypaBHeHUe UMeeT KopHH 6 u 3.

Bropott cnoco6. Brimue, B § 16, yixe roropuiocsk 0 TOM, 4TO IpH
penieHNH YpaBHEHMIA ¢ MOIYJIAMH YACTO PACCYy»KAAI0T TaK. PaBeHcTBO
|¢| = @ npm @ < O HeBepHO, IpH @ >  3KBUBAJEHTHO COBOKYIHOCTH
JABYX paBeHCTB ¢ = @, ¢ = ~a, npH a = 0 ceoguTca K ¢ = 0 (BnpouemM,
mocHeHUN caydail MOKHO O0LEIHHHTE co caydaeMm g > 0). ITosromy
ecnn jgaHo ypasmenme |f(x)| = A(x), To mpm A(x) < 0 OHO He mMeer
penreHuii, a npu h(x) # 0 Hago paccMoTpeTh ABA caydas: f(x) = h(x);
f(x) = —h(x) (cosoxynnocms ypaerenuit).

Ona sagaHHOre ypaBHeHHs NoTpefyeM BLINOJHEHHS YCJOBHSA
5x3 2 # 0 ¥ paccCMOTPHM COBOKYIHOCTh YPaBHEHHI:

w-br+ 7= 220 27220

Ofa 3Tl ypaBHeHHA pelIeHH BHIIIE (IpH NepBoM crocobe pelneRus

3aJAHHOTO YPABHEHH{), X KODHH TakoBHI: 6, -g-, 3, i. YCIoBRIO

3
5 -9 w
3 2 0 u3 aTHX veTHIPpEéX 3HAYEHHMH# yAOBJIETBODSIOT JUIIL ABA:

6 u 3.
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—
— —p—

BriBOA: 3agaHHOE YpaBHeHHe AMeeT KopHu 6 u 3,

Tpernit cnocob (epaduvecruit).

1) Hocrpoum rpadpux Gyrxpun y = [x® — 6x + 7|. Cravana no-
crpoumM napabony y = x% — 6x + 7. Hmeem:

xX*-6x+T7=(x-3PF-2.

I'padpur pyaroun y = (x — 3)° — 2 MOXKHO mOJYYUTE U3 rpaduka
dyurman y = x2 capnrom ero Ha 3 eaAMHEMNE! MacrTaba BIPaBo (110 OCH X)
¥ Ha 2 equEuON MaciuTaba 8HN3 (o ocH y). Illpamaa x = 8 — oce
HHTepecylomieii Hac napabosanl. B kauecTBe KOHTPOJBHEIX TOYECK ANA
Gonee TOMHOrO HOCTPOSHHNA rpaduka yaodHO B3ATH TOUKRY (3; —2) —
BepImmuHY napabtonrel, Touky (0; 7) H cHMMeTPHUHBYIO €if OTHOCHTEND-
HO ocu mapaboanl Touky (6; 7). ITapabona nsobpakena HA DHCYH-
Ke 127.

Yrofrr Teneph MOCTPouTh rpadur dymxkmum y =[x — 6x + 7|,
Haao (cM. § 23) ocraBuTh Ge3 HaMeHeHNA Te 1acTH NOCTpoeHHON ma-
paboJILl, KOTOPHE AT He HUMKEe OCH X, & TY 1acTh NapaGoJsnl, KOTO-
Pan JIeIKUT HUIKE OCH X, OTOGPASHTE CHMMETPAYHO OTHOCHTEJIBHO OCH X
(puc. 127).

2) ITocrpouM rpaduk muHetino# GyRKOUN y = % B KauecTBe
KOHTPOALHEIX TO4YeK ymo6HO B3aATh TO4YKH (0; —3) m (3; 2). IIpamas,
cayxaimada rpadukoM ykasapHol JuHednol pyHKmuN, npeacTaB/iIcHA
HA TOM K€ PHCYHKe 127,

CrenaeM HeKOTOpHIe NOSACHEe- 7
BUA K pucyBKy 127. IlapaGona ‘
TepeceKaeT OCh X B ABYX TOYKAX) _H
yrof6E MX HANWTH, HAJO PEHIHNTH
ypasuenne x° — 6x + 7 = 0. Ioay- R

tmmxl=3-—\/§,x3=3+\/§. Ilpa- \

Mag y = 5x3‘9 TepeceKaer och X B Kﬂ

Toyke 1,8 (B 3Toif Toure y = 0). Ho

3 - JE < 1,8, 3HauHT, TOUYKA 7] 3l 8 x
nepecedyeHns OpAMOI ¢ O0CHIO X Ha- P
XO/MTCH MpaBee COOTBeTCTBYIOmell [ |2
TOUKM NepeceueHHs napaGoxmt ¢ [——3
OCEI0 X. DTO HAINJIO CBOE OTPAIKEHNE |
Ha pHcyHEe 127, Puc. 127
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6. AJTEEPANHECKME YPABHEHUA

3) Cyaa no yepresky, rpaduku nepecexawTrcs B Toukax A(3; 2) u
B(6; 7). IlogcraBup abcuucesl 9THX TOUEeK X = 3 m X = 6 B 3aZaHHOe
ypaBHeHHE, y0exaaeMca, UTO M IPU TOM M IPU ZPYroM 3HAUCHHH 10~
JYyHaeTcA BepHOe YHCIOBOE PABCHCTBO. TaknM o6pasoM, Halia FUII0Tesa
OOATBEPANJACL — YpABHEHHE MMeeT KOpHH 3 m 6. B

Jamevwanue 2. Brl, KOHeUHO, TOHUMAETe, UTO IpaduydecKmii
cnocod NpH BeéM CROSM N3AINECTBE He OYeHb HagéxeH. B paceMoT-
PeHHOM NIpUMepe OH ¢paboTaN TONABKO MOTOMY, YTO KOPDHM YPDABHEHHA ~—
nensle unucaa, TeM He MEHee B MONb3e 3TOIO METOAA MBI He pa3 ¢ BAMH
yGexaannce.,

INpuMep 3. Pemurs ypasuenue |2x — 4| + |x + 3| =8,
Pemenne,

Hepsniit cpoco6. Bripamenne 2x — 4 obpamaerca B 0 npu x = 2,

a BoIpaXKeHMe X + 3 — npH x = —3. ITH ABe TOUYKHM pasbHBAIOT YuMcC-
JIOBYIO MPAMYIO HA TPH npoMexyTKa (puc. 128).

PaccMOTPHM NepBHi DPOMEXXYTOK

¢ 4 » (—o0; —3). Ecmu x <-3, T02x -4 <0m

-3 2 x + 3 < 0. 3uaumr, |2x - 4|= —(2x - 4),

Puc. 128 a|x + 3| = ~(x + 8). Takum o6pasom,

HA PACCMATPHUBAEMOM NPOMEXKYTKE 3a-

JaHHOe YpaBHeHUe upuHuUMaeT Bug —(2x — 4) — (x + 3) = 8. Pemnms

9TO YpaBHeHHe, HAXOANM X = —%. 9TC 3HAUeHHe He OPpAHAZJIENKHT

PacCMATPHBAEMOMY IIPOMENKYTKY, [I03TOMY HE MOXKET CIIYIKHUTEL KOpHeM
3alaHHOI0 YPABHEHHS.

PaccMoTpHM BTOPOil npomexkyTox [—-3; 2). Ecan -3 < x < 2,
o 2x ~ 4 <0 u x + 3 > 0. CregosarensHo, |2x — 4| = ~(2x — 4),
a|x + 3| = (x + 8). Taxnm oGpason, HA PACCMATPHBAEMOM IIPOMEKYT-
Ke 33JaEHOe YpaBHeHHe NpruHHMaeT Baa —(2x — 4) + (x + 3) = 8. Pe-
IIUB 5TO YpaBHeHMe, Haxogum X = —1. 3T0 3HAYeHHEe NPHHAZLIEKHUT
PACCMATPHBAEMOMY NPOMEKYTKY, IIOBTOMY ABJAETCA KODHEM 3aJaH-
HOTO YpaBHeHus,

PacceMoTpHM TpeTHil mpoMeskyTok [2; +o°). Ecau x 2 2, To
2x -4 20mx+ 3>0. Buauwmr, [2x — 4|=(2x - 4), alx + 3| =
= (x + 3). Takum o0pas3oM, HA PacCMATPHBAECMOM IDOMEKYTKe 3a-
AaHHOE YpaBHeHHe NpuHuMaeT BHA (2x — 4) + (x + 3) = 8. Pemns sTo
YpPaBHEHHe, HAaXO0JUM x = 3. DT0 3HAYeHHEe IPHHANJIEHHUT paccMar-
PHBAEeMOMY IPOMEXYTKY, a HOTOMY SABIACTCA KOPHEM 3aZaHHOTO
YpaBHEHNA.
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6. ANTEEPAMYECKME YPABHEHMS

—
A—— ——

Hrak, HRamuHR ABa Kopea: -1, 3. A B
—o f————-
Bropoii cmocod. Ilpeofpasyem -3 M, 2 M, *
ypaBHEHHEe K BHAY
Pue. 129

2x - 2j+|x + 3| =8.

TlepeBeaéM B3TO COOTHOIIEHHE HA reoMeTpHuYecKuUH A3RIK: HAM
HYXHO HAHTH HA KoOpAMHATHON npaMoil Takne Toukm M(x), KOTOpHE
YAOBAETBOPAIOT yeaoBuio 2p(x; 2) + p(x; —3) = 8, mnum (cM. puc, 129)

MA +2MB=8 (1)

(amece A = A(—3), B = B(2)).

HaTepecyiomas HAC Toaka M He MOMXeT HaXOAHTLCA JieBee TOY-
KH A, TaK KAK B 3TOM ciayuae 2MB > 10 n, cineaoBaTesnbHO, PaBeH-
c¢TBO (1) He MOMKeT BHINOAHATHLCA.

PaccMoTpuM cayuail, Koraa Touka M(x) dexuT Mexay A m B
(Touxka M, Ha puc. 129). [Ina raxoii ToukH papeHcTEo (1) mpuHNMa-
eT BaA

(x - (-8)) + 2(2 - x) = 8,

OTKYy/Za HaXoAaum x = —1.

PaccMoTpEM cayvall, Koria Touka M(x) nexuT npagee Touxknm B
(roura M; Ha puc. 129). lIna rako#t Toukn papeHCTBO (1) NpHANMA-
eT Buj

(x-(-3)+2x-2)=8,
OTKYJa HaxoauMm x = 3.

OrserT: -1, 3.

Jamevanue 3. CoBeryeM BaM nonpooBaTh ACHOABLIOBATE AAA
pemieHns YpABHeHHSA M3 npuMepa 3 rpadmuecknit cnocod. JInxa sroro
HAJO IOCTPOUTEL rpadux dynxmuu y = |2x — 4| + |x + 3|. Ioutn ra-
Kol ke rpadmax Guian panee mocrpoen B § 16.

Bonpocsl AN camonpoBepKm

1. HasoBuTe TPM OCHOBHHX cHocofa pemeHHA ypaBHeHHH ¢ Mo-
AYAAMHA.
| 2, IIpuMennTe YKA3aHHbIE BAMA CIOCOBH AAA PENIcERA YPABHCHHA
X — 3| = 2.
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6. AJTEEPAMMECKME YPABHEHUS

§ 38. WPPALUMOHANBHLIE YPABHEHMS

1. OCHOBHbIE NOHATHA, CBA3aHHbIE
€ MPPALMOHANEHLIMM YPABHEHHIMM

Eciu B ypaBHeHNH mepeMeHHAs COHEPHMTCA HOX 3HAKOM
KOPHA (KBaApPATHOrO, KyOMYECKOr0 M T. A.; MBI OOKa OrPAHHYAMCSH
KBaAPATHHIMH KOPHIMH), TO YPABHEHHE HASHBAIOT HPPANNHOHANBHLIM.
BriBawT ciyuan, KOrAa MATEMATHYECKAA MOJEAs PeaIbHON CHTYanHN
npeAcTaBasgeT cofoli HppanAOHATEHOE YPABHEHHAE — MBI ¢ 3THM YiKe
BCTpeuaauck (cM. sameuanwe K npumepy 3 B § 28).
PaccMOTPUM MPPANHOHAJBHOE YDABRHEHHE

J2x +1 =3,

9T0 paBeHCTBO IO ONPeAeeHUI0 KBAJPATHOIO KOPHsS O3HAuAa-
er, 4T0 2x + 1 = 3%, PaxTHueCKH OT 3aJaHHOTO MPPAIMOHANLHOIO
YPAaBHEHHAA MEI MEePEUIIH K PAIMOHAJIBLHOMY YpaBHeHHI0 2x + 1 =9,
BO3BefsA B KBagpaT 00e YacTH HPPAIHOHAJBHOINO ypaBHeHHA. Memod
so3gedenus 6 xéadpam ofeux vwacmeil ypasHeHus ~— OCHOBHON METOR
peIIeHNS NPPAlHOHANLHLIX ypaBHeHUH. BnpoueM, 3T0 DOHATHO: KAK
e NHaYe OCBOGOANTRECA OT 3HAKA KBAJPATHOTO KOpHA? M3 ypaBHeHRN
2x + 1 = 9 HaxoauM x = 4. 9To KOpeHL KAK ypaBHeHHa 2x + 1 = 9,
TAK ¥ 38/JaHHOr0 NPPAIIHMOHAJLHOTO YDABHEHHS.

MeToA BOSBeAEHUA B KBAAPAT TEXHUUYECKH HeCJIOMKeH, HO HHOTHA
IPUMBOAUT K HENPHATHOCTAM. PaccMOTpPHM, HAIpHMep, HPPAIHO-
HAJIBHOE YpaBHeHUe

V2x -5 = Jdx - 7.

Bossega obe ero 4acTM B KBaJpaT, MOJIYUYHM!:

(VZx -5) = (Vax -7 ;
2x-56=4x-T;x=1,

Ho 3nauenme x = 1, OyAyuHn KOPHEM PANMOHAJNBLHOTO YPapHEeHHA
2x — 5 = 4x — 7, He ABAAETCA KOPHEM 3aJaHHOIO MPPAlUOHANBHOTO
ypaBHeHuA. ITouemy? IloacTaBue 1 BMecTO X B 3aJaHHOE HMPPAILLHO-

HAJIbHOE YPABHEHHE, MOJAYUYHM J=3 = -3. Kak e MOxHO rOBOPHTE
0 BHINIOJJHEHNH YHCJIOBOT'O PABEHCTBA, €CJIM M B JIeBOH M B mpaBoif ero
YACTAX COAEPIKATCA BhIPAXKEeHUA, He UMelouIne cMEIcJa? B mogo6usix
CAYUYAAX roBOpaAT: X = 1 — nocmoporxuil xopend Aaa 38ZaHHOTO
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6. AJTTEEPAMMECKVE YPABHERMA

HPPAIHOHAJLHOTQ YpaBHeHHA. IlonydaeTca, UTo 3aAaHHOE HDpALIHO-
HAJILHOe YPABHEHHE He UMeeT KOPHEH.
PelnaM HppanHOHAJILHOE YPABHEHUE

J2x% +5x -2 =x - 6.

Bocronn3yeMcs METOAOM BO3BEACHUA B KBAAPAT:

(JZx"' + Bx - 2)g =(x - 6)%

2x% + Bx - 2 = x° — 12x + 36;
2+ 17x-38=0.

KopHn 3TOr0 ypaBHEHHA MOYKHO HAHTHM YCTHO: MX MPOHIBEACHHE
paBHO —38, a cymMMa paBHa —17; HeTpYAHO ZOrajgaTrbcf, UTO 8TO —
yucaa 2 u —-19. Hraxk, x, = 2, x, = -19.

IlogcrapuB aHauenue 2 BMeCTO X B 38JAHHOE MDPANHOHAJIBHOE
YPABHEHHE, IOAYIAM:

J2.22+5.2-2 =2-6, 1. e 16 = 4.

OTO HEBEpHO.
IloacTapue sHaueHne —19 BMeCTO X B 3aJAHHOE HPPALNMOHAJIBHO®
ypaBHEHHE, HOJYyIHM:

J2 (<197 +5.(-19) -2 = -19 - 6, 1. e. /625 = —25.

9710 TaKKe HeRepHO,

KakoB xe Bupoa? 006a HallIeHHEIX 3HAYCHHA — NOCMOPOHHUE
Kxophui. MHEIMHU cNOBaMU, 3aflaHHOE MPPATIMOHAJIbHOE YPABHEHNE, KAK
¥ npeabayIiee, He MMeeT KOpHei.

TlocTOpOHHHEA KOpeHR — He HOBOe AId BAC DOHATHE, HNOCTOPOH-
HHe KOPHM Ve BCTPEUYANNCHh IMPHU PeIIeHUH PAIMOHANBHEIX YpaBHe-
HUR, OOHApPYRHTh HUX IDOMOraeT nmpoBepka. Jlna HpPpanMOHANBHLIX
YpaBHeHHH MpoBepka — 006A3aTENbHBINA 2TAN pelleHHA YPABHEHHA,
KOTOpHIH moMoceT O0HAPYRHATHL MOCTOPOHHHE KOPHH, €C/IM OHH €CTh,
B oTOpOCHTD HX (06EIYHO MOBOPAT ¢OTCEATH?S).

Hrak, uppanuoHaIbHOE YPABHeHHEe PeIIaioT Memodom eosaederus
obeux ezo wacmell 8 Keadpam; peIIHB NOJYYEHHOE B MTOre Pamuo-
Ha/NbHOS yPaBHeHHe, HAAO 06GA3ATENLHO CAGNATH NPOGEPKY, OTCEAB
BO3MOMKHEIC NOCMOPOHHUE KODHUL.

Henmonsaya 3T0T BEHIBOA, PACCMOTPHM HECKOJBKO IPMMEPOB.
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6. AJTEEPAMMECKME YPABHEHMS

IIpumep 1. Pemruth ypasHenue

J5x-16 =x - 2, 1)

Pem e nue. Bospeaém ofie wactu ypasaerus (1) B kpagpar:

(V5x=16) = (x - 2)%

Bx - 16 = x* — dx + 4;
% - 9x +20=0;
=0, x3=4,

IIpoeepxa. IloacraBuB x = § B ypasHeHue (1), moayuuM J§ =3—
BepHOe paBeHCTBO. IloxacTaBmB X = 4 B ypasHenue (1), moayuymm
JZ = 2 — BepPHOe PABEHCTBO. 3HAYUT, 00a HaliJleHHKIX 3HAYECHUA —
KopHu ypaBHeHnd (1).

OrBerT: 4; 5.

Ipumep 2. Pemurs ypapHenme 2x° + 8x +16 = 44 — 2x
(aT0 ypaBHEHUEe BCTPETHAOCH HaM B § 28, HO ero pellieHne ME «OTJIO-
KUY KO NYIMIUX BPDEMEH»).

Pemennme. Boseeas B KkBagpaT ofe YacTH 3aZaHHOrO Hppa-
UOHANBHOI'O YPABHEeHUA, MOJYIHM!:

2x% + 8x + 16 = (44 - 2x)%;
2x°> + 8x + 16 = 1936 - 176x + 4x%;
-2x% + 184x - 1920 = 0;
xZ—-92x + 960 = 0;
x, =80, x,=12,

IHposepxa. IloactaBus x = 80 B 3a1aHHOe HPPAIHOHAJILHOE YDPaB-
HeHHe, NIOJYUHUM:

V2-80%2 +8-80+16 =44 — 2 - 80.

fcHo, 9TO 2TO0 ~— HeBepHOE PABEHCTBO, MIOCKOJABKY B €ro NpABOit yacTH
COACDIKHUTCH OTPHIATENBHOS YUCJIOo, A B JeRol — NMOMOMKUTENRHOE JYHC-
J0. CnexoBaTtenbno, x¥ = 80 — nmocTopoRHNE KOpeHb AJIA ZAHHOIO ypas-
HeHHS.

Iloacrasus x = 12 B 3afaHHOe HPPAIMOHANBLHOE YpaBHEeHHE, IO-
JAYIHM:

V2-122 +8-12+16 =44 -2 -12,

400 = 20 — BepHOEe paBeHCTBO. SHAYHT, ¥ = 12 — KOpeHB
ZAHHOTO YPABHEHHA.

OTrseT: 12.
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6. " ANFEGPAMHECKME YPABHEHMS

Npumep 3. Pemurs ypanHeHHnE

J8x+7 + Jx +2 =38. (2)

PemeHne. Ilpeobpasyem ypasHeHHe K BHAY

V3x+7 =8-Jx+2
H OpHUMEHHM METOX BO3JBEACHMS B KBAJAPAT:
(Bx+7) = (3-vx+2);
8x+7=38"-2-3.Jyx+2 +(Jx+2)2;
Bx+T7=9-6Jc+2 +x+2;
GJm =4 — 2x;
8Jx+2 =

Emé pas npuMeHHM MeTOX BO3BeACHHA B KBAADAT:

(3Vx+2) =(2- x)’,
9x+2)=4-4x+
x2-18x-14=0;
X, = 14, Xg = -1.

IIposgepxa. IlopcTanue sHauenne x = 14 B ypapHenne (2), noayqum:
J— + J_ = 3 — HeBepHOe PABEHCTBO, CJACAOBATENLHO, X = 14 —
IOCTOPCEHHH KOpPEHb.

IToacraems 3EA4eHne X = —1 B ypasHeHRe (2), OIyIHM: J_ 4 + \E =
= 3 — pepHOe paBencTno, [IosToMy x = —1 — KopeHs ypaBHeHnsH (2).

OrseT: -1.

NIpumep 4. PemnTs ypaprenme 2x + J_ -3=0.

Pemenue. KoReuEO, MOXKHO DEIINTH 2TC YpPABHEHHE IIO TOM Xe
cXeme, KOTODYIO MK NPHMEHSJIN B NPEAMAVIIMX NpHAMepax: mepe-
IHCATE YPABHCHUE B BHAe J; = 3 — 2x, BO3BecTH ofie HACTH BTOrQ

YPABHEHHHA B KBAJPAT, PEIINTE MOJAYISHHOS DANOHANLHOE YPABHEHHE
M DPOBepHUTH HalifeHHHe KODHH INOACTAHOBKOH MX B HCXOZHOE

HPPAUHOHAJbHOE YPABHeHUe,
Ho mui npumenuM Gosiee H3sTmELIM crocol: BBeAéM HOBYIO IepeMeH-

HYIO Y = Jz. Toraa nosyuuM 2y° + y — 8 =0 — KBaApaTHOE YPaBHEHMe
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6. AJTEBPAMYECKHUE YPABHEHUSA

. . 3
OTHOCHTEJILHO mepemeHHOH y. Haiigém ero xopam: y, = 1, y, = 3
Taxum obpasoM, 3a/laua CcBeJACh K PEIIeHHIO ABYX YpaBHeHmH:

Je=1; Jx = -2

2
H3 nmepBoro ypaBHeHHs HaXOAHM X = 1; BTopoe ypaBHeHHe He
HMEEeT KOpHeii (BBl JKe IOMHHUTE, YTO +x IPHHHMAET TOJIBKO HEOT-
pHLATEIEBHEIE 3HAYCHHUS).

OrserT: 1.

2. PaBHOCMNBHOCTE YPABHEHMH

Bel yKeé HAKONHWJIHM HEKOTODHIH ONEIT B pelleHAH DPA3HBIX YPAaB-
HeHMit — JUHeHHBIX, KBAIPATHHIX, PAMOHANLHBIX, UPPAIUOHANLHEIX,
Bu 3raeTe, ¥TO NpH pElIeHHH YPABHEHHI BBINOJHAIOT DA3AWUHLIE
npeo0pA3OBAHU I, HATIPHIMeD:

¢ YJIeH YPaBHEHHS NNePEeHOCAT U3 OJHOH YaCTH YPABHEHHA B ADPYTYIO

€ NPOTHBOIIOJIOKHEIM 3HAKOM;

» ofe JACTH YpABHEHHMS YMHOMKAIOT UM AEJAT HA OAHO H TO JKe

OTJHYHOE OT HYJIA YHCIO;
» 0cBOGOIRAAIOTCH OT 3HAMEHATeJad, T. €. BAMEHAIT ypaBHEHHe
% = 0 ypapHeHHeM p(x) = 0;

» ofe yacTH ypaBHeHHA BO3BOAAT B KBaJparT.

Koneuno, Bl o0paTHIM BHUMAaHHE Ha TO, UYTO B peayJLTaTe He-
KOTOPEIX Npeolpa3oBaHUil MOIIHM DOABUTHCS IMOCTOPOHHHE KOPHM,
MO3TOMY MPHUXOAUNOCH OHITH OAHTENHHBIMH H HPOBEPATH Bce Hail-
JACHHEBIE KOPHH. BOT MK M MONEITAEMCHA CEHZAC OCMAICIHUTE BCE 9TO C
TeopeTHHeCcKoll TOUKH 3peHHA.

Onpedenenue. lIra yparHeHHA f(x) = g(x) 1 r(x) = 8(x) HasnIBAlOT
PABHOCHJIBHBIMH, €CJIH OHU UMEIT OANHAKOBEIE KOPHHU (MK, B YacT-
HOCTH, eciu 00a YypaBHeHMA He HMEIOT KOpHeif).

OfBI9HO OpPH pelueHHn ypaBHeHHWA CTAPAIOTCA 3aMEHUTH AaHHOe
ypaBHeHHe Gojlee MPOCTHIM, HO PABHOCHJABHEHIM eMy. Takyie sameny
HA3LIBAIOT PABHOCHALHBIM Npeofpa3oBaHBeM YPABHEHHS,

VEKasKeM 0CHOBHLLE DAGHOCUABHBIE NPEOBPA30BAHUA YPABHEHU.

1. Ilepenoc ui1eHOB ypaBHeHNA H3 OOHOH YaCTH YPABHEHHA B APY-
YO ¢ IPOTHRONOJIOKHRIMH 3HAKAMH,

Hanpumep, 3aMeHa ypasHeHHAa 2x + 5 = 7x — 8 yparHeHHeM
2x — Tx = -8 — b ecThs paBHOCHJLHOEe Npeo0pa3oBaHHE YDABHCHHA,
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6. ANTEBPAUHECKME YPABHEHUSA

OT0 SHAYHT, YTO ypaBHeHHA 2x + B =Tx ~ 8w 2x - Ix=-8 -6
PaBHOCHNALHEI,

2, YMHOMXEeHHe UM feleHHe o0enx uacTed ypaBHeHHSA HA ORHO 1
TO € OTIHYHOE OT HYJIH YHCJIO.

Hanpumep, samena ypasHenna 0,6x* — 0,8x = 2 ypasHenHeM
5x% — 3x = 20 (ofe yaCTH NEpPBOTO YpABHEeHHS NOYJIEHHO YMHOMKIIA
Ha 10) ecTb PaBHOCHALHOE HpeofipazoBaHHe YPaBHEHHA.

YxayxeM ocHOSHbiE HEPABHOCUAbHbLE NPEOOPAIOEGHUR YPAEHEHUA.
1. OcBoBoxacHue OT 3HAMeHaTeNeH, cofepKAIIUX DepeMEeHHYIO.
2 _ 4
-2 x-2
€CTh HePABHOCHIbHOe NpeobpasoBaHHe ypaBHeHUA, leao B ToM, uTO
BTOpOEe ypaBHeHHEe MMeeT fBa KOPHA: 2 U —2, a NepBOMY yPaBHEHHUI)
3HAYEHNE X = 2 He MOMKeT YAORJETBODATH, OIPH ITOM 3HAYEHHM SHA-
MeHaTenn o6pamanTca B Hynb. B noA00HEIX CAYYAAX ME T'OBOPHIA
TaK: ¥ = 2 — NOCTOPOHHMII KOpeHL (1A mepBOro ypaBHeHH).
Koraa roeopar HepasHocuavhoe npeolpa3osarue, 3T0 He IHAYNT,
YTO NOCTOPOHHHE KOPHE 00a23aTeNbHO NOABATCA, 3TO 3HAYHUT, UTO OHU
Mozym NOASUMbBCA, KaK 3T0 OBIJIO B TONABKO 4YTO PACCMOTPEHHOM

ypaBHeRHeM x° = 4

HanpaMep, saMeHa YPABHEHHA p

x? x

-2 x-2
€CTh DAaBHOCHJBHOEe NpeolpasoBaHHe YPAEHEHHA, KOPHH BTOPOTro
yparHeana 0 u 1 ARAAIOTCA B TO e BpeMA H KODHAMH NEPBOTO
YpaBHEeHHA,

2, BospepenHe oGenx uacTeil ypaBHEHHS B KEAADAT.

IIpuMepn npuBoauTs He OyJeM, TAK KAK B STOM maparpade Hx
OLIJIO AOCTATOYHO MHOTLO.

EcTb H APYTrHe HepaBHOCHJIBHEIE NpeobGpasoBaHHsA ypaBHERMI, HO
MBbi IOK8 OTPAHAYHMCHA TOABKO YKAIAHHRIMU ABYMA,

Ecau e npouyecce peuteHus YypasHeHURA RPUMEHAROCH 00HO U3 YyKa-
3GHHbBIX HEPABHOCURLHLLX NPeobpa3neatiiii, mo éce HalidenHbie KOpHU
HYNHO NPOSEPUMb ROACMARO8KOLL 8 UCXO0HOE YpasHeHUE, NOCKOALKY
cpedu RuxX Mozym O0KG3GMbCA NOCMOPOHHUE KODHU.

Bnpouem, mHOTAA NpoBepKa KOpHeil moxcTaHOBKOH GLIBAET Bech-
Ma obpeMerntenvHOl., Toraa ucnoabsywTca Apyrue coolpaskeHuns,
KOTOpEIe MH ceiiuyac obcyaum.

Ecnu ofe wacTu yparneHHs f(x) = g(x) BoSBecTH B KBaJpaT, TO
noayuurca ypasHenue (f(x))’ = (g(x)):. Ecan ofe uacTH ypaBHeHMA

ypaBHeHHeM X% = x

npuMepe. A BOT 3aMeHA YPABHeHHHA p
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6. AJITEBPAUMECKUE YPABHEHWA

f(x) = —g(x) BO3BecTH B KBaApaT, TO CHOBA HMOJYYHTCH YpaBHEHHE
(f(x))* = (g(x))’. Taxum obpasom, ypasmenue (f(x))’ = (2(x))* kar
Oml «crnenBaer» aBa ypasHeHHs f(x) = g(x) u f(x) = —g(x), orciona
¥ NOABJAIOTCA ROCMOPOHHUEe KODHU (KopHM ypaBHeHuA f(x) = —g(x)
yame BCero OKashIBAIOTCA [IOCTOPOHHNMH AJIA YpaBHeHud f(x) = g(x)).
ITocTroponrux KopHeit He 6yAeT, ecau, HANpUMep, BTOpoe YpaABHEHHE
He UMeeT KopHeii. B 3ToM MuI MOXkeM OBITH YBEpPEHBI, €CJIM U3BECTHO,
yT0o 0be yacTu ypaBHeHHuA f(x) = g(x)} HEOTPULATENBHBI.

Hrak, 60zsedenue obeux wacmeil ypasnenusa 6 keadpam ecmeo
pa8HocuRbHOEe npeobpalosanie, eCAU UIBECMHO, ¥mo ofe wacmu
YPABHEHUR NPUHUMGIOM MOABKO Heompuuameabhbie (URU MOALKO
HENOROXUMERbHbIE ) 3HAYEHUS,

B CBA3M ¢ 3TMM BepHEMCH K ypaBHeHHI vHx — 16 = x — 2
(cM. Brime mpumep 1), Tax Kax NOZKOpeHHOe BEIPaKEHHe JOKHO GHITh
HEOTPHMIATeNbLHEIM, JOMKHO BHIIOJHATHCA HEpAaBeHCTBO Ox — 16 >0, T. €.

16
x 2 - Ilpu 2rOM ycsloBNM DpaBaA 4acTh YPABHEHHA 3aBEAOMO IIO-

JIOHTENBHA, TAK YTO BO3BeJeHUe B KBaApaT ofeux uacte#t ypaBHeHUA
€CTh PABHOCHJAbHOE NIpeofpasoBaHHe ypaBHeHuA. B pesyabrare Bo3Be-
IeHUdA B KBAXPAT MBI IOJYYaeM KBAJAPATHOEe YpaBHEHMe ¢ KOPHAMH 5

H 4, YAOBJIETBOPAKINUMH YCJIOBHIO X 2 % B cuny paBHOCHILHOCTH

npeodpa3oBaHBil 3TO KODHM UCXOAHOIO YpPaBHEHHMA (IPOBEPATH HX
TMOACTAHOBKOI B HCXOAHOEe YpPaBHEHUE He HYKHO),

Teneps BepHEMCA K YPABHEHUIO J2x2 +8x+16 =44 — 2x, He-
paBencTBo 2x2 + 8x + 16 > 0 BHIOJHAETCA TPH BCEX X, MOCKOJBLKY
2x% + 8x + 16 = 2(x + 2)* + 8. BosBeaeHue B KBaApaT ofenx uacrel
ypaBHeHMA GyAeT PABHOCHJALHBIM NpeoGpasoBAHHEM NPHM YCHAOBHH
44 - 2x 2 0, 7. e. x < 22. BoasBeasa obe yuacTH YypABHeHUA B KBaXpaT,
MBI OPUMAY K KBAAPATHOMY YPABHEHHIO ¢ KOpHAMHE 80 u 12. 3 HuX
YKa3aHHOMY YCJOBHIO YAOBJETBOPAET AumIs sHadeHue 12, IToaromy
12 — KopeHb 3ajAHHOI'C MPPAOUOHAIBLHOrO ypaBHeHHA, a 80 —
TIOCTOPOHHM YK KOPEeHb.

Hpumep 5. PemuTh ypaBHeHUe
Vel +x -5 +Jx* +8x -4 = 5.

Pemenue. Ecan ofe 4acTH 38AaHHONO YpaBHEHHA BO3BECTH B
KBAADAT, TO NOJYYHTCA AOBOJBLHO CJHOMHOoe ypaBHeHue. Iloctrynum
HHaue: MpeoGpazyeM ypaBHeHHe K BHAY
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6. AJTEBPAMHECKUE YPABHEHAA

Ve +x-5=5-Jx2+8x-4
H BO3BeiéM ofe UacTH B KBAAPAT:
(Ve +x-5) = (5-JaF +8x—4) ;
22+ x-5=25-10a% +8x-4 +x*+8x-4;
10Vx? + 8x — 4 =Tx + 26. (3)

Emé pas BospeaéM 00e YacTH YpaBHEHHSA B KBaJAPAaT:

2
(10y%* +8x - 4) = (Tx + 26)%
100x? + 800x — 400 = 49x2 + 364x + 676;
51x + 436x — 1076 = 0;

_, . __538
x, = 2, Xo = 51 «
II POsepKa. 3nagenue x = 2 VAOBJETBOPAET HCXOJHOMY VPDABRHEHHIO.
YTo KacaeTcs 3HAYEHHHA X = —55318 » TO MMOACTAHOBKA €I'Q0 B HCXOODHOE

VPABHEHHE NPUBOAHMT K BEChMAa CJOJKHBIM BRIYHMCACHMAM. OaHako
TAKOH NMOACTAHOBKH MOJKHO H30e)KaTk, €CJIH 3AMETHTD, YTO IPH 3TOM
SHaYeHWHN NPpaBafA YacTh ypasHeHHAs (3) NpMHUMaeT OTpHUIATENbLHOE

aHaveHMne: 7 - [—55—318) + 26 = —%. B 1o xe BpeMsa seBas UACTh
538

YPABHEHHNA OTPHIATEAbLHOH ORITE He MOKeT. TakumM obpasoMm, 5L

He ABAAETCA KOPDHEM 3aJaHHOro YPABHEHHA,
OrBer: x =2,

IIpumep 6. PeminTk ypaBHeHHE

x2+ 8- 2x% - 3x + 2 = 1,5(x + 4).

Pemenue. Ecin OpoABHTE HEKOTOPYIO HAGIIONATENBHOCTD,
MOKHO 3AMeTHTh, YTO 38JaHHOE YPEBHEHHE JIETKO CBOAHTCH K KBaj-
paTHOMY. [leficTBUTENLHO, YMHOMKUE 00e YaCTH 3aJAHHON) YPaBHeHUA
Ha 2, nOJyuuM:

222+ 6 -2J2x* -3x+2 =3x+12;
2xz—3x+2—242xz—3x+ -8=0.
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6. AJTEBPAUHECKHUE YPABHEHMA

Honaras /2x% - 8x + 2 = y, noayuum y° - 2y - 8 =0, orkyza y, = 4,
Yo = —2. Taxum obpaszom, 3aaaua CBOAUTCA K PEIIEHHIO ABYX YDaBHeHUH:

V2x2 - 3x + 2 =4, 242 -8x +2 =-2,

W3 nepBoro ypapHeHHA HAXOAHM X, = %, Xy = —2; BTOPOE YpPABHe-

HHe He HMEeT peilleHHI.
Tak Kaxk HCXOAHOE€ YPABHEHWE PARHOCHIABHO YPABHEHHIO

\/2x2 —3x +2 = 4 (DOCKOJABKY RTOpPOE YDABHEHHE He HMEJO peme-
HUit), HAWACHHHE 3HAYEeHUS MOKHO NPOBEPHTH DOACTAHOBKOH B

ypaBHeHMe 2x? - 8x + 2 = 4, OTa NMOACTAHOBRKA NOKA3HIBAET, ITO
ofa BHAYEHNA ABAAIOTCA KODHAMH YKA38HHOTO, a CIEAOBATENBHO, H
HMCXOAHOTO YpABHEHUA.

OrgerT: 3,5; -2.

IIpamep 7. Peinurh ypasHeHHe

2x -5+ 2Jx* -5x +2Jx -5 + 2Jx =48. (4)

Pemenwue. Ecau ¥ # 5, To Bce BHpaKeHHUA NOJ 3SHAKAMH KEBaj-
PaTHBIX KOPHell HeOTpHUOATEJALHEI, MOSTOMY BBIDAKEHUE sz - bx

MOKHO TIPEACTAEKTE B BUAE \E . Jx-5. Hanee, Tak Kak 2x = x + x,
TO ypaBHeHHe (4) MOXKHO NepenHCcaTh CIeAYIOMNM ofpasoMm:

x+x-5+2Jxx—5+2 x5 +2Jr -48 = 0
(Vz) +2Javz -5 +(Vx-5) + (Vx5 +Jx)-48 = 0;
(\}x-5+Ja_c)2+2(\}x-—5 +JJ_|:)-48=0.

Beens HOBYIO IEPEMEHHYIO Jf = X — 5 + Jx, monyunm ksaxparTHoe
ypaBHeH¥ue ¥’ + 2y — 48 = 0, M3 KOTOpOro HaXoAMM ¥, = 6, y, = ~8.
Taxum ofpa3oM, 3afaua CBeJach K PEIIEHHIO ABYX YDaBHEeHHI:

Jx-5 +Jx =6 Jx -5+ Jx =-8.

2
H3 nmepBoro ypaBHeHHA HAXOJAMM X = (%) ; BTOpPOe YpaBHEHHE
PelIeHHHA He HMeeT.
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é. ANTEEPAMYECKME YPABHEHUS

2
ITposepra MOKAILIBALT, YTO X = [—‘1%) ABIASTCA KOPHEM YPABHEHHSA

Jr-5 + J_ = 8. Ho 310 ypapHeEHe DABHOCHILHO YpaRHeHnIo (4),

2
BHAYHT, X = [%] ABAAETCA KODHeM M ypaBHeHnA (4). B

Bonpocul NS CAMONPOBGPIM

1. Kaxue ypaBHeHMA HA3BIBAIOT HPPANMOHANBHEIMH?

2. [Touemy OpM pelleHMM MPPALNMOHAJIBHOIO YPABHEHHSA C/EAYET
ofs3aTe/IbHO AeNATE IPOBEPKY HalAAeHHBIX KOpHEA?

3. B kaxoM cnyuae ypapHenus f(x) = g(x) n r{x) = s{x) HazRBAIOT
PABHOCHIBHEIMH ?

4, Kaxne npeofpasoBaHua YPABHEHHA ABIAIOTCA PABHOCHABHEIMH ?

5. Kaxue npeolpasosanng ypaBHeHHS MOTYT IPHBECTH K IIOABJe-
HHI0 OOCTOPOHHMX KOpHeii?

§ 39. 3ALAYM C NAPAMETPAMM

Yro651 NOZHAKOMHTECS ¢ IOHATHEM YPABHEHUA ¢ nAPaMeEmM-
Pox, DPACCMOTPHM ABA CPABHATEJBHO HECHO)KHMX NMPHMeDA.
IIpumep 1. Pemuts ypaBaeHue
-+ Dx+@:+p-2)=0.

Pemenue. B 3agannoM KBaIpaTHOM YpaBHEHUM B DPOJIH Koad-
$HUONEHTOR BHCTYIIAIOT He KOHKPETHRIe YHCHa, a G6YKBeHHHEe BHIpA-
senusa, TakMe ypaBHeHMs HASHKIBAIOT YPABHEeHHAMH ¢ OYKBeHHHMH
KoapHOMEeHTAMU MIH YPABHeHUAMU ¢ napamempaxu. B pamaom
cay4uae napaMeTp (6yKea) p BXOAHT B COCTAB BTOPOro Rosgpdpunmenra
# cBOGOAHOTO WieHA YDABHeHHd.

HaliaéM ZUCKPUMHHAHRT:

D=@2p+1)Y’-4-1-(p*+p-2)=
=dpP+4p+1)-(4p*+4p-8)=9.

Hanee,
x1=(2p+;)+s/§ =2p+21+3 =2(p2+2) —p+2;
= (2p+;)—~/§ _ zp+21-s=a(p2-n =p-1.

Oreer:p+2; p— 1.
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6. ASTEEPAMYECKUE YPABHEHMS

3amevanuel. JanHoe yparHeHHe MOMXKHO PEIOIUTE YCTHO, €CIIH

3aMETHTE, uTo p’ + p — 2= (p + 2Xp — 1). lepermcas ypasHeHNe B BUAE
22-(2p+Dx+(P+2(p-1)=0,

JIeTKO coo0pasuTh (¢ OOMOIILI0 TeopeMbl, o0paTHOl TeopeMe Buera),
4TO ero KOpHAMH cChayxar yucaap +2mp - 1.

Hprmep 2. Pemurs ypaBmenue px> + (1 - p)x — 1 =0.

P e m1 e H 1 e. 10 TaKKe YypABHEHUe C TApaAMETPOM P, HO, B OTINYHE
OT NpeALIAYINero NpUMepa, erc Hexb3A cpasy peinaTek mo ¢opmyne
KopHeH KBajpaTHOro ypaBHeHHA. [eno B ToM, 9TO mpo sajaHHOE

YpaABHeHHE Mhl II0OK& HE MOKEM CKAasaTh, ABJAAETCA JU OHO KBaj-
paTHEM. B camom nene, a Bapyr p = 07 Toraa ypaBHeHNe IpUMET BHI

0. °+(1-0)x-1=0,

T.e. x — 1 =0, orkyaa monyuaem x = 1. BoT eclm TOYHO M3BECTHO,
1o p # 0, TO MOXXKHO DPHUMeHATE GOPMYJIY KOpHeH KBagpaTHOro
ypABHeHUA:

_l-pEya-pP-4-p-C1 _

Xy,2

2p

_p-liJr—2p+p3+4p_

= T =
_P-1:y(+1P _ p-1+(p+1),
2p 2p !

_Pp-l+(p+l) _2p _ .

X, 2p 5p 1;

= 2-1-p+h -2 _ 1

2 2p 2p  p

Ecmp=-1l,Tox; =x,=1.
Orperiecnup=0umup=-1,rox=1;ecnup#0, -1, 10 %, =1,

Xp= ~L
T p

Bamevanue 2. O6paTHNH JH BM BHUMAHME HA TO, YTO B
Opolecce pelleHNA MOCASAHEr0 KBAAPATHOTO YPaBHOHHA ME AONY-
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é. " AJTEEPAMMECKME YPABHEHMS

CTHAH HETOYEHOCTh: BAMEHHJH BHIDAMKCHHE ,f(p + 1) BhEIpa:KeHHeM
p + 1, xorg, kak 6uI0 yeranosiaeHo B § 16, umeer MecTo dopMyna

J(p + 1 =|p + 1|2 TTouemy e MBI He HCHONBIOBAIM 3HAK MOXYJA?

OTBer Ha 9TOT BONPOC CBASAH ¢ IPAKTHYHOCTHLI0 MATEMATHKOB. 3a9eM,
TOEOPSIT OHH, NIUCAThH :|:|m|, KOTAa MOMXHO HANTACATE IM; H B TOM H B
ADYTOM cydae BuipasxieHne 6yaer ofbeAMHATL BA ITPOTHBOMOMOXKHELIX
qHCAA: it H — .

Fdamenanue 3. KsagpaTHoe ypaBHEHUE

pt+{(1-px-1=0
MOXHO ORINO pemmMTL, He NpuMeHAA bopMyny KopHeit, JlocTaTouHO
GaMETHTD, YTO 8HaUeHHe X; = 1 yAOBICTEOPAET YPABHEHHIO (IpH X =
= 1 nonyuaeM: p + (1 — p) — 1 = 0 — BepHOe paBeHCTBO), W BoC-
MONbL30BATECA Teopemoit BueTa, corsacHo koTopoit x,x, = —%; 3HAYHT,
1

Xy e

IlapaMeTp B ypaBHeHHMH MOeT 6hITh 0603HauYeH di060#t GykBoii.
Mmu B npumepax 1 u 2 o6osHavasu ero 6yxsoit p (oHa Kax Gnl Hano-
MHHANA BAM O CJIOBE Napamemp), HO fanece nepeliaéM x Gonee ymo-
TpebuTenbHo# ANA 0603HAUCHNA napaMeTpa GyxBe a.

Hrax, ecnu aamo ypasrenue f(x, @) = 0, KoTOpoe HAAO pPEeIIHThH
OTHOCHTEJBHO NepeMeHHoH ¥ m B KoTopoM O6yKBO# a 0o603HaueHO
NMPOUBBOJNIEHOE AEHCTBUTENbHOE YHCJIO, TO F'OBOPAT, UTO 384aHO YPaB-
HeHHe ¢ napamerpoMm. OCHOBHAA TPYRHOCTh, CBABAHHAA C pPellleHHEM
TAKHX YPDABHEHHMi, COCTOMT B caeayiomeM. IIpu oguux 3sHaueHMAX
nmapaMeTpa YpaBHeHHMe He HMeeT KOpHeit, OpHM APYIrHX — HMeeT; NpH
OAHHAX 3HAYEHUAX NAPDAMETPa KOPHH HAXOAATCA MO OFHUM GopMyIaMm,
npHu MHEIX — 00 APYTrHM. Kax Bcé aTo yuecTh? BepHHTeCH K npuMepy 2
U o0paTHTe BHMMAHME HA TO, UTO NpH p = 0 MEl pemasn ypaBHeHHe
Kak nuHeiiroe (mo oxzuoit dopmyne), a opu p # 0 — KaK KBagpaTHOe
(mo apyroit dopmyame).

IIpumep 3. PemrnTes ypaBHeHNe ¢ MAPAMETPOM Q:
2a{a - 2)x =a — 2.
Pemenane, OORIYHO KOpeHbh YpaBHeHHAS bx = ¢ MBI JIerKo Ha-
X0AuM o dopMyne x = %. TAK KAK B KOHKPETHOM YPABHeHHH KO-
sbdunuent b oraudeE oT Hyaa., B sazannoM ypasHeHHM Koadbdn-
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6. ANTEBPAMHECKME YPABHEHWA

IMeHT npH X paseH 2a(a — 2), a NOCKOJILKY 3HaYCHHE HApaMeTpa a
HAM HEM3BeCTHO H B NPHHIUNEG OHO MOXKeT OHITH JKOEIM, cleRyer
NOACTPAXOBATBLCH, T. €, CHaAUaJIA NPeAYCMOTPET: BO3MOMKHOCTE: obpa-
MEeHANsA YKA3aHHOro KoadduuueHTa B Hyab. 310 6yaer npu a = 0 uan
opu a = 2,

Hrax, paccMoTpuM caenyiompe caydan: 1y)a=0; 2)a=2; 3)a#0,
a+2.

1) [Tpu a = 0 ypaBHeHMe npuHUMaeT BUA O - X = 2 — »T0 ypaBHeHHE
He MMeeT KOpHeil.

2) Ilpu a = 2 ypaBHeHne npuHuMaeT Bux 0 - x = 0 — sromy
YPABHEHHIO YVAOBJETROPSIOT JIO0hIE 3HAYEHHUA X.

3)IIpn a # 0, a # 2 KoappunueAT NpHU X OTJHYEH OT HYJIA H,
CJI€JOBATENHHO, HA 3TOT KO3((}HIMEHT MOKHO Das3zieIuTh obe uacTn
ypaBRenud. [ToryunM:

a-2 1

*= %a@a-2  2a

OrBerT: 1) ecim a = (0, To KOpHeH HeT;
2) ecin a = 2, 70 x — moboe geHCTBHTENbHOE UMCJIO;

1
3)ecnua#0,aae2,'rox=§;.

INNpumep 4. CkonbKko KOpHeil MMeeT ypaBHeHHe
2x—al=x+1

npH pa3/IH4YHbIX 3HAYEHHSX IIapaMeTpa a?

7\ 7 Pemenne. Ha pucynxe 130
n3o6pakeHsl B OQHO# cucTeMe KO-
x opauHaT rpadburn pyHrnoui y = 2[x|
P u y =x + 1. OFu mepecexalorcs
3 / B ABYX TOYKAX, 3HAYMT, 3aAaHHOE
ypaBeeRAne npu ¢ = 0 umeer aBa
£
e rxoprsa. Ecin p3aTte mwoboe a > 0, To
rpaduk dpynxnun y = 2jx — a| noay-
8 yurea u3 rpadmka GyRkoun y = 2|y
v CABUTOM TNOCJAEXHETO BAOJIb OCH X
o] ] Y BopaBo. IIpu aTOoM moiaydeHHHEH
T rpadbvK NepecekaeTca ¢ TpaduKOM
¢ysRIUK ¥ = x + 1 OOATH-TAKH B
Puc. 130 ABYX TO4YKax (cM. puc. 130),

@

—

& =
2

=¥
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i/ Y 7
FAE
p )
BTN\
y’ "? /
/ \ 2 <A
\V4
1 a -1 0 X
_ h
ajo % ¥
¥
Pre. 131 Pre. 132

Teneps Gyaem gsuraTh rpaduk dysaxoun y = 2| x| Brons ocu x Bie-
BO — 3T0 Gyzer npu a < 0. Ecau —1 < a¢ < 0, rpaduKH mo-npemHeMy
nepeceralOTeA B ABYX ToukaXx (puc. 131), npu a = -1 rpadpurn umelor
AuImbL oAy obmyo Touky (puc. 132) u, caemoBaTenbHO, IATAHHOE
YPaBHEHUE umMeeT OAHH KopeHb. Hakonen, npu a4 < —1 rpadHru He
mepeceraioTcsa (cM. puc. 132) i, ciepoBaTeNLHO, YPABHEEHUE He HMeEeT
KOpHeii.

OB eT: ypaBHeHHE HMERT ABA KOPHA, €CIH 4 > —1; OAUH KOPeHb,
ecam @ = —1; ypaBHeHHe He uMeeT KopHeil, econ a < -1.

Mpumep 5. Permurs ypasseHue vx — a = 2¢ — .

Pemenue. IlepBHii coocol, Cuauana 6yaem nelicTBOBATH NIO
CTAHZAPTHOM cXemMe — BO3BeAéM ofe YacTH 3aAaHHOTO HAPPAIHO-
HAJBLHOTO YPABHEHHMS B KBAJPAT M DellIMM OOJY4YeHHOe KBAaAPATHOE

ypaBHeHHE:
2
(Jx —a) =(2a-x)%
x—a=4a® - dax + x%
x*-(4a+1)x+4a*+a=0.

Hatizém muckpuMmbant: D = (4a + 1) ~ 4(4a° + a) = 4a + 1.
3naunr,

X1,2=

da+1+Jda + 1
5 .
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6. AJTEEPAMHECKME YPABHEHMSI

77 Teneps HYKHO BHIIIOJHHTL IIpPO-
_ BePKY, NOACTABJAAA IIOOUEPEAHO KAaXK-
: OBl B3 HAWJeHHHIX KOpHeH B HC-
ﬁ X0flHOe YpABHeHHe. JTa NMpOBepKa,
y= BMAHMO, OyaeT BecbMa TpyAHOI. MEI
2 '
i BHI0epeM ApyTroii myTh — rpaduIecKuii,
0 > nocTpoMM rpaduKy dyHKNmiA y= VX ~ a
H Yy=2a — x A HAHAEM TOUKH MX
& nepecevenud. Ilpu aToM nenecoobpasHo
N paccMOTpeTh TpH caydad: a =0, a <0,
a>0.

B nepBoM cayuae (npu a = 0) sagan-

Puec. 133 HOe YpapHeHHe NPHENMAET BAJ Jx = —x.

ITocTpous rpadukn GYHKOHHA y = J; s

¥y =—x (puc. 133), ybexxgaemMcs, YTO OHH HMeIOT 0y 06myyie Touky (0; 0),
NO3TOMY YPABHEHHE MMeeT TOJBKO OfHH KopeHB X = 0,

Bo BToponm cayuae (npu a < 0) rpabuxky ¢yEKOEN ¥y = 2a — x #
Y = ¥x — a He nepecerawTca (puc. 134), caexosaTeNbHO, 3aJaAHHOE
ypaBHeHNe He UMeeT KOpHeii.

B TpetreM cayuae (mpu @ > 0) rpaduky GyEROmit y = 2¢ - x ®
y= Jx - a TepecekaioTcA B ogMOi TouKe (puc. 135), sHauuT, 3agan-
HOE ypaBHeHHe HMeeT OAHH KOopeHb. TakuM o0pasaoM, H3 ABYX NOJYYEH-
HHIX BHIIIe KODHelt OlMH OKaXkeTcA nocropoHHENM. Kakoii? Oreer MoX-
HO MOYEpNHYTH U3 rpaduueckoii NamocTpanun, NpefcTaBIeEHON Ha
pucyHKe 135. Afcnucca TOUKH DepecedyeHus rpaduKoB MeHblTe, ueM 2g

\
1

7 ! 7Y
I
i
!
~ a7 1
=% _a
- e
2a a O —‘—; O a 2a :i
o< N : - >
- R
) N
D AN
1 I
Puc. 134 Puc. 135
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6. AJTEBPAMHECKME YPABHEHUA

(eT0 — alcnucca TOUKH NepecedYeHHA npaMoil ¥ = 2a — x ¢ ocbio X).
W3 nByx HalieHHBIX BHINIE KOpHeH

X = da+1-JVda +1

1
2
_4da+1+Vda+1
2= 2
BTODOit ABHO GonbIne, ueM 2a; uTobH B 3TOM YOEAUTHCA, LOCTATOYHO

1eiaiil
far1

NIepenucaTh BTOPOii KOpeHb B BUAE X, = 2a +

Hrak, ecau a > 0, To 3afaAHOe ypaBHeHHEe HMEeT OJUH KOPEHE:

da+1-Jda+1
x"'- 2 »
OrserT: eciim @ < 0, To KopHeit HeT; ecan ¢ = 0, To x = 0; ecan
da+l-Jda+1

a>0,Tox= 3

Jamevwanue 4. Orser MOXHO sanucaTh KoMnaxrtHee. Hemo
B TOM, 4TO 3allHCaHHAsA npu ¢ > 0 dpopMyaa gAs XopHA ypaBHEHHSA
npurogua ¥ npu g = 0: ecan ¢ = 0, To No ykaszaHHo#H (opmMyae noay-
yaeM x = 0. IToaToMy OTBeT MOKHO GLLIO 3alMCATH TaK: ecau a4 < 0,
TO KOpHell HeT; ecam ¢ » 0, TO

x= da+1-Vda+1
2 -

Bropofi criocol. Mimeem x — a = 2a - x. Ilomoxnm ¢ = VX — a.
Torna x = t2 + @, ¥ 3aAaHEOE HPPAMHIOHANBLEOS YDABHERVE TIPMHAMACT
BuA ¢t =2a — (2 + a), T. e.

2+t-a=0, (1)

I'Ae¢ HOBAA MlePeMeHHAA | MOMKET IPHHUMATD TOJBKO HEOTPHIATEABHEIE
3HaveHns: ¢ = Vyx — a 2 0.

Haiiaém guckpuMUHAHET KBazpaTHOro ypaBHeHus (1): D=1 + 4aq.

EcanD<0,r.e.1+4a<0,a< —l, To ypaBHeHHe (1) He nMeeT

4
KopHeil.
Ectu D=0, 1.e.1+4a=0,a = -%, T0 ypasHerue (1) opu-
HUMAaeT BUJ
42+ % =0,
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6. AJWEGPAMHECKME YPABHEHUSA

OTKYZa HAXOAUM: t = —%. OT0 HaC He YCTPAHBAET, TAK KAK AOJNIKHO
OpiTE t # 0.

PaceMorpuMm mocneanuii cayvait, xorga D > 0, 7. e. a > —%.
B aroM cayuae kBagpaTHOe ypaBHeHHe (1) HMeeT ABa wopHA f, M i,
npuIEM o reopeme Buera £, + &, = -1, i, = —a.

Ecama <0, T0 8¢, > 01 ¢, + £, < 0, oOTKYAA cnegyeT, uro £, < 0,
t; < 0. Dro Hac me ycTpauBaer, A& MOTOMY 38jlaHHOE YPaBHeHHMe He
HMeeT KOPHEH.

Ecmm a 2 0, 10 t,8, < 0, caeaoBATENBHO, OAHH M3 Kopred ¢,
t; — HEOTPHUATEJBHOE YHCJIO, & APYrofl — OTPHEOATENLHOE YHCIO,
YeTpanBaeT Ha¢ TOJIBKO HeOTPHIATEIbHEIN KopeHb. H3 ypapHenns (1)

HaXomuM:
4 .= -1+ +1+4a
N

-1+ 3[1 + 4a
fcHOo, YTOHEOTPULATEILHBIM ABIACTCSA 3HAYeHNe §) = 3 -

9TO eIMHCTBEHHEIN yCTpAMBAOINWI HAac HEOTPHOATEeABHBIN KODEHB

ypasHeBHSA (1).
Hanee maxognm:

2
=tita= [Jl+;a-l) ta= 1+4a—-2J41+4a+1 ta=

=2+8a—2\l1+4a - 1+4a—J1+4a.

4 2
OrBerT: ecan ¢ < 0, xopHelt HeT;
ecim g >0, 0 x = 1+4a—241+4a.

TEMbl MCCNEQOBATENLCKMX PABOT

1. ¥YpaBHeHHA ¢ MOXYIAMHY,
2. UppanuoHannHLle YPABHEHHS.

3. 3agauu c napaMeTpaMH.



FNABA
7 SNEMEHTbI TEOPMM AEMMMOCTH

§ 40. [fenumocts uucen

§ 4. lMpocrme u cocrasnsie uucna

§ 42. [fenenne c ocrarkom

§ 43. Harbonbunri oBupst penurens W HanmeHbee obijee
KPaTHOE HECHONbKMX Hwcen

§ 44. OcHosHnas Tecpema apumernn HATYPansHLIX Yucen

§40. penMmocTh YMCEN

Iesanle uMCa8, KAK H3BECTHO, MOKHO CKJAAALIBATE, BHI-
YUTATH, [IEPEMHOXKATh H BO3BOAUTH B HATYPAJABHYIQ CTEleHh — B
pe3yAbTaTe MOJYIHTCA menoe unucao. Huave o6CTONT Aeso ¢ feleHH-
eM. O9TA omepallda HA MHOJKECTBe IeJhIX YHCeJ, ¢ OAHOH CTODOHHI,
BHIIOJHEMSA JANEKO He BCEerga, a ¢ APYroil CTOPOHH, 09eHb BajKHA
Ansa npanoxxenuis, Bes aTofl omepamun MK He cMoran 0u COKPamIATH
Apolu, HaxoauTh Hauboapmuii o6mKit ResHATENh M HAHMeHEIDEe
ofiree KpaTHOe IeJLIX MHCeN, NPUBOANTE Apobm k ofmemy auame-
HaTEeJI0, BHOOJHATE PASIHYHEIE YIPOIGeHHA anrefpaHyecKHX BhIpa-
sxeRunii. MMeHHEO mOTOMY BOIIDOCAMH AEIHMOCTH MATEMATHKH 3aHH-
M&IOTCA OYeHBb ARBHO H OYeHhL AKTHBHO. TeopHA AeIHMOCTH COCTAB-
JIAeT CYIMECTBeHHYIO YACTh TEOPHMHU UHCE] — BAa)XHOH H MHTEepecHOMH
MaTeMaTH4YecKOl HayKH.

Onpedeaenue. Ilycty gapm ABa HATYPAIBHEIX yHCAa @ H b, Ecan
CYIIECTBYET HATYPAJLHOE IHCI0 § TAKOE, YTO BHINOJHACTCH DABSHCTBO
a = bq, TO rOBOPAT, 4TO MHCIO & JeXHTCA HA YHcao b, IIpu sToM wucHo
a HA3HMBAIOT Jeaumvim, b — deaumenem, q — vacmuvim, Yucno a
HABHIBAIOT TAKYKE KPAMHWM wucag b.

Ha aanmcHu a = bg caeayer, 4T0 b — AeAHTeNE g H UTO @ KpaTHO b.
Bupouem, ua Toit )xe 3aMHUCH cAeAyeT, UTO ¢ — HeJHTEAb 8 H 9YTO 4
KpaTHO q. Hanpumep, u3 sanmcm 35 = 5 - 7 cxexyer, aro 35 geaurca
Ha 5 1 35 geamrca Ha 7, uro 35 Kparno 5 u 35 xparHO 7, uT0 § — je-
JUTENh yAcyaa 35 (M Torga 7 — 4YacTHOE) M 4TO 7 -— JeNUTeNh JAciAa
385 (m Troraa 6 — uacTHOe).

Bwuecto passl «a AeJHTCHA Ha b» YACTO HCHOAB3YIOT 3AIHCH & : b,
HanpuMep, BMecTO OYeBHIAHLIX YTBEeDKACHHN ¢a AeNUTCA Ha a»
AIH «3 JeJUTCHA HA 1y MOXKHO MUCATH 4 : 4 HAU COOTBETCTREHHO
a:l, HcHo, uroecinai b, roa 2 b.
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7. SNEMEHTbI TEOPUM OENMMOCTH

O6paruTe BHMMaHME, 9TO 3aNNCh 8 : 2 o3HAUaeT TpeboBaHUe BHI-
MOJHNATE AeNeHne yncaa 8 Ha yucao 2 (B pesyJanTaTe 3Tolt omepanun
MOAYYUTCA Yucao 4), B T0 BpeMd Kak 3amuch 8 ! 2 osHauaer, 4To
yresio 8 fesmTea Ha 2 (RenuTCA HAyeA0, AeJHTCA 0e3 ocmamia); peyn
HAET JINDIB O IPHHOANOAAARHON BO3MOMKHOCTH BEIIOJHUTD AeJIeHHE, a
caMo geJeHue He TpebyeTca BRINOJHATL. IIpuMepHO TaK Ke oBCTONT
ZeJIo co 3HaxkoM >. Ecau Hanucano 8 > 2, To 3T0 AMIIL KOHCTATALNA
dakra: yucao 8 Goapine uuciaa 2; Opu aTOM He TpelyeTcsa OTBEUaTh
Ha BOIIPOC, HA CKOALKO GoRbULe.

Onupaacs Ha chopMyINpPOBANHOE OIMpefiesleHlie, MOMKHO IIOJYIHTD
PSiA CBOMCTE OTHOHIEHHA A€JHMOCTH Ha MHOXeCTBe HATYDPAILHBLIX
qpceJ.

Ceoiicmao . Ecnua:cuc:b,T0a'b.
Hanpumep, us Toro, uro 48 : 6 1 6 | 3, MOKHO cenaTh BLIBO,
yro 48 3.

Ceoitemeo 2. Ecoma:bumeib, ro{a+c¢)ib.
Hanpumep, us toro, aro 12 : 3 u 21 | 8, MOXHO clenaTh BHEBOJ,
gro (12 + 21): 3.

Ceoiicmeo 3. Ecan a : b u ¢ He genutca HA b, TO (@ + ¢) He fe-
JauTca Ha b.

Hanpumep, us Toro, uro 12 | 3 u 22 me geauTca Ha 3, MOYKHO cJe-
JIATH BBIBOZ, 4T0 (12 + 22) He geauTca Ha 3. B To Ke BpeMA H3 TOrO,
uTO0 Kaxdoe crazaemoe He NeJIUTCA Ha b, HeJB3A CAEJATDL BEIBOA, UTO
H cymMma He feaunrca Ha b. Hampumep, 14 He aeaurca 5a 3 u 22 He
DeJuTcsa Ha 3, Ho (14 + 22) : 3.

Croiterra 2 1 3 pacnpoCTpaHAITCA Ha CYMMY JIOG0r0 KOHEYHOro
qUCa CAATAeMBIX CAeAYVIONIUM 06pa3oM: ecau kKaxdoe caazaemoe de-
aumcs Ha wucro b, mo u cymma deaumcesa rna b; ecau xaxdoe crazae-
MOe, Kpome 00no0z0, dexumesn na b, mo cymma ne Geaumesn na b,

Caoiicmeo 4. Ecimaibn(a+c)ib,Tocib,
Hanpumep, ua toro, uro 12 : 3 n (12 + 21) : 3, MoxHO chesaThb
BHIBOJX, uTo 21 | 3.

Ceoiicmeo 5. Ecxm a : by n ¢t by, T0o ac i byb,.
HanmpuMep, u3 Toro, uTo 12 3 ;1 28 : 7, MOKHO caeJyIaTh BBIBOJ,
yro (12 -28): (3 - 7).

Caoiicmeo 6. Ecim a : b n ¢ — mwboe HaTypalbHOE YHCJIO, TO
ac ! be; obpaTHo, U3 ac  bc cregyer, uro a : b.
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7. DNEMEHTbI TEOPVU JETMMOCTH

Hanpumep, 3 Toro, uro 12 : 3, MOXHO cAeJATh BHIBOA, 4TO
(12 - 5): (3 - 5), u ofparHo.

Caolicmeo 7. Ecaun a } b u ¢ — miofoe HATYpPAJIBHOE YHCHO, TO ac : b.

Hanpumep, us Toro, aro 12 : 3, MOXKHO CHEJATH BBIBOX, UTO
(12 - 5): 3.

CrneayeT saMeTUTh, ITO CBOHCTBO, 06paTHOE CBOIICTBY 7, HE HMeeT
MeCTa: U3 TOro, 4TO a¢ : b, Heapssd cAeJaTh BHIBOJ, YTO MAH &, HIH
¢ neanrca Ha b, Hampumep, 45 : 16 u 46 =9 - 5, go vm 9, Hu 5 He
Renarca Ha 15.

Ceoiicmeo 8, Eciw a : b u ¢ | b, To ana nobeX HATYPaNBHBIX
qucen n m k cupasefJuBo cooTHOwenue (an + ck) i b,

Hanpumep, us Toro, uro 12 : 3 u 21 : 3, MOKHO cAeJaTh BEIBOA,
uyro (26 - 12 + 271 - 21) : 3.

JloxasaTeanncTrBa ¢cBoiicTB 1—4, 8

1. Oroolzenne a | ¢ 03HAUAET, YTO CYILIECTBYET IUCIO ¢, TAKOE, ITO
BRINOJHAETCA PABEHCTBO @ = c¢,. Jlanee, ¢ b o3HaUaeT, ITO CYIMECTRYET
YHCJIO ¢; TAKOE, YTO BHIIOTHAETCA PABeHCTBO ¢ = by,. CrexoBaTebHO,
a = cq; = (bg)q, = b(goq,). ObosHAUUM uynCHO ¢,g, GykBoit g. Toraa
HOJYIHUM, 4TO a = bg, a 3T0 H o3Ha4aeT, YTO @ : b.

2. Tar Kakr g : b, TO CYIGECTBYET YHCAO0 ¢, TAKOE, YTO BRIMOJNHA-
ercA paBeHCTBO a = bg,. Taxk xKak c¢ | b, TO cymecTByeT IHCIO ¢, TA-
KoOe, YTO BLINOJHAETCA pPaBeHCTBO ¢ = bg,. Toraa a + ¢ =bg, + bg, =
= b{(g; + ¢3). O603HAYMM TnCHO ¢, + §; OyKBO# ¢. Torga monyuuM, uro

a+c=bg,
a 5TO W O3HA4&eT, 94T0 (@ + ¢) i b.

3. IlpeanonoxuM oporasaoe, uTo (@ + ¢) i b. Torxa u3 a b cae-
AveTt, uTo a = bq,, a us (@ + ¢) : b caeryer, 4T0 @ + ¢ = bq,. 3uATUINT,
¢ =bg, — a =bg, - bg, = b(q, — ¢,). Ir0 osmauaer, uto ¢ : b. Ho
0o yenoBuio ¢ He fenutca Ha b. Ilonyuunw mpormsopeune, craeno-
BATEJNbHO, HaMIe OPEANONOKEeHNE HEBEPHO B 4 + ¢ He Aeanrca Ha b,

4. IIpeanono:xuM, uro ¢ ve geaurcda Ha b. Toraa mo cBoiicTBy 3
a + ¢ He AenurTed HA b, UTO NPOTHBOPEUYNT YCAOBHK. 3HAYAT, Hame
OpeANnonOeHre HEBEPHO H, CACAOBATENBLHO, ¢ | b.

CeoiicTBa 8, 6 ¥ 7 JOKaKHTe CAMOCTOATENBHO,

8.Echma:bucib, Tomnocrolictsy 7T an b uckib. Torga mo
CBOMCTBY 2

(an + ck): b.
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7. S3JIEMEHTbI TEOPUU OQEMMOCTH

OTMeTHM emé OoAHO CBOCTBO, CBA3AHHOE C JAEJMMOCTBIO HATY:
PanbHBIX YHCe,

Caolicmeo 9, Cpeau n moclieAoBaTeNbHEIX HATYDPAJABHEIX YUCes
OAHO H TOJBLKO OfHO AEJIHUTCHA HAa N,

Ecan Mu BO3bMEM Mr00ble TPH OOAPAA UAYVIOHX HATYPAIBHBIX
yucaa, Hanpmmep, 8, 9, 10 anu 106, 107, 108, To ogEO uUmcno U3
TPONKH AeauTca Ha 3 (Aasa mepBoil TPoifKHM 3T0 yucio 9, Aaa BTopol —
yucao 108). Ecaum mul Bo3bMém niobule 10 moapans maymux
HATYPAJBHEIX YMcea, TO oAHO ofA3aTesnbHO AeanTca Ha 10. Ecau xe
MBI BO3bMEM ABA MOAPA] MAYIMHX YETHBIX 9YHUCA, TO OAHO 06A3aTeALHO
Jeautca Ha 4.

HokazaTeabcTBO cBoicTBa 9 Gyaer mano B § 42,

Hpamep 1. JokasaTs, uTo AJA J060r0 HATYPAJTBLHOrO YUCTA N
yncao n® — 5n® + 4n menurca ma 2, 3, 4, 5, 8.

Pemenue. Pasnosxum mEOrOWwIen n® — 5n° + 4n Ha MEORMTEIN:
n*-5n+4n=n(*-5n + N =nn"-n?-4n?+ 4) =
=n(n*(nf -1 -4@R* - 1) =n(n*- WYn* -4 =
={n—2¥n - 1n(n + )(n + 2).

Paccmorprm monyueunoe mpomssegeHue. Ilpu n = 1, n = 2 oHo
obpamaerca B 0, 3EAYUT, geauTCA HA 2, 3, 4, 5, 8. Ilpu n > 2 uMeeM
OPOUIBELACHHE TNATH TIOCACNOBATRNbHBIX HATYVPAJIBHBIX YHucea n — 2,
n—-1,n,n+1, n+ 2. U3 3TUX OATH uKceJ 10 CBOicTBY 9 ogHO
ofA3aTeNbHO ASANTCA Ha 3, XoTa Ol onHO — Ha 3, xorA GBI OOHO —
Ha 4 H, KpOMe TOTO, eCTh eImé Xora OBl 0JJHO YETHOE YHCIIO, T. €, YACJIO,
geaameecda Ha 2. Torga mo cBoiicrBaM 5 M 7 nponaBeieHHe 3TUX MATH
yuces JeJINTCA HA OpongheZieAne qucea 2 4, T, e. gequrca Ha 8. N

Teneps NOroBOPHM 0 KOHKPeTHHRIX TPU3HAKAX JeJHMOCTH — Ha 2,
3,4, 5ur. . B bopMyTnpoBKax NPU3HAKOB MEI BIiepPBEIE¢ UCNIOJIb3yeM
CJIOBECHYIO KOHCTDPYKIIMIO Heobxodumo i docmamoyno. OGLIYHO ecau
M3 YCHAOBHA A claeayeT ycJioBHe B (npaMas Teopema), ToO MAaTeMAaTHKH
roBOPAT Tak: B aBngerca neobxodumbim ycrosuem ana A. Ecam xe
M3 ycaoBHuda B ciaenyer yenosue A (oGpaTHasA TeopeMa), TO MATEMATH-
KU POBOPAT TAK: B ABageTca docmamoynsvim ycaoguemr ana A. Ecau
e B H3 A caenver B, U ua B caeaver A, maTeMaTHKH HCHOJb3YIOT
CJIOBECHYI0 KOHCTPYKUIHIO Heo0xo0umo u docmamoyro (MM mozda u
moasKo mozda),

Hpusngi derumocmu na 2. 1aa mozo ymobvt HAMYPALbHOE YUCRO

deaunroco Ha 2, neobxodumo u docrmamonno, tmobvt nocrednar yuppa
yucaa deauracs Ha 2.
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7. DNEMEHTbI TEOPUM OEMMOCTU

DoxasarennscTBo. Ilyers ¢ — mndpa eARHKL HATYPAILHOTO
qucaa p. Toraa aucao p MoXkHO nNpeAcTaBuTh B BuAe 10a + ¢. Tak kax
10: 2, To mo cBo¥icTBy 7 10a: 2. Ecau ¢ 2, To (102 + ¢) ! 2, O6paTtHo,
ecmu (10a + ¢) i 2, To mo cBoiicTBy 4 ¢ § 2.

AHANOIHYHBIE PACCYXKASHHS OSBOJIAIOT MOJYYHTh IPUIHAKU
meauMocT Ha 5 u 10.

ITpusnax deaumocmu na 5. [an mozo wmolGst HAMYPAAbHOE YUCKO

deaunoce na 5, HeoOxolumo u docmamouro, umobe: nocrednan yudpa
wucaa dexunacs na 5 (m. e. yuppa edunuy aubo 0, aubo 5).

ITpusnax deaumocmu ya 19. Jrs mozo wmolv. HAMYPARLHOE HUCTO

deaunoco xa 10, neoGxodumo u docmamouno, ymobn yugdpae edunuy
ovtaa 0.

Ilpexae yeM ¢GoOpMyNHPOBATE M AOKASHIBATH NIPH3HAK AEJIMMOCTH
Ha 4, 3aMeTHM, 9T0 Moboe THCIO P, COAepKaliee He MeHee Tpéx uudp,
MOKHO npeacTaskTh B Buge 100ag + ¢, rre ¢ — uucao, ofpazopannoe
NOCASAHHMY ABYMA MudpaMu grcaa p. Hanpumep, 276 =100-2 + 75,
14508 =100 - 145+ 8 n . .

IIpysnai depumocmu na 4. Jaz mozo vmobvt KaMYPARLHOE YUC-

20 p, codepiacauiee He Menee mpéx yugp, deaurocwv nHa 4, neobxodumo
u Gocmamovio, umobvt deaunocy Ha 4 wucro, 06pPa308anRHOE JSYMA
nocaednumu yuparu wucaa p.

HokazareanbcTBo. Ilyerh ¢ — 4yucao, ofpasoBaHHOE ABYMA
nocaeAHUMMH Undpamu umcaa p. Toraa 4uCAO p MOYKHO NIpeACTa-
BuUTEL B BuAe 100a + ¢, Tax kar 100a : 4, To mo cBolicteaM 8 u 4
(100a + ¢) : 4 Torga U TOABKO TOTAA, KOrAa ¢ : 4,

Hanpumep, 12456 neauTtes Ha 4, DocRoABRY gennTcea HA 4 qucio 56,
A yncino 7906 He gesmTCea Ha 4, TOCKONBKY He eanTca Ha 4 yncio 06,
T. . YHCHO 6.

AHAJIOTHYHEIE PACCYKACHHA [OSBOJAIT MOJYYHTL HPH3HAKH
AennmocTn Ha 25, 8 i 125,

LIpusnay derumocmu na 25, JTra mozo wmoGv: HAMYPARbHOE Huc-

a0 p, codepucausee ne mernee mpéx yudp, deauaoce na 25, neobxodumo
u docmamovno, umober deaunocy na 25 wucno, obpaszoearnmoe deyma
nocrednumu yuppamu wucaa p.

pusnax Oeaumocmu na 8. Jas mozo wmobvt HAMYPAALHOE LlUc-
20 p, codepmauiee He Menee yemuipéx yudp, deaunocv Ha 8, Heolxo-
dumo u docmamouno, umobo. denrunoce Ha 8 wucro, 06pa3zcaanHoe
MmpeMA nOCAeGHUMUY Yudpamu wucra p.
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7. SJIEMEHTbI TEOPUM OEIMMOCTH

Ilpusnak deaumocmy na 123, Hra mozo xmoGvi HAMYPARLHOE

yucao p, codepucawee He menee vemuipéx yugp, derunoce Ha 125,
Heobxodumo u docrmamouno, ymobut deaunoce Ha 125 wucao, o6paszo-
6aHHOE MPEMA NOCACIHUMY YUDPAMU KUCAG P.

IHpusnar deaumocmu na 3. AR mozo wmobvi HAMYPARLHOE KUC-

A0 Jenuroce Ha 3, He0Ox00uMmo u docmamouno, wmobv. CYMMa €20
yugp derunace na 3.

HJokasarTeascTso. KoaudecTro mudp B uucle P, KAK MEl YBU-
IuM, 3HaYeHHUA He MMeeT, IIO3TOMY OyJAeM cuHMTaTb, YTO B YHCIeE D,

HanmpuMep, naTs nudp: p = abede (yepra HaBEpXy — yCaOBHOE 060-
3HaueHUe TOro, uro abcde paccMarpuBaerca He KAk NMPOM3BeAcHHE
4yucen a, b, ¢, d, ¢, & KaK YKUCIO ¢ COOTBETCTEYIOIMMHE mudppaMu).

HueeMm:

p = abede =10000a + 10006 + 100c + 10d + e =
=(9999 + 1)a + (999 + 1+ (99 + L)+ (3 + Dd + e =
=(9999a + 9990 + 99c + 9d) +t(a+ b+ c+d+e)

CyMma yeTHIPEX CIaraeMhIX B MepBhix cKo0kax aenuTca Ha 3 1o
cBolicrsy 8 (nockoanky 9, 99, 999, 9999 nensarca Ha 3). 3HaunrT,
no cBoiicTBaM 2 ¥ 3 AJIA ACIAMOCTH YHCJIA P HA 3 He0OX0AMMO M AO-
CTATOYHO, YT00H JeAnAach Ha 3 CYMMa IMATH CIATAEMBIX BO BTODHIX
cKofKax — & 9T0 KaK pas cymma nudp unciaa p.

AHaNOTHYHO JOKASHIBACTCA NPHIHAK ACAUMOCTU Ha 9.

Hpusnax Jerumocmu na 8. Jas mozo umobvi HAMYPAALHOE LUCRO

deaunoce na 9, neobxodumo u docmamouno, Limobv CYMMA €20 Yudp
deaunace Ha 9.

PaccMoTpuM, Hanpumep, unciao 2742, Cymma ero oudp papsa 15,
Yucao 15 genures Ha 3 U He Aeaurca Ha 9. ClegoBaTeNbHO, YHCIO
2742 penuTcH Ha 3 1 He FeJdUTCA Ha 9,

Ipumep 2. HaliTh naATH3HATHOE YACJIO, KPaTHOE 45, ecau HaBecT-
HO, YT0 KaXKAad 13 TPEX ero cpeAHuX mudp Ha 1 Gonsine mpeAH AyIIeil.

Pemenne. IIyers abede — uckomoe uucno, Ilo yenosuo kax-
xada U3 oudp b, ¢, d Ha 1 Goapme npeapAymeid. ITO O3HAUAET, UTO
b=a+1l,¢c=a+ 2,d=a+ 3, Janee, no yCIOBHIO UCKOMOS YHCIO
genuTces Ha 45. 9To 3HAYHUT (110 CROMCTBY 1), YTO OHO AENNTCA HA O
u Ha 9. ITOCKOABKY YHCIO ZeAHTCH Ha 5, Aia ero nmocxeaneli nudpo
eCTh JIMIIBL JBe BO3MOMKHOCTH: JuGo ¢ = 0, aubo e = 5. PaccMoTpHM
KaXKAbIA M3 DTUX CAYYAEB B OTAENABLHOCTH.
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7.. SIEMEHTbI TEOPYIM OEIMMOCTH

1) ITycrs e = 0. Toraa cymma nudp ACKOMOTO uuciaa, T. €. a + b +
+e+d+e OyteruMets BUA G + @+ 1)+ (a+2)+(a+3)+0,
T. e. 4a + 6. Ilo ycnoBuI0 HCKOMoOe YHCIO AenuTcA Ha 9. CoryacHo
OpU3HAKY AeTHMOCTH Ha 9 2T0 03HAYaeT, YTO cyMMa NudpP HCKOMOTo
YHCaa fexurca na 9,

Hrak, (4a + 6) : 9. IIpn KaxKMX 3HAYEHHAX G PTO BOSMOMKHO?
Byaem paccysxgars Tax. Ilockonbky (4a + 6) : 9, To mo ceolicrey 1
(4a + 6) : 8 uam, 4To TO 2Ke camoe, ((8a + 6) + a): 3. Ho(8a + 6): 3,
3HAUYHT, U a | 3. HTak, Ang nepBoif uMPpPLH HCKOMOro IHCIa eCTh
cJeAyIolHe BOSMOYKHOCTU: a = 3, a = 6, a = 9. Bripouem, cpasy 3aMe-
THM, 9TO ¢ = 9 HAC He yCTDAMBAeT, TAK KAK B 3TOM ciayuae b = g +
+ 1 = 10 — ne mudpa.

Ecm a = 3, To 4a + 6 = 18, a 18 gesanurca va 9, 3Havenme g = 3
HAC YCTPanBaeT.

Ecnnm a = 6, o 4a + 6 = 30, a 30 me feaurca Ha 9. 3Havenne a = 6
HAC He yCTPAMBaeT.

Hrax, ocranacsk egUHCTBEHHAS BOAMOMKHOCTH: a = 3. Torga cie-
Ayompe TpH HHPpEl Hcxomoro umciaa — 4, 5, 6, a caMo McKoOMoe
ypeso — 34 560.

2) ITyctp ¢ = 5. Toraa cymMa mudp #CKOMOro yucia, T.e. a + b +
+c+d+e Gynerumers Buga+ @+ 1)+ @+ 2)+ (a + 3) + 5,
T. e. 4a + 11. Ilo ycnoeuio rckoMoe 4ucao Aenaurca Ha 9. Cnegosa-
TedAbHO, (4a + 11) : 9. Ilpmaasas mepeMeHHO) @ moCIeROBATEILHELE
sHavenus 1, 2, 3, 4, 5, 6 (g = 7 mac yxe He ycTpauBaeT, IOCKOJbKY B
aToM ciayuae d = a + 3 = 10 — e mudpa; TeM Boslee Hac He YCTPaUBAIOT
sHaueHHus g = 8, a = 9), ybexgaeMca, UYTO YKA3aHHOE COOTHOIMEHHE
BHIIONHAETCA JAIIL NPDH 4 = 4] B 3TOM CJy4ae BeIpaxceHue 4a + 11
NpUHEMAaEeT 3HaveHne 27, T. e. AeJUTCA Ha 9.

Ecnn a = 4, To creayomue Tpu THGPH NCKOMOro uncaa — 5, 6, 7,

a caMo ICKoMoe uncao — 45675.

OTrserT: 34560 unu 45675,

Sapepmas PasrosOp O JeAMMOCTH HATYPAJLHEIX YHCE, PACCMOTPHM Dosee
CHOMHEIE IPHIHAKHN ZeaumocTn Ha 11, ua 7 u Ha 13.

ITposeaéM BenOMOraTeNAbHEIE PACCYHCICHHA, KOTOPLIE MOIBOJAT NOAYINTE
OpH3HAK AeaHMocTH Ha 11.

PaccMoTpuM ulicaa 99, 9999, 999999, 09999999 u 1. A.; B KaXKIOM U3
STHX unicesJ — 4YéTHOEe MHCJO JeBAToK. Bee 3TH uHMcia, BO-IEpPRLIX, nensm
Ha 11, & BO-BTOpEIX, MpeICTABUMEI B BU/ié COOTRETCTBEHHO 1& 1, 104 -
10“-1 10°-1 =T 4

Paccamorpum Teneps uncaa 11, 1001, 100001, 10000001 1 1. A.; B Ka:xaoM
A3 PTHX UHCeX -— YEéTHOe 4YHCAO HyAel MexAy eamENmamu, Bce 3Tk yncha,
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7. SNEMEHTbI TEOPUKM OEMMOCTHU

BOo-mepBEIX, AenarcA HA 11 (mockomsky 1001 = 990 + 11, 100001 = 99990 +
+ 11, 10000001 = 9999990 + 11; B 3aNHCAHHEIX CYMMAX NEPBHE ciaraeMaie
Renatca Ha 11), a BO-BTOPRIX, NPEACTABUMEL B BAAES COOTBETCTEEHHO 10 +1,
10°+1,10°+1,10" + 1 & 7. z.

Ipusnax Oexuymocmy na 11. Araa mozo umobvi HAMYPAALHOE HUCRO

deaunocs na 11, reobxodumo u decmamouno, emolibi aaze0PAUNECKAR CYMMA
€20 YUp, 83AMBIX €O SHAKOM «NANOCH, CCAU BUPPH HAXOIAMER HE HELEMHBLX
Mecmax (RAYURAR ¢ yudpobl eQuRUY), U BIAMBLX CO FHANOM «MUHYCY, eCau
yudpor Haxodames HG wémunx mecmax, deaunace na 11.

Hanpumep, aaa uymcaa 24 569 anrebpandeckan cyMMa, 0 KOTOPOH BAST
peys B GOpMyANpOBKe NPpU3HAKA, AMeeT BHA 9 — 6 + 5 — 4 + 2, ona papHa 6;
ODOCKOABRY 4ncao 6 He aeautcd "Ha 11, To 1 yncao 24 569 He genuTesa Ha 11.

Ilng naneerpanuy nAeH AOKASATENBCTBA NPUIHAKA BO3nMEM S-3HAYHOE

uncno abedefkm.
HMeeM:

abedefkm =a-107+b-10°+¢-10°+d - 10* + - 10° +
+f 102 +k-10+m=(@ - (107+1)-a)+ (b (10°-1)+b) +
+( Q0+ -)+(d - A0* -1 +d)+ (- (10°+ 1) —¢) +
+(- Q0 -D+HN+- 10+ 1) -k +m=
=a-(10°7+1)+b-(10°-1)+c-(10°+1)+d - (10* - 1) +e-(10°+ 1) +
+f(10°-1D)+k- QO+ 1)+ (m—-k+f—-e+d-c+b-a)

IlockoneKy, KaK MBl YK€ paHee YCTAHOBHAH, YHCAA 107 + 1, 10° -1,
10°+1,10°-1,10* + 1, 10% - 1, 10" + 1 genarca ua 11, gemumMocTs YrCHa
abedefkm ma 11 neAMKOM M WONMHOCTHI 3aBUCHUT OT AeaMMocTH Ha 11
anrebpamueckod cymmpt nupp m —k+f—-e+d-c+ b - a.

IHNpumep 3. He BrinoAHAA AeNeHHA, AOKABATH, UTO 4ncao 86849796
Aenurca #a 11,

Pemenne, CocTrapuMm anrefpamyecKyo cyMMy ODEMP AaHHOrO YUCHA,
HAYWHAA ¢ NUQPH eAUHUL, K YePeAYA SHAKH ¢«+» H ¢—»: 6 -9+ 7T -3 + 4 —
-8+ 6-8=-11. Yucno —11 gemurca Ha 11, sHaunT, H 3aKAHHOE YHCJIO
genercAa HAa 11. W

IIpopeaém BcooMOraTenLHEIC PACCYHASHUA, KOTOPEIE IIOIBONAT NONYUNTE
NPH3HAKH AeJMMOCTH HA T i Ha 13.

Paccmorpum uncao 10° + 1, 1, e, 1001. Mmeem 1001 = 7 - 11 - 13. Cae-
zomarensno, (10° + 1): 7a (10° + 1) : 13.

Paccmorpum uneao 10° — 1, Mmeem 10° - 1 = (10® + 1)(10® - 1). Buaunr,
10°-1): 7Tu (0% - 1):13.

AHaOrMIHO MOMKEO yeTaHOBUTH, yro 10° + 1, 10'2 — 1 u 7, A. KpaTHN
1001, a moaToMy Aenarcd Ha 7 u Ha 13. Hanpumep,

10° + 1 = (10® + 1}10° - 10° + 1),
10'% - 1 = (10°% - 1)10° + 1) = (10° + 1)(10° - 1)(10° + 1).
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TToxkakeM, KAk HCNIONBIVIOTCH IPOBEAEHHLIE DACCYIRICHNA JUIA NONyYeHAsA
IpusHAKA ZeaumocTd Ha 7 (Ha 13). BossméM, HanpyMep, 8-sHauHOe THCHO
abcdefkm u pasobuén ero Ha rpasm, no 3 CAGPL B KaxAoR IPaHY, HAYHHAA C
undDbLl eXMHNL; ab cde fkm fkm. Bpegém oBosnauenns: ab = x, cde = y, fkm =p,
Torna sapaaHoe wacko abcdefkm wowmuo NpefcrasuTes B BHAE

abedefkm =x-10°+y .10+ p =
=(x M-+ x)+(y 10°+ 1)~y +p=
=2-(10°-1)+y. (103 + 1)+ (p - y + x).

TIOCKOJILKY, KaK MK yCTAHOBAJIHA Bhme, yncaa 10% — 1 u 10° + 1 genarca
Ha 7 (ra 18), pemumocrs uncna abedefkm na 7 (ua 13) nemKoM H MONHOCTHIO
3ABHCHT OT AeINMOCTH Ha 7 (Ha 13) aysrebpamveckoit cymmur ances (p — y + x).

Teneps chopMyHMpyeM IDPHIHAK AeJAMOCTH HATYPAJABHOIO 4YHCAA Ha 7
n Ha 13.

J.za mozo xmolu HaMYPAALHOE RUCRO
deaunock wa T (na 13), veobxodumo u docmamouno, wmnolvt ax2e0pautecKan
CYMME Yucen, o0pasyvuux zpani no mpu yudpu 8 zpanu (Hawunaa ¢ yudpe
eOunuy), 3AMbLX CO INAKOM «nAIOCY JAR Heyémuvlx 2paneil u co snaxom
smunycy Gag wE€mnuix epaneii, deaunacet na 7 (na 13).

IIpunmep 4. He runonuan gefennd, A0Ka3ars, 4ro uucao 254 390815
RenwTes Ha T ® He genurea ma 13,
Pemexne, PagobréM uueno Ha rpanu 254, 390, Bi5. CocraEum an-

refpanyecKyIo CyMMy TpaHeli, HAYUHASA ¢ OOCAeAHeld I'paHEyu H Yepeays 3sHAKH
e+ U ¢—»; 815 — 390 + 254 = 679. Yncao 679 geaurca Ha 7 H He KeJAHTCA
Ha 13, 3HauMT, U 3aJaHHOe YHCIO AeJATCA Ha 7 B He geaurca 2a 13. H

Bonpockl AAA CamONPOBEPHH

1. Uro osHayaer 3anmch a : b, rae @, b — HarypaibHbIe YMcaa?
Hem oHA OTAMYASTCH OT 3aIHCH G : b?

2. Kaxue BEI 3HaeTe cBolicTBa OTHOIIEHHA AeJNMOCTHA Ha MHOMKE-
CTBe HATYPANBHBIX YHCen?

3. Hoxraxkure, utTo ecam a : b, m ¢ i by, TO ac i byb,.

4. Horaxure, yvroecau a : b m ¢ € N, 10 ac : be, Chopmynupyiire
H JoKakure o6paTHYIO TeopeMy.

5. Moraxure, utoecnu ag:buce N, r0ac:b.

6. O6pacuure, nouemy cpeau 2013 noapax HAYNIMX HATYPANbHBIX
yHcesJ OZHO U TOALKO OfHO aeanTca Ha 2013.

7. ChopmynupyiiTe npusnakx AeaumocTy Ha 2; 3; 4; 5; 6; 8; 9;
12; 18; 36; 45.

8. Banmo umcsao 123 456. Hesnrea a1z oHo: HA 2; 3; 4; 5; 6; 9; 12;
18?7 ObocuyiliTe cBOH BHBOAHI.

245



7. SJIEMEHTbHI TEOPMU OENTMMOCTU

§ 41. NPOCTLIE M COCTABHBIE YHCNA

Onpedenenue. Ecan RaTypaibHOe YNCIO UMEET TOJBKO JBa
HATYPaJbHEIX AeauTenas — camo ceba H 1, — TO ero HaspBalOT NMpocC-
ThIM YHCAOM; €CJIM OHO MMeeT 6oJiee ABYX AEUTENEH, TO €ro Hasn-
BAIOT COCTABHBIM YHCAOM. Yncao 1, MMelomee JTHINL OAHH KeJAHTENE 1,
He OTHOCAT HH K IPOCTBIM, HH K COCTABHBIM,

Hanpnmep, uucaa 2, 3, 5, 7, 19, 101 — npocthie, a unciaa 4, 6,
8, 35, 121 — cocraBHIe.

Teopema 1. /Twb6oe namypanvroe wucno a > 1 umeem xomn 6ot
odun npocmoli derumens.

HoxasarearcTso. Eciu a — mpocToe uncno, roa =a - 1,
OTKYAA CHeAYyeT, 9T0 ¥ 3aAaHHOI0 YHCJA €CTh IPOCTOH AEINTENb 4.
IIycTs Teneps @ — cocTaBHOe 4Hca0. Torsa ero MoKHO NpPeACTABHTH
B BUJe @ = @€y, I'Ae 008 MHOKHTENA OTJTHYHH OT 1 ¥ MeHsme ¢. Ecoin
x0T ORI OJMH W3 MHOXHUTeJeHl — IpOCTOe YNCHI0, TO CBOMCTBO Z0-
KazaHo. Ecam o6a MHOXKHTEeN — COCTABHBIE YHNCAA, TO PACCMOTPUM
YHCJAO &; ¥ NPEACTABMM €ro B BHAE d; = 8,C, 'Ae 008 MHOKHTEJA
OTANYHEI OT 1 U MeHbme @;. Ecan XoTa OB OANH H3 MHOMHTeIel —
OpocToe YUCA0, TO CBOMCTBO AOKA3AHO, €CAU HET, TO NPeJCTABHM 4,
B BHJe NPON3BEJeHHA YHcCeJ, MEHBLINUX, YeM a,, U T. A. Torga aubo
HA KaKOM-TO Iare 06HADYXHUTCA OPOCTON MHOKNITEIL, AH60 IpHAETCS
IPeINoa0KNTh, UTO NpPOlece COCTARNEHNA YUCeT &y, @y, &5, G4 H T. A,
GecroneueH. Ho GeckoHeUHHIM OH GBITE He MOMKET, TAK KAK BCE YKa-
BaHHEBIE YHCJA PasHEle U MeHBIIe @, MOITOMY MX — KOHEeYHOe MHO-
skecTBo. ClIefIOBATENISHO, HA KAKOM-TO mare ofHapY:KHTCA npocToi
JeJUTeNh YUCTA @,

IIpocTsie uncaa o6naznalOT MHOTHMH HHTEPECHBIMH CBOIICTBAMH.
OcTaHOBHMCA HA ABYX M3 HHX.

Teopema 2. Mroxecmeo npocmux Licen 6eCKORELRO.

HoxaszsaTeanscTso. IlpeAnosoxHM NPOTHBHOE, UYTO MHOKECTBO
NPOCTHIX YHCceNT KoHeuHo. Toraa MOHO BHIMUCATD BCe IMPOCTHIE YHCAA:
Pis P2s P3s +»+s Py COCTABHM Temeps YHCAO @ CAeAyionamM obpasom:
a = pPaPs +.. - Pp + 1. Ilo TEOpeMe 1 y yNCHAA G €CTH XOTA GBI OAWH
npocToit AeAUTENB, T. €. YHCAO @ JeJUTCA HA OJHO M3 YMCes Py, Ps,
Pas +++s Pp (BEOH MBI IPEANIOI0KNIH, UTO APYTHX NPOCTHX YHCEJ HET).
Ho 1 He gesnTcHa HH HA OFHO M3 3THX 9HCeJ, 3HAUHUT, II0 CBOMCTBY 3
n3 § 40 yncao ¢ He AEJHMTCA HY Ha OAHO M3 9THX uucea. Ilomyuuau
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—
—

OPOTHBOPEYHE, HOITOMY CAECNAHRAOE IPeAnONoKeHe HeBepHO, T. €. Ha
CaMOM fAejle MHOMKECTBO MPOCTHIX uuces] GeCKOHeUHO.

Hcecnegoparenell Bcerjga HHTEpPecOBAJ BONPOC O pacnpefeseHHH
IPOCTRIX 9HCEJ CpefH HATYDANbLHEIX 4Mce]. BeinumeM moapaxn npoc-
THle uucaa: 2, 3, 5, 7, 11, 18, 17, 19, 23, 29, 31, 37. Hazorém
paccmosnuem MeXAY COCeIHUMH IPOCTHIMH UHMCIaMH UX PasHOCTb.
O6paTuTe BHEMaHWe, YTO B BRIMUCAHHON MOCAeZOBATENHHOCTH 3TH
paccToOAHNA PaBHH cooTBercTBeHHO 1, 2, 2, 4, 2, 4, 2, 4, 6, 2, 6.
A MesKIY COCCAHUME NPOCTEIMH yHcIaMu 119 u 127 paceroanue pasHo 8,
Boofime HMeeT MeCTO CleAYIOmAs TeopeMa.

Teopema 3. Paccmosnue mendy 0eyms coceORuUMU npocmuimy
Yucramu moxcem Ooimv Goavuie Aw0b020 Kanepéd sadannozo na-
MYPAALROZO YUCAA,

JoxasareascTso. Bo3apMEM TIpORMIBONIEHOE HATYPAIBHOE YHCO
4 B JOKaXeM, 4TO Ha#fyTCa ABA COCEAHMX NPOCTHIX YHCJIA, pac-
CTOAHNE MeKAY KOTOPBIMU Goapmie @. COCTABAM HaTYpANBHOE YHCJIO
¢c=1:2-3....-a-(a+1). Ono nesmrea Ha 2, 3, 4, 5, ..., a,a+ 1,
Toraa auciao ¢ + 2 genaurcqd Ha 2, uuciao ¢ + 3 geauTca Ha 3, IHCAO
¢c+4—Ha4 AT A,UACHOC + @ —HA G, UHCAIO C+a + 1 —
Ha ¢ + 1 (cM. cBoiicTBO 2 B § 40). 3TO 3HAYAT, UTO ¢ DOAPARK UAYINX
yacen ¢ + 2, ¢+ 3,¢+ 4, ...,¢+a,c+a+ 1 — cocraBEnie, T. e.
paccTosHNe MeKAY OixakmuM K ¢ + 2 DpoCcTHIM UHeaIoM (caeBa) u
6mmaadimuM K ¢ + a + 1 npocThiM uncaoM (cnpasa) Goxsle a.

BOnpoce Ans camonpoBepKu

1. Yro raxoe npocroe uncao? Yro Takoe COCTABHOE HHCAOT

2. MoxeT Ju paCCTOSIHNE MEXKAY ABYMS COCEAHNMH NPOCTRIMM
yHcaaMu 66ITh paBHEIM 2, 4, 67 IlpuBeanTe npuMepsl. MoxeT MM aTo
paccrogune OuiTh foaeme 20137

3. KoneuHo niu 6ecKoHeyHO MHOXKECTBO IpocTHIX 4ncen? Komeuno
uiau 5ecCKOHEUHO MHOYKECTBO COCTABHBIX UHCesn?

§42. RENEHME C OCTATKOM

Ecnu HATYpalXnHOE YHCAO 4 HE AENHTCA HA HATYDANLHOE
yneno b, T0 paceMaTpRBaiOT deserue ¢ ocmamxom. HanpaMep, npH
AeseHAR aucaa 37 Ha umcao 15 B uacTHoM noayuaerca 2 (wenoa-
Hoe yacmHuoe) H B ocrarke 7. IIpn 3TOM MMeeT MECTO COOTHOIIEHHE
37 =152 + 7. Boobme cnpaseanusa caeayomas TeopeMa.
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Teopema. Ecau namypanvroe wucao a Gonvume RamyparvbRozo
wucne b u a ne denumen na b, mo cyujecmeyem odna, u MoOALKO
001G napa HAMYPARVHBLX “WUCeR ¢ U T, npuiém r < b, maxas, wmo
SHNOAHAEMCR PAGERCME0

a=bg+r 1)

Hanpumep, ana a = 37, b = 15 Takas mapa 4ducen HalifeHa BuiiIe:
q=2, r="1 — UpPU 3TOM OCTATOK 7 MeHbHIe JeJdHuTeasa b.

HdoxazareabcTro. Ilo yeaopuio b < a. Pacemorpum uncaa b, 2b, 3b,
4b, .... Haunnas ¢ HeXOTOPOTO MeCT4 Bee OHM OyAYT Goasme yucna a. [lepeoe
H3 YHCeJ TAKOTO BMZA, KOTOpOe cTaHeT (ojbioe uncaa &, obGogHaumnm (g -+ 1)b,
1. ¢. ¢b + b. Cnegosareinsno,

gb<a<ghb+bd.

HoTorpaa=bg+ r,rper < b,

Hrax, cyujecmeosanue HHTEpeCYIOWeH HAC NApLl 9HCe ¢, & AOKASAHO.
JoxaskeM Temeps, UTO TAKASA NApA eOUHCMABEHHA.

IIpearionosknm, 9To CYWIECTBYIOT ABe PA3JIHYHEIC NADHI HATYPaAMLHEIX
uncen (qy; ry) ¥ (g, rp) Tague, uTO

a=bql+rl, rlﬂb;
a=bgytry rp<bh.

Cpasy 3aMeTHM, 4TO eCJIH ry = rp = r, TO U3 paBeHcTBa bgy + r=bgz + r
DOAYIHM ¢y = @3, T. €. NapHl {(¢;; ) " {gs; ;) OAMHAKOERL; ©CAU §y = ¢z = ¢,
TO H3 paBeHcTBA bg + ry = bg + ry noOAyINM r| = ry, SHAYMHUT, ONATE MAPE OZU-
HakoBbl, Taxvm oGpazoM, eciy NAapL! PA3ANIHBI, TO Iy # 'y H §; # (g,

ByaeM cumrars pns onpegeadéHHOCcTH, 4TO 7y > rp. Tak kak bg, + ry =
= bgy + ry, TO 1y ~ r3 = b{gs — q,). D10 3HAUKT, 9TO ry — T Aeantca HA b, Ho
9T0 HEBOZMOHO, IOCKCABKY HATYPAAbHOE YHCJIO Iy — Iy Meabie b, Cnexoea-
TeABLHO, CHOMAHHOS NIPEAIONKEHNE O CYIIeCTBOBAHNHN ABYX AP HATYPAJbHBHIX
YKceNl HEBEPHO H ¢UHCTBEHHOCTL JOKA3AHA.

Bamevanue 1.EBcaua:ib, To TaKKe MOMXKHO CUUTATE, UTO ANA
unces ¢ ¥ b BelTONHAETCA paBeHcTBO (1), rge r = 0.

Jamenvanue 2, Haoraa ynobuee GopMysty AeNIeHAs ¢ OCTATKOM
3AMUCHIBATE HeCKOJABKO B HHOM BHAe. MMeem

a=bg+r=blg+1}-(b-r).
IToaTOMy MOMHO 3AIMNCATEL TAK:
a=bg —n, (2)
rae 0 < r; < b,
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i

IIpumep 1. CocraBurs bopMyay:

a) YETHOrO uYMuCcna;

6) HeuéTHOTO YNCJIA;

B) HATYPAIEHOIO MHCIA, KOTOpPOE NPH AejIeHHH Ha 3 AaéT B ocTaTKe 2.

PeieHHe. a) YéTHoe YHCIIO 11 ~ 3TO UHCHO, KOTOPOE AeHTC HA 2,
BHaunT, n = 2k — 310 XOPOINO H3BECTHAA BaM (opMYJIa YETHOIO YHCA,

6) HeuéTHOe YHCIO 7 — 3TO YHUCJIO0, KOTOPOE NPH AeleHUH Ha 2
Jaér B ocraTke 1. BocmoanzosaBmncek cooTHommenuaMu (1) mum (2),
ooNyanM Gopmyay HeuéTHoro uucna n =2k + lmmn =2k - 1.

B) Cornacno coorHomenuio (1), dopMmyna HaTypaasHOro YHCIA 7,
KOTOpOe NIpH AeneHNY Ha 3 Aaér B ocTaTKe 2, nMeer BUA n = 3k + 2.
To e camoe mo QpopmMyse (2) MOKHO 3anucaTs Tar: n =3k - 1. B

IIpumep 2. [lokasaTe, YTO €CJHH HATYDAAbHOE YHCJIO OPH Ae-
JeHruH Ha 3 JaéT B ocTaTKe 2, TO OHO He MOMeT OBITh TOUHKIM KBaJ-
paToM.

Pemenne. Ilyets n = 3m + 2. IIpeanoso:XuM, 4TO 2T0 YHCIO
ARNACTCA TOYHHIM KBAJPATOM, T, €, CYIeCTBYeT TAKOe HaTypaiabHOE
9HCao @, 4To 1 = ai. J[as caMoro YMCIA @ eCTh TPH BO3MOMHOCTH!
a Jenrurca Ha 3, T. e. uMeeT BHZA @ = 3k; a OpH AeneHHH Ha 3 Aaér
B ocraTke 1, T. e. uMeer Bug ¢ = 3k + 1; a upn AeseHnHM Ha 3 JAéT B
OCTATKe 2, T. €. HMeeT BUR @ = 3k + 2.

Ecnu ¢ = 8k, 1o n = a® = (8k)* = 9k%. Dro uncmo meamrTcs Ha 3,
YTO IPOTHBOPEYHT yeiaoBuio. Ecnua=8k + 1, Ton=a%=(8k + 1)*=
= 0k% + 6k + 1 = 3(3k% + 2k) + 1. Oro unCaO NpH AeleHUHA Ha 3 AaéT
B ocTaTRe 1, 94T0 NPOoTHBOpEunT yeaosni0, Ecom, Hakonen, ¢ = 3k + 2,
ron=a’=(@3k+2°=9k+ 12k + 4 = 3(8%* + 4k + 1) + 1. D10 unc-
JIO IPH feneHNY Ha 3 KA€T B OCTATKe 1, YTO IPOTHBOPEUUT YCJIOBHIO,

Hrax, B n1060M BO3MOMKHOM CAy4ae NIPUXOAUM K IPOTHBOPEYHIO;
TakuM ofpasoM, Hamme NPeANONIONKEeHHe HERePHO, T, €, 3AJAHHOE YHCIIO
He ABJIAETCA TOYHHM KBagparom. N

Sapepian naparpad, goxameM croiteTno 9 us § 40,

Jdaus 1 ODOADAR MAVINHNX HATYpaibHBIX uucea: k, k + 1, k& + 2, ...,
kB + (n — 1). TpefyeTca OOKa3aTh, UTO CPEZH HHX HMEeTCA JUCIO, HOTopoe
AeMNTCA HA 1, NPUIEM TAKOE YHCIO eAUHCTBEHHO.

Ecan k i n, To yTReDMEZSHHEe JOKASAHO: CAMO YHCIO k yiHe AeXIHUTCA Ha 2,
roraaKak mucaa k + 1, k+ 2, ..., k+ (n — 1) Ha n He Aeaarcyd (cM. croiicTeo 3
u3 § 40).

Ecimkre gesanrca Han u k < n, rocpeam aucen k, R+ 1, bk + 2, ...,
k + (n — 1) BerpeTuTCA caMo uncxo n: aro 6yaer k + (n — k); ToAbKO OHO H
OeNHTCA HA R,
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Ecnu k Be peyarea va » v k > n, TO OO TeOpeMe CYIISCTBYET OfHA, M TOMAL-
KO OflHA Iapa HATYPANBHEIX 9MCeN ¢ ¥ r, OPAYéM r < #, TAKAH, YTO BEIOOIHA-
erca paseHcTBO kR = ng + r. Torna cpean uncen k, k+ 1, k+ 2, ..., k+(n-1)
ONATE-TAKH BCTPETHTCHA TOABLKO OABO YHCJO, JenAIneecd Ba n, AM Gyaet aucao
ng + r + (n - r). B camoM pene,

ng+r+(n-ry=ng+n=n(g+1).

Bonpocki AN CAMONPOBEPKM

1. CoopmymmpyiiTe TeopeMy O AeJIEHUHU C OCTATKOM,
2. 3anumure ofmEil BUA HATYPANBHBIX UHCeJ, KOTODLIe IpU Ae-
JeHnH Ba 15 aaror B octatke 11.

§43. HAMBONBWMA OBLUMA LAENMTEND
M HAMMEHBLLEE OBLUEE KPATHOE
HECKOMNbKMX YMCEN

PaccemoTprM aBa yucaa 72 u 96. BrinHmieM Bce ZeJHTeIH
ynucaa 72:
1, 2,3,4, 6, 8,9, 12, 18, 24, 36, 72,
BrinmnmieM Teneps Bee AeJHTend uucaa 96:
1, 2, 3, 4, 6, 8, 12, 16, 24, 32, 48, 96.
Cpenn BEIMMCAHHEBIX YMCES €CTh OAUHAKOBLIE:
1,2, 3,4,6, 8, 12, 24 —
HX HAa3HIBAIOT ofiwyumu Jenumenamu yucen 72 u 96, ¢ nauborviuee
us Hux Hasviéarom Hauboavwum obuium deaumenem (HOH) yucen T2
u 96. Arax, HOJI(72, 96) = 24.

Jna nobrX 3aAaHHBIX HATYPAIBHBIX YHces MOoxHO Eaiith HOJ.
Hanpumep, HOH(45, 75, 120) = 15, HOH(27, 81) = 27.

Onpedenenpe. JIpa HATYPANLHBIX YHCJA @ ¥ ¢ HASLIBAIOT B3AMMHO
NPOCTHIMH YHCJIAMH, €CJU YV HUX HeT O6GIIHX AeJnTejeil, OTIHMIHBIX
or 1; mamMA cnopamu, ecan HOH(a, ¢) = 1.

Hanpumep, B3aRMHO HpPOCTHIMH ABJAAIOTCA upcaa 35 m 36, xora
KasK0e U3 HUX —— COCTABHOe YMcao. B camoM aese, y vmcna 35 yeTsipe
penurensa: 1, 5, 7, 35, — a y uncaa 36 gepats geaureneit: 1, 2, 3, 4, 6,
9, 12, 18, 36. O6mmx aennreneit, orauusex ot 1, y uncen 35 u 36 ner.

BroosHe oueBMAHO ciefyiollee YTBepKACHHE: ecau JaHvt Hamy-
DanbRuie HUCRG @ A P, NPUYEM P — RPOCMOE HUCAO, MO Aub0 @ Oe-
AUMCR HA P, AUOO @ U p — G3AUMHKHO RPOCMbLE LUCAE.
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Pacemorpum apa uncna: 12 g 18, Brinuiiem yncaa, KpaTHeie 12:
12, 24, 36, 48, 60, 72, 84, 96, 108, 120, 132, 144, 1586, ... .
BrinrmieM Tenepr YHCIA, KPATHEIE 18:
18, 36, 54, 72, 90, 108, 126, 144, 162, 180, ... .
Cpean BRINMCAHHEIX YHCEJ €CTh OAUHAKOBLIE:
36, 72, 108, 144, .., —

HX HA3BIBAIOT ofwjumu Kpamuvimu iucer 12 u 18, a HauMeHblIIee A3
HEX HA3KIBAIOT HGuMeHsuwiuM ofuum xpamnvin (HOK) vucen 12 u 18.
Hrax, HOK(12, 18) = 36.

Jna nobpix 3afaHHHX HATYPAJBHEIX YHcesn MoxHO Haiithu HOK.
Hanmpumep, HOK(20, 30, 40) = 120, HOK(27, 81) = 81.

O6nIannie npuéMu oreickanna HOJl 1 HOK ME HalOMHHM B ¢Jie-
AyloliieM maparpade.

Teopema 1. Ecau K — olGugee xpamunoe ducen a u ¢, mo
K : HOK(a, c).

Joxaszarenscrpo. ITo yenoeuio K : a, K | ¢. [Ipeamonoxum
npotueHoe, uTo K He Aemurca ua HOK(a, ¢). Ob6ozraxum HOK(a, )
Gyxmoit m. 3aMeTHM, UTO M : @, M : C.

ITo TeopeMe 0 JeA€HHM ¢ OCTATKOM 4YHCia0 K MOMHO mpencTa-
BuTbBBUIe K =mg+ r,rne0 <r<m.Tak kak K ig, m:i:a,T0mn
ria. Nanee, tak kak K i¢c, mic, o ric¢. Utar, ri g, rie¢, cirego-
BATEJEHO, I — ofllee KPaTHOE YHCEA @ M ¢, IO3TOMY I 2 m BOIPEKA
yesosupe 0 < r < m, IloayyenHoe NpOTHBOpPEUHEe O3HAYAET, YTO CAe-
JaHHOE NPeANnoaoKeHHe HeBepHo. 3Ha4nNT, K | HOK(a, c).

Caedcmeue 1, Ecav a : b, u a : by, mo a : HOK(b,, b;).

Caredemeue 2. Ecnuaicubd:c, mo % — o0lgee Kpamnoe wucen
anb.

JdoxaszaTtenscrBo. Tak kaxk ¢ | ¢, TO ¢ = ¢m, ab = bem,
ab _ ab ab

i bm, T. €. Y : b. AHAROTHMYHO ROKA3BIBACTCH, UTO - ta.

MMpumep 1. JokasaTs, 4TO AJa4 A106010 HATYPAIBHOrO YHCJIA R
cnpaBeIHBO cooTHomenne (n® — 5n® + 4n) i 120.

Pemenne. B § 40 B npumepe 1 65110 AOKA3AHO, YTO NPH J0O60M
HATYPAJILHOM SHAYCHHUH i yueho n® — 5n® + 4n genures Ha 2, 8, 4, 5, 8.
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Torzas mo caepcrenw 1 oHo genmrca H Ha HOK uncen 2, 3, 4, 5, 8,
T.¢. Ha 120. B

Teopema 2. Jan riwbuix namypanvrux wucenr a u b cnpased-
AUSO PAEECHCMEo

HOK(a, b) - HO/I(a, b) = ab. (1)
HorasaTeascTso. BreaéM obosnagenus:
HOKf(a, b) = &, HO[(a, b) = d.
Takx xak ab — obmee kpaTROe uncena a H b, To mo Teopeme 1 ab } k, moaToMy
ab = ke, Ilocroasky & : a, To k = am. Ilogcrapue BEIpa:KeHHe am BMeCTO R
B paBeHcTBO ab = k¢, noayuuM ab = ame, T. e. b = mec. 310 aHauuT, yTo b i C.
AHanoraqao MOMHO AOKAIATD, UTO 4 } ¢. TaxumM obpadoM, ¢ — obmsil renutens

gucen 4 B b, moaToMy ¢ He Goanie ux HOM: ¢ < d. Ho rorma k = Ecﬁ > %

Hrak, ab < k.

d
C apyroit cToporEL, o caeacTBHIO 2 U3 TeopeMsl 1 ‘:i—b -— oDllee KpaTHoe
guces ¢ 1 b, no3TOMY OHO He MeHbIne ux HOK: % = k.
Hrax, a?b # k M B TO ®e BpeMA %b % k. CaenmopaTenpHo, %b =k, T. €.

ab = dk, aro 1 TpeboBATOCL KOKAZATE.

Credcmeue 1. Ecau yucna a v b — e3aumno npocmute, mo
HOK(a, b) = ab.

Caedcmoue 2. Ecau a i by, a } b, u wucaa b, u b, — ezaumno
npocmusie, mo a : b,b,,

PaseHcTeo (1) MHOrIA HCNONABLIYIOT AJI OTHICKAHHA HANMEHbLIIEro
ofiero KpaTHOro JBYX YMCel.

IIpumep 2. Hasirm HOK(276, 282).

Pemenue. Ofa saaamubx YHCAA YETHEE M JelATCA HA 3, GHAYAT,
mensrea i Ha 6, ITockonpky 282 — 276 = 6, y 3agaHHRIX YBCeS He MOXKET
6miTe 06mero genmrens, Sonsmero gem 6. Mrax, HOO(276, 282) = 6.
ITIo popmyne (1) nonyuaem

_ 976 . 282 _ 276 - 282 _
HOK(276, 282) = pomowe, 289 — . 6 -

=(276:6)-282=12972. B
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7. SNEMEHTbI TEOPMM BENMMOCTH

OTMeTHM €I10é ABa CBOMCTEBA AEJHMOCTH, H3 KOTODEIX BTOPOE AB-
JAeTCA CAeiCTBHEM NEpPBOTO.

Teopema 3. Ecau wucaa a u p 63aumio npocmsie 4 ac:p, moc:p.

NorkazarexrcTBO., TAK KAK @ B p — B3aMMHO IPOCThIE UMC-
aa, ro HOK(a, p) = ap. Ilo ycaosnio ac i p; KpoMe TOro, ac¢ : a. Cie-
JOBaTeNLHO, a¢ — ofmee KpaTHOe YMCe] & ¥ p, H No TeopeMe 1 OHO
Jeaurca na HOK(e, p). Tarknum obpasoM, ac i ap, OTKYAA CAEAYET, UTO
¢ i p (cu. cBoifcTBo 8 M3 § 40).

Caedcmeue, Ecru p — npocmoe wucno u ac : p, mo xoma 6w
0910 U3 wucern a, ¢ Ierumca na p.

INIpumep 3. Hoxasars, a0 % — HppPAIMOHAJBHOE YHCJIO.
Pemerne. Ilpegnono:xuM, 9To ¥/§ ~— PAmMOHANBLHOE YHCHO.
fcHo, YTO 3T0 He HATYPANBHOE YHCJO, A& TOTOMY 2/_ = %, rien>1

m

H = — HecoKpaTuMasa apols, T, e. m U 11 — BIAMMHO IPOCTHIE YHCIA,

3
Toraa (%] = 6, m® = 6n®, nosroMmy m® : n®. Bmaunr, m® i n, 1. €.

(m - m?) : n. Ilo OPeANOIOKEHMIO YHCAS M H B — BIAHMHO NPOCTHE,
3EaquT, no TeopeMe 3 m? i n, 1. e. (M - m) i n. Ho Toraa no Toi xe

TeopeMe m i n, T. e. %:— — coxpaTAMas Apobb BOIPEKM CAEJaHHOMY
MPefIOIOMKEHHIO.

TakuM 00pasoM, Halle HpeANONO:KeHNe HEBEPHO, NOTOMY % —
HppamHoRaNbHOe yncao. @

Bonpockl AN CAMONPOBEPHM

1. Yo Taxoe Hanboarmmuit o6uruil JeIHTeNs ABYX HATYDPAJbLHEIX
uncen? Hatizure HOI(72; 108).

2. Yro Takoe HauMeHbIee ofIlece KPATHOE ABYX HATYDAXBHEX
yncen? Hatixure HOK(72; 15).

3. KakuM cooTHOIIeHHEM CBA3aHE Mexxay cofolt aucna a, b,
HOM(a; b) @ HOK(a; b)?

4. 910 Taxoe B3aMMHO NpPOCTHIE YHCAA?

5. NspecTHO, uTO uNcaa @ m b — BsauMHO npocThie. Hallaure
HOH(a; b) # HOK(a; b).

253



7. 3JIEMEHTLI TEOPUKM OENUMOCTU

§ 44. OCHOBHAS TEOPEMA
APM®METMKM HATYPANbHBIX YMCEN

OcHoBHOIT TeopeMoil apndMeTHKH HAa3bIBAIOT OOBIYHO CO-
BOKYIIHOCTE ABYX VTBePKAeHHH, OMHO uH3 KOTOPHIX (TeopeMy 1} MH
JAOKaxeM, a Apyroe (Teopemy 2) npuBezém 6e3 JOKASATEABCTBA.

Teopema 1. JTioboe namypanvroe wucao (kpome 1) nubo neanemca
npocmum, aubo ezo moxcHo Pa3noNimy Had nPOCMHE MROIKUMERU.,

Hanpumep, 35=5.7,54=2-3:3-3, 169 =13 - 13, 1001 =
=7-11-183u . n.

HokasaTensceTro. Illyerk a — cocTaBHoe uncno. Ilo reopeme 1 us § 41
OHO HMeeT DPOCTOI AeIUTeNb, T. €. YHCJIO & MOYKHO NPeICTABHT B BHAE &= &, P,
rae p, — OpocToe Yucao. Ecau mpu aToM M @, — NpocToe YHCAO, TO TeOpeMa
Ookasaua., Ecnm 2, — COCTABHOE YHCNO, TO er0 MOYKHO INPeACTABHTE B BHAE
a, = Q3 Py, TAE p; — OPOCTOE YKCJIO, ECJH NPH 3TOM H 4, — IPOCTOE TUCKO, TO
TeopeMa AokasaHa. Ecau g, ~ COCTABHOE YMCNO, TO NPOAOKHM YKA3AHHEIN
nponecc. Toraa Mu60 Ha KAKOM-TO IIAre IOJIYYNTCA PA3IONKEHNE HA TIPOCThHIE
MHOKUTENH, THG0 TPUAETCA NPeANoNIOMNUTD, UTO MPOLECC COCTABACHUA YUCeI
a;, @, @3, G4 U T. A. GecKoHeUeH. HO GeCKOHEUHEIM OH OLITH He MOSKET, TAK
KaK BCe YHA3AHHHIE UHCIA MEHLIIE &, TO3TOMY HX — KOHEUHOE MHOMKECTBO.
CrepoBaTenbHO, HA KAKOM-TO KOHEUHOM INATE€ MOJIYIMTCH OKOHYATEIBHOR
PasoeHHe YNCIA ¢ HA NPOCTHEIE MHOMCHTENH,

Teopema 2. Ecau namypaivhoe HUcA0 PA3RGHCERO HA NPOCMbLE
MHONCUMERL, MO MAKOE PAINONCERUE €IURCMEENHO; UHBIMU CRO-
samu, Awboe d6a Pa3noNCEHUR HUCAA HA RPOCMBLE MHOKUMERU
omauiaomca dpyz om dpyza Rulib nOPAITKOM MRONcumMeney.,

IIpu pasno:xeHWH HYHUCHA HA MPOCThble MHOMHTENH HCIOJNb3YIOT
NPHU3HAKH AEJMMOCTH U IPUMEHAIOT 3aMHCh CTOJOHKOM, IPM KOTOPOM
JeJATeNlb PacloNaraloT CIpaBa OT BePTHKANBHON YepThl, a YaCTHOE
SAMHCHIBAIOT MOA AeTHMBIM.

IMIpumep 1. PaznoKuTe Ha IpocThle MHOMKHUTEIN YHCIO:

a) 3780; 6) 7056.

Pemeuune. a) 3780
1890

945

315

105

35

7

1

b SRR
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Hrax, 3780=22.3*.5. 7.

6) 7056
3528
1764

882
441
147
49
7

1

HUrak, 7056 =2¢-32. 72, m

B ofoux cayvaAX MHB HCNOJAL3OBANH TAK HABBIBAGMBbIe KAHOHU-
YecKue PAnOMEHUR, KOTRA NPOCTHIE MHOMKHTENH PACTIONArAIOTCH B
TNopALKe BO3IPACTAHHA.

3Hanne KAHOHHYECKHX pPasnoXeHmil nmossoasger Ges ocoforo Tpyaa
HAXOZHUTL Haubonbmudl o6uMii AenuTenh UAM HauMeHRIee olinee
KPaTHOe 3afiaHHLIX YHCeI,

1 =] GO & O DD DO BO

Npumep 2, Buryncnars
HOI(3780, 7056) x HOK(3780, 7056).

Pemenue, HMeem

3780=2%-3%.5.7,
7056 = 2* - 82 . 72,

3naunr,
HOJI(3780, 7056) = 2% - 82 . 7 = 252;
HOK(3780, 7056) = 2* - 8*.5 - 7° = 105840. B
Bonpocsl AN CAMONMPOREPKM

1. CopMynupyiiTe OCHOBHYIO TeOpPeMYy APHDMETHKH HATYPAILERIX
uncel.
2. PagioXATe HA NPOCThIC MHOKHTENH Iucao 630,

TEMA MCCNELOBATENLCKOM PABOTHI

IIpraHaxym ZeAWMOCTH,
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